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Motivation

General aim

(non-relativistic) electron propagation in triangular

graphene quantum dots y

Mathematical part

@ honeycomb lattice via the root and weight lattices of
the crystallographic root system Ao

@ armchair and zigzag honeycomb Fourier—Weyl
transforms y
Physical part

@ Hamiltonian description of discrete quantum
billiard-type systems on honeycomb lattice

@ incorporation of boundary conditions

G
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o Honeycomb Fourier—-Weyl Transforms
@ Root and weight lattices
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Root and weight lattices
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Honeycomb Fourier-Weyl Transforms

Root system A4,

@ the irreducible crystallographic root system I1(A,) of rank 2

o the set of simple roots A = {a1, a2} C TI, spany A = R?, scalar
product (, )

@ roots of the same length with relative angle 27/3

<a15 al) = <a27 062> = 27 <a17 a2> =-1

(4]

Z-dual w-basis {wi, w2}
(wi, ) = 6, 4,j € {1,2}
o reflections r;, i € {1,2} for z € R?

rix =2 — (T, )

Weyl group I/ generated by 7, 2

(4]

group of the sign homomorphisms > = {1,0°} ~ Z,

1(w) =1, o°(w)=det(w)
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Root and weight lattices
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Honeycomb Fourier-Weyl Transforms

Root and weight lattices

o even Weyl group W°
We={we W|o*(w) =1}

@ root lattice () and weight lattice P
Q = Za1 + ZCZQ
P = Zwi + Zw>

(]

disjoint decompositions of the lattices P and % Q
P=QU{w1+ QU {~w1 + @}
LQ=PU {}a1 + P} U{~bar + P}
o extended affine Weyl group /% and affine Weyl group W ¢ WA
Wit =Px W
W= Qx W

fundamental domains Fr C F C R?
coordinate zp of £ = zyw1 + 2owe € MF, 20 = M — 21 — 22

= [zo,zl,zz}M
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Root and weight lattices
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Honeycomb Fourier-Weyl Transforms

Counting functions

@ magnifying factor M € N, counting functions h,, : MF— N and

e: F—-N W
ha(z) = [Stabyar (&), e(2) = T (2)
@ retraction homomorphism ¢ : W% — Wfor z = T(q)w ¢ W

V(z) =w
e forany a € R? there exists ¢’ € Fand z[a] € W* such that

a= 2[ald

Function ° : R2 — {_1’0’ 1}
X (a) = {O’ o (Za]), oo (Stabyar(a)) =1

0, o o (Stabyas(a)) = {1, -1}

o signed fundamental domain F° C F

F = {ze FIx"(x) = 1}
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Honeycomb Fourier-Weyl Transforms

Outline

o Honeycomb Fourier—-Weyl Transforms

@ Triangular honeycomb dots
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Root and weight lattices
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Honeycomb Fourier-Weyl Transforms

Armchair honeycomb dots

o W -invariant honeycomb lattice A, subtractively
An=3;(P\ Q) = AU Ay
o sublattices of the honeycomb lattice Ay,
At = (w1 + Q)
Ay = (-1 + Q)
o armchair sign function sga : Ay — {1, —1}, sga(wa) = sga(a), w e W
sea(a) = {1’1 ‘A
’ M
o armchair neighbourhood sets B(]?M(a) C Am, ke {0,1,2}
Chi(a) =
B(;)Mw) = a+sga(a) W* ()
2(0) = at W(5)
@ armchair honeycomb dots H) ypo€X
H) y=AuNEF
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Honeycomb Fourier-Weyl Transforms

Armchair honeycomb dots HY ¢
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Root and weight lattices
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Honeycomb Fourier-Weyl Transforms

Armchair weight sets

@ weightsets L, C P,o € &
Y =PnN MF’
@ weight sets in Kac coordinates
Lir = { Do, s, A | Ao, A, de € 220}
C1(/1e = {[Xo, A1, A2]m | Ao, A1, A2 € N}
o armchair weight sets Lj’j/[
Ly =X € L3 (Mo > A, o > X2) V (Ao = A1 > Aa)}

@ sums of numbers of weights in L%, and L7,

L% + | E ] = 115
o armchair weight transformation . : L;, — Pfor A € Ly,

YaA = (7”17’2)2)\ + Muws
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Root and weight lattices
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Honeycomb Weyl orbit functions

Armchair honeycomb dots HY . and weight sets Lﬂ{f

Honeycomb Fourier-Weyl Transforms
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Root and weight lattices
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Honeycomb Fourier-Weyl Transforms

Zigzag honeycomb dots

o W -invariant honeycomb lattice Z,; subtractively
Zu=5(5Q\ P) = Z;,U 7y
o sublattices of the honeycomb lattice Zy,
Zy = 34(301 + P)
Zy = w501+ P)
o zigzag sign function sgz : Zy — {1, —1}, sgz(wa) = o°(w) sgz(a),

we W
1 Zt
sga(a) = {0 1S
-1, a€ Zy
o zigzag neighbourhood sets B(Z]f)M(a) C Zm ke {0,1,2}
0
BY\y(a) = a
1
B<z,3\/1(a) = a+ sgz(a) W¢ g—j\/[)
B(Z%}J(a) =a+ [W(
o zizgzag honeycomb dots /17 ,, 0 € &
H%,M = ZM ﬁ FU

SS
=

s
0
St
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Honeycomb Fourier-Weyl Transforms

Zigzag honeycomb dots H%A
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Root and weight lattices
Triangular honeycomb dots

Honeycomb Fourier-Weyl Transforms
Honeycomb Weyl orbit functions

Zigzag weight sets
@ zigzag boundary weight subsets of Lj,

L = {[O,Al,AQ]M‘Al,)\Q € N}

L% = {[/\0,0, Aol u ‘ Ao, A2 € N} U {[Ao, A1, 0] ar ‘ Ao, A1 € N}

0% = {[M,0,0]r}

- - o,+
o zigzag weight sets LZ’ o
1,+ _ jof— _ jof Z,a
LZ,M_ LZ,M =Ly ULy
1,— _ 7o+ _ jof Z Z,c
Lyy=1L%4 =Ly UOyU Ly
@ sums of numbers of weights in L}, and L%,
o,+ o,— | _
L7l + | L7l = [Hzn]

o zigzag weight transformation 3; : L;; — Pfor A € Lj;

Bi\ = riram A + M(wi + w2)
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o Honeycomb Fourier—-Weyl Transforms

@ Honeycomb Weyl orbit functions
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Root and weight lattices
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Honeycomb Fourier-Weyl Transforms

Weyl orbit functions

o Weyl orbit functions (C- and S-functions) ¢ : R? = C,0 € %, b € R?,
zeR? ‘
o (2) = olw)e ™
weW
o even Weyl orbit functions (E-functions) =, : R? — C, b € R?, z € R?

b(x) _ Z e27ri(wb,x)

we We

(1]

@ product-to-sum formulas of ¢ and gog', 0,0 €3, z,ycR?

e1@)es () = o' (W) i (z+ wy)

we W

o (anti)symmetries for 2/ € Fand z € Wy

eX(2) = X7 (2) g3 (a)
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Root and weight lattices
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Honeycomb Fourier-Weyl Transforms

Armchair orbit functions

o extension coefficients yy’y'™ and pj Y, 0 € 5, A € Ly,

Ao+ i — w
pas* =re {(14+35) = (5}
Ao+ i - w [ w
mit=re {(1- &)= ()} £ 121 ()]
o armchair orbit functions h{*"* : R — C,\ € L7}, 0 € 5,z € R’

Ao+ Ao, o Ao, + o
hy (x):NO,A SOA(I)"‘Nz,A 7 (2)

@ normalization functions %% LZ’E —R>%for € L:’,ﬁ
Wm0 =2 (3] (218 (30| £ e {0 VEDE (3))

o discrete orthogonality relations

) [hf‘”’i(a)]*hf,‘”’i(a) = 2M (W F (Noan, AN € LGE

a€HY

> o) [ @] T @ =0, Ae Ly N e I,

acHY 4,
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Root and weight lattices
Honeycomb Fourier-Weyl Transforms =
Triangular honeycomb dots
Honeycomb Weyl orbit functions

Zigzag orbit functions

o extension coefficients u;'7* and 2%, 0 € B, X € LYY,

Mé’i’i — a(m)Re{(l — is) =N (?Tl/f)}
il =Re{(1+ 35) 22 (51) } £ 120 (50)]
o zigzag orbit functions h27* : R? - C, \ € LYo €S, 7€ R?

,o, o, o Zo,+ o
h$7F (2) = ﬂg,\ ex(z) + p1 X T 5 A (2).

@ normalization functions p%%* : L35 — R>° for X € L,

=2[5x (58)] (2[Ea(50)| = Re { (14 v31) 25 (51)})
o discrete orthogonality relations

3 [hf‘”’i(a)]*hf;”‘i(a) = 32T (N, AN € LT,

aGHZ M

,a,:t
p7E ()

> @] i@ =0, xe gl N e gy

GGH%,M
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Time-independent Schrédinger equations

Electron propagation in TGQDs
propag Q Electronic probability densities

Outline

© Electron propagation in TGQDs
@ Hamiltonians
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Hamiltonians
Time-independent Schrédinger equations

Electron propagation in TGQDs
propag Q Electronic probability densities

Armchair Hamiltonians

o energy parameters [; € R, with £ € {0,1,2} and [, positive, an
electron with the on-site energy Ey = — I propagating with
amplitudes if; /fiand il /h per unit time to the nearest and
next-to-nearest lattice positions

@ orthonormal armchair position bases |a; A,0),0 € ¥, a € H) ;,span
the complex Hilbert spaces H‘Z,,M

@ coupling sets ) (

k ff k
]V(A,M(a’ d)=w"dn BA,)M(G’)

o hopping operators for a,a’ € H}

(wa.0[T% | @ 4,0) = b e

[N
—~
S
~
=
Q
—
&

o tight-binding Hamiltonians IA{Z,M cHaw = Hau

’

Hiae = T30 + 135 + 1350
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Hamiltonians
Time-independent Schrédinger equations

Electron propagation in TGQDs
propag Q Electronic probability densities

Zigzag Hamiltonians

o orthonormal zigzag position bases |a; Z,0), 0 € 3, a € H} ), span the
complex Hilbert spaces H%
@ coupling sets
Ngha d') = W' 0 B, (a)

o hopping operators for a,a’ € H% ,

s

<a; Z, 0 ‘AIES\I;) ‘ a; Z,J> = Z x° (d)

de N(Z]T)M<a’”‘/)

o tight-binding Hamiltonians H

@a
X
N
S
1
x
N
S
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Hamiltonians
Time-independent Schrédinger equations

Electron propagation in TGQDs
propag Q Electronic probability densities

Armchair momentum bases

@ armchair orthonormal momentum bases |\; A, 0, ) € H}

xe Ly
A\ A o, +) = Z la; A, 0) (a; A, 0|\ A, o, )
GGHZ,M
where

. . _ E(d) Ao, +
<CL, A7U|)" A707 i) - \/12M2hM()\),LLA’g’i()\) hA (a)

o energy functions E(Al)’i, Ef? :Fp—Rforxe Fp

By (0) = 21 |5, (a)
EY) () = —2h Re {Za, (1)}
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Hamiltonians
Time-independent Schrédinger equations

Electron propagation in TGQDs
propag Q Electronic probability densities

Zigzag momentum bases

@ zigzag orthonormal momentumbases |\; Z,0,+) € H7 y, X € L%j;

N Zo k)= > | %0) (620l Z0,+),

aeH%,M

where
1

hZ,U,i
BWMZ’G’i()\) A (a)

(a; Z,0|\; Z,0,£) =

@ energy functions E(Zl)‘i, E(ZZ> :F—Rforze I
EDE(z) = +1

ED) (2) = —2L Re {Z.,, (2)}

5%(1‘)’
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© Electron propagation in TGQDs

@ Time-independent Schrodinger equations
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Hamiltonians
Time-independent Schrédinger equations

Electron propagation in TGQDs
propag Q Electronic probability densities

Time-independent armchair Schrodinger equations

Theorem

Let Lj’jtw be the armchair weight sets which correspond to the
magnifying factor M € N and sign homomorphism o € ¥ and let
[N A o, £) € HG X € Lj’j]\[/[ be the vectors of the armchair momentum
basis. Then each vector |X; A, o0, %) € HY \satisfies for the armchair
Hamiltonian f]‘}LM the time-independent armchair Schrédinger
equation,

By ml\ A o, £) = B35 I\ 4,0, £),

with the eigenenergy E‘;”f,M € R determined by the armchair energy
functions as

By =Bo+ EDF (5) + BD (%)
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Hamiltonians
Time-independent Schrédinger equations

Electron propagation in TGQDs
propag Q Electronic probability densities

Time-independent zigzag Schrodinger equations

Theorem

Let L‘;’j\; be the zigzag weight sets which correspond to the magnifying
factor M € N and sign homomorphism o € Y and let |\; Z,0, %) € HZ y,
A€ L}’j be the vectors of the zigzag momentum basis. Then each
vector |)\; Z, 0, &) € H7 ,, satisfies for the zigzag Hamiltonian E{%,M the
time-independent zigzag Schrodinger equation,

E%,M|)‘7 Z7 g, :I:> = E%::/{:,M |A7 Z7 a, :I:>7

with the eigenenergy E‘;ﬁM € R determined by the zigzag energy
functions as
Byaa=Eo+ B (3) + BY (3)-
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Electron propagation in TGQDs
propag Q Electronic probability densities

Electronic band structure of the triangular armchair graphene dots
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Electronic band structure of the triangular zigzag graphene dots
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© Electron propagation in TGQDs

@ Electronic probability densities
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Hamiltonians
Time-independent Schrédinger equations

Electron propagation in TGQDs . - A
propag Electronic probability densities

Armchair electronic probability densities

Theorem

Let L;’ﬁw be the armchair weight sets which correspond to the
magni’fying factor M € N and sign homomorphism o € ¥ and let

Pu[\; A o,£], X\ € Lj’jfw be the armchair electronic probability densities.
Then the armchair pfobability densities Py[)\; A, 0, +]and Py[\; 4, 0, —]
coincide for each A € Lfg’j/, and evaluate for a € H} ), as

Pul)s A, 0, 4](a) = (@ 4,0 | X 4, 0, )% = #}% 3@
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Hamiltonians
Time-independent Schrédinger equations
Electronic probability densities

Zigzag electronic probability densities

Electron propagation in TGQDs

Theorem

Let L‘;’j@ be the zigzag weight sets which correspond to the magnifying
factor M € N and sign homomorphism o € ¥ and let Py[X; Z, 0, 4],

NS L}’j be the zigzag electronic probability densities given for a € H7 ),
as

2

1

Pul; Z,0,4(0) = (a5 20| 2,0, 8 = grmoers

[n?7*(a)

Then the zigzag probability densities Py[\; Z, 0, £] and Py[)\; Z, 1, F|
coincide for any \ € L} i,

PulX; Z, 0%, +]) = PulX; Z, 1, 5.
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Hamiltonians
Time-independent Schrédinger equations

Electron propagation in TGQDs . - A
propag Electronic probability densities

Electronic probability densities of the triangular armchair dots

P5ol(1,1);A,0°, £] P5ol(2,1); A, 0¢, £] P50l(3,1); A, 0, £]

P50l(1,1); 4, 1, £] P50l(2,1); A, 1, £] P50l(3,1); A, 1, £]
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Hamiltonians
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Electron propagation in TGQDs . - A
propag Electronic probability densities

Electronic probability densities of the triangular zigzag dots

Pogl(1,1); 7, 0%, —] Pogl(2,1); 2, 0%, —] Pogl(3,1); 2,0, —]

Pagl(1,1); 2,0, +] Pogl(2,1); 2,0, +] Pagl(3,1); 2,0, +]
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Time-independent Schrédinger equations

Electron propagation in TGQDs . L .
Electronic probability densities

Summary

@ electron propagations in the triangular armchair and zigzag
graphene quantum dots surrounded by the Neumann and Dirichlet
walls determined by the four Hamiltonians

o honeycomb Weyl orbit functions and the corresponding discrete
Fourier-Weyl transforms

@ energy spectra corresponding to the electron armchair and zigzag
stationary states exactly calculated

@ armchair Neumann boundary effect, armchair energy relations
transform exactly to the standard graphene tight-binding
next-to-nearest neighbour coupling energy bands

@ zigzag probability density role switching between the
Dirichlet/Neumann boundary behaviour and the
valence/conduction states

o (ideal) zigzag edge states, repulsive behaviour of Neumann walls
predicted for zigzag conduction states

o effects of the three corner positions, zero energy states,
higher-degree couplings, energy degeneracy, magnetic field,
representations of SU(3)
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