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Problem: A relativistic massless charged particle in a plane region
Magnetic field B = (0,0, B) (parts Bo; By, By, ....)
Vector potential &= (ax,ay,0), (V x a= B, diva=0)
Flux ® = [ B- dS = § 7d5

Figure: R2 with holes Figure: A disc with holes



(Formal) Hamiltonian for a particle in a plane region

Dirac operator

D, = o1 (=i8x — ax) + o%(=i8, — ay)

On C? valued square integrable functions

Pauli operator

(non-relativistic limit, taking the interaction spin—mag. field into account)

DZ=H,=— ) (8 —ia)*l+ Bo®
Jj€{x.y}




Boundary conditions

Let M be R? with holes or a disc with holes and M its boundary
Let n be the coord. in the direction of inward normal 0,
Rewrite locally: D, = o((0, + ia,) + A), where
o : OM — End(C?),
A is a Dirac operator on oM

Denote D,,.x C L2(M, C?) the maximal domain of D,

dom(D,) = {u € dom(Dmax) | ulom € a spectral subspace BC of a boundary operatorJ}

BC is called boundary condition

Atiyah—Patodi-Singer (APS) boundary condition

= "the negative spectral subspace of a boundary operator”




APS boundary condition on circular boundaries




Gauge invariance

We can choose the fluxes inside the holes so that

®1o..n €21 [—3,3).

N is the number of the holes



ly] ... the biggest integer strictly smaller then y,
® ... the total flux of the magnetic field a,
ZM= zero modes.

Theorem

Let D, be the Dirac operator on R? \ Uk<nSk with the magnetic field a in the AC gauge.
Then if | 5| > 1, the number of ZM of D, with the APS boundary condition is U%J ;

Theorem

Let D, be the Dirac operator on Qo \ Uk<nSQk  with the magnetic field a in the AC gauge.
Then the number of ZM of D, with the APS boundary condition is || 5= + ]|

\,

If ® > 0= ZM have spin up. If & < 0= ZM have spin down.



Proof idea [Aharonov—Casher 1979]
+
D, (Z > =0, Ansatz: u* = etgt Then

_ [5%— ;] = et | 0n 1 0sh(z) - 2 | g
make this 0
o —
0= [82 — 1;} um=e"h |:(9z —0;h(z) — 1;] g

= 078" =0= g7(2) = Yoo diZ*
B ) diva=0
Aharonov—Casher gauge: dzh(z) =2 =" —Ah= B € (§°(R?),

Choose h(z) = 52 [log|z — 2'|B(2') dZ’ dZ/, z ¢ suppB.

ut =ehgT(2) = 12| 7*?" (1 + O(|z| ™)) Z di " as |z| = o0
ko>k>0



Extending the Aharonov—Casher idea to the case with boundary

Using the APS boundary condition
» problem: function g* is analytic only outside of the holes, we have Laurent series
g (2) = > okez, diz*
» solution: use the boundary condition to find out if dy vanish for some k

» means: multiply ut by a convenient function ¢® whose restriction to the
boundary cancels the exponential term in the boundary condition. The
exponential e®/ turns out to be analytic inside Q; and so is, consequently, g*

eCut =eC*thgt by Aharonov—Casher ansatz
ipk )
+ _ 1 (€ i [ a(s)ds—izte /
“‘091_ Z dk(o) xew = d € C



Sphere with N holes

Stereographic projection
Conformal transformation of the Dirac operator with the APS boundary condition
All the fluxes sum to zero

Let D, be the Dirac operator on S? \ Uk<nQk with magnetic field a such that
Js2 B=0. Denote & = &} + .- &) + &g with [-7,7) 5 &) = &) + 2mmy,
k=2,...,N and &g the flux in the bulk. Then there are

6+1
27 2

ZM of the operator D, with the APS boundary conditions.

If &~ 0= ZM have spin up. If ® < 0= ZM have spin down.



Figure: Setting of the bounded region with magnetic field.



Concluding remarks

» Dirac operator
» Atiyah—Patodi-Singer boundary condition

» Zero modes (Aharonov—Casher theorem, Index theorem)

» Anomalies in QFT, Domain-Wall-Fermions



Boundary conditions

Let M be a manifold with compact boundary OM
Let V be a “suitable” vector space
Let D be a Dirac operator, Dpmax C L2(M, V) its maximal domain
Denote by d, the inward normal vector field on M
Rewrite locally: D = o(0, + A) , where
o :0OM — End(V),
A is a Dirac operator on OM

dom(D) = {u € dom(Dpmax) | ulam € a spectral subspace BC of a boundary operator |}

BC is called boundary condition

Atiyah—Patodi-Singer (APS) boundary condition

= “the negative spectral subspace of a boundary operator”
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