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Analytical generalization

R. K., arXiv:2204.11709 (2022), to appear in Differ. Integral. Equ.

construction of Ωε

the spectral problem{
−∇ · a∇ṽε = λεṽε in Ωε

∂ṽε
∂ñ = 0 on ∂Ωε

the operator H̃ε on L2 (Ωε)

demands on the function a : Ωε −→ R+

(∃C > 0) (∀ε ∈ (0, 1)) (almost every x ∈ Ωε)

(
1
C
≤ a(x) ≤ C

)
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Physical interpretation

interpretation of the operator H̃ε on L2 (Ωε) as the quantum
Hamiltonian of a (quasi)particle in a non-homogeneous nanostructure

correspondce of the equation

H̃εṽε = λεṽε

with the stationary Schrödinger equation

Figure: silicon nanostructured semiconductor
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transformation between Ωε and Ω ≡ Σ× (−1, 1)

Lε : Ω −→ Ωε : {(s, t) 7→ s + εtn⃗}

Σ→ g
Ω→ Gε

unitary transformation

U : L2 (Ωε) −→ L2 (Ω, fε(s, t) dΣ ∧ dt) :
{
ṽ 7→ v =

√
εṽ ◦ Lε

}
εfε = |Gε|1/2 |g |−1/2 aε = a ◦ Lε

the operator Hε ≡ UH̃εU
−1 on L2(Ω, fε(s, t)dΣ ∧ dt)

Qε[v ] =

∫
Ω
aε

[(
∂v

∂sµ
Gµν
ε

∂v

∂sν

)
+

1
ε2

∣∣∣∣∂v∂t
∣∣∣∣2
]
fε dΣ ∧ dt

D(Qε) = W 1,2 (Ω, fε(s, t)dΣ ∧ dt)
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Effective model

the operator H̃eff on L2 (Σ, dΣ)

λeff ∈ σ(H̃eff)←→ −|g |−
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2
∂
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(
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1
2 agµν ∂φeff
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)
= λeffφeff in Σ

a(s) = lim
ε7→0

1
2

∫ 1

−1
(aεfε)(s, t)dt

“Yachimura’s model”

aε(s, t) =

{
a+ t ∈ (0, 1)
a− t ∈ (−1, 0)

a = a++a−
2

convergence to the effective model

“Hε
?−→

ε7→0
H̃eff”



Effective model

the operator H̃eff on L2 (Σ, dΣ)

λeff ∈ σ(H̃eff)←→ −|g |−
1
2
∂

∂sµ

(
|g |

1
2 agµν ∂φeff

∂sν

)
= λeffφeff in Σ

a(s) = lim
ε7→0

1
2

∫ 1

−1
(aεfε)(s, t)dt

“Yachimura’s model”

aε(s, t) =

{
a+ t ∈ (0, 1)
a− t ∈ (−1, 0)

a = a++a−
2

convergence to the effective model

“Hε
?−→

ε7→0
H̃eff”



Effective model

the operator H̃eff on L2 (Σ, dΣ)

λeff ∈ σ(H̃eff)←→ −|g |−
1
2
∂

∂sµ

(
|g |

1
2 agµν ∂φeff

∂sν

)
= λeffφeff in Σ

a(s) = lim
ε7→0

1
2

∫ 1

−1
(aεfε)(s, t)dt

“Yachimura’s model”

aε(s, t) =

{
a+ t ∈ (0, 1)
a− t ∈ (−1, 0)

a = a++a−
2

convergence to the effective model

“Hε
?−→

ε7→0
H̃eff”



Resolvent convergence

Definition
Let A and Ak be self-adjoint operators on a Hilbert space H for any k ∈ N.
Then {Ak}∞k=1 is said to converge to A in the norm-resolvent sense if

lim
k 7→∞

∥Rk(z)− R(z)∥H→H = 0

for all z ∈ C with Imz ̸= 0. Rk and R are resolvent operators of Ak and A.

D. Krejčiřík, H. Šediváková, Rev. Math. Phys. (2012)

Uε : L
2 (Ω, fε dΣ ∧ dt) −→ L2 (Ω, dΣ ∧ dt) :

{
v 7→ vf

1/2
ε

}
extension of the action Heff of the operator H̃eff
on H0 := {φ⊗ χ0 | φ ∈ L2(Σ)} ⊂ L2 (Ω, dΣ ∧ dt)

Heff := π−1H̃effπ π : H0 → L2(Σ) : {φ⊗ χ0 → φ}
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The Rate of Norm-Resolvent Convergence

⟨aε⟩ (s) =
1
2

∫ 1

−1
(aεfε)(s, t)dt a(s) = lim

ε7→0
⟨aε⟩ (s)

Theorem
Let aε be a positive function satisfying:

1 (∃C > 0) (∀ε ∈ (0, 1)) (almost every (s, t) ∈ Σ× (−1, 1))(
1
C ≤ aε(s, t) ≤ C ∧ |∇gaε|g ≤ C

)
,

2 (∀s ∈ Σ)
(
⟨aε⟩ −→

ε7→0
a
)
,

3 d(ε) := ∥⟨aε⟩ − 2a∥L∞(Σ) −−−→ε7→0
0.

Then there exists a positive constant C such that∥∥∥Uε(Hε + 1)−1U−1
ε − (Heff + 1)−1 ⊕ 0⊥

∥∥∥ ≤ C max {ε, d(ε)}

for all sufficiently small ε.
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the orthogonal projection
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{
ψ 7→

(∫ 1

−1
ψ(·, t) dt

)
⊗ χ0

}
P⊥

0 := 1− P0

the definition of {ψε}ε>0 ∈ L2 (Ω, fε dΣ ∧ dt) and ψ ∈ H0

(Hε + 1)ψε = U−1
ε G (Heff + 1)ψ = P0F
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“−div a grad −→
ε→0
−divg a gradg ” in the norm-resolvent sense

the rate of the convergence

the decay rate of eigenvalues and eigenfunctions

Open problems
optimality of the rate of the convergence

complex non-homogeneity a
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