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Abstract

While physical properties of the simple harmonic oscillator are well known,
the study for the inverted oscillator is also necessary because it can be
applied to many physical systems. The characteristics of the inverted
oscillator is quite different from that of the simple harmonic oscillator. The
wave packet in the inverted oscillator associated with the usual plane wave
solutions is unbound, their eigenstates are not square-integrable.

A general quantum mechanical properties of a mechanical system can be
studied in terms of the invariant operators that are developed by Lewis and
Riesenfeld. The invariant operator is useful for evaluating the eigenvalue
problem of mechanical systems.

The wave solutions that have discrete eigen spectrum are interesting. We
focus in this talk on the quantum solutions with discrete eigen spectrum.
The characteristics relevant to discrete eigen spectrum will be analyzed in
detail. The difference between discrete eigen spectrum and the continuous
one will be compared.
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1) Introduction

The physical properties of the simple harmonic oscillator are well known,
the study for the inverted oscillator is also necessary because it can be
applied to many physical systems. Some of the application of the inverted
oscillator are 2D string theory associated with non-interacting fermions,
fundamental inflation models in cosmology fission dynamics, nonlinear
optical phenomena, string theory, etc. The characteristics of the inverted
oscillator is quite different from that of the simple harmonic oscillator. The
wave packet in the inverted oscillator associated with the usual plane wave
solutions is unbound, their eigenstates are not square-integrable.

A general quantum mechanical properties of a mechanical system can be
studied in terms of the invariant operators that are developed by Lewis and
Riesenfeld. The invariant operator is useful for evaluating the eigenvalue
problem of mechanical systems.

The eigen solutions of the invariant operator are the same as the wave
function when we do not mind the phase factors. The phase factors can
also be obtained by the aid of the Schrodinger equation. This is the reason
why the invariant operator method is powerful in the quantum treatment
of mechanical systems.
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The wave solutions that have discrete eigen spectrum are interesting. We
focus in this work the quantum solutions with discrete eigen spectrum.
The characteristics relevant to discrete eigen spectrum will be analyzed in
detail. The difference between discrete eigen spectrum and the continuous
one will be compared.

I) Invariant operator

The inverted oscillator is described by the Hamiltonian
1/ p? 2 2
H==-|——-—mw : 1
5 < q (1)

where m is mass and w is the repulsion parameter. Therefore, to solve the
Schrsdinger equation associated with the Hamiltonian (1)

d
o pla,t) = Hpla.e) @)
Introducing the general hermitian invariant operator /(t)
1
I(t) = 5 [a(t)p® + B(t)g* + (1) {g. P}] (3)

Mustapha Maamache, Ferhat Abbas Universit A discrete quantum wave function for the i



where a(t), B (t) and 7(t) are real time dependents coefficients which will
be determined later.

The invariant operator /(t) should satisfy the Liouville-Von Neumann
equation

dl_dl 1
dt ot
By inserting the Hamiltonian and the invariant operators defined
respectively by equations (1) and (3) in the Liouville-Von Neumann
equation (4), we obtain a system of linear first order differential equations
for the coefficients a(t), B (t) and 7(t)

{1 H] =0 (4)

~ [ip? + B + 7 {q.p}] = —£ —{a.p} - %/f - %p

NI~

amw® {q, p} — ymw’q* —dmw’q (5)

l\)\l—l

So, the equation (5) give us

Mustapha Maamache, Ferhat Abbas Universit A discrete quantum wave function for the i



B— By = m’w? (a —ao)

¥ — 4wy =0 (6)
i — 4w’ = 2 [By — m*wag)
B —4w?B = 2w? [mw?ag — By
and
ap — 72 = w(z) = cst (7)

l11) The Schrédinger equation solutions

From Eq. (2)one can see that if ¢, (q, t) is a solution of the
time-dependent Schrédinger equation, any function defined by ¢, = (/¢,)
will also be. In particular, one can choose IPA(q, t) as being the
eigenfunction of /(t). Therefore, this suggests that the solution of the
time dependent Schrodinger equation has the form

Yr = exp <7',<5A> 2 (8)
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where the phases 6, (t) are given by

101(1) = (9a(a. 0 (105~ #) Ipa(a. 00 ©)

Let's look at the eigenvalue equation to determine the eigenfunctions
@, (g, t) and the eigenvalues A

I(t)g, (q.t) = Ag, (q.1). (10)

To simplify this eigenvalues equation, we introduce the following unitary
transformation

@r(a,t) =Ug) (a.t), (11)

where the unitary operator U = U; U is given by
b = o[- L]

U = exp [—'n(w) (qp+pq)], (12)
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having the following properties

Ufqui = q, Uprlzp—%q

1
UiqU, = Vag, Ufpls = \/;p (13)

Under this unitary transformation, the transformed invariant /’(t) is
simplied into

I'=Uf U I(t) Uy Uy = %p2 + %wng (14)
The fact that w% is constant enables us to investigate the system for three
separate cases, i.e., the cases that w3 < 0, w? =0, and w} > 0.
At first, the case of w% < 0 is not so interesting because the transformed
system is the same as the original system with unit mass. The spectrum of
wave functions for this case corresponds to continuous ones. In the case
w% = 0, the transformed system corresponds to a free particle where the
spectrum of wave functions is also continuous. In fact, the case we
emphasis in this research is w% > 0. The transformed system in this case
is well known harmonic oscillator that has discrete energy spectrum.
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Case 1: wp > 0 discrete spectrum
It is a stationary Schrédinger equation of a harmonic oscillator of unit
mass and frequency wg. The solution is well known

with eigenvalues
1
An = hwy (n—l— 2) ' (16)

and H, are the n order Hermite polynomials. By grouping the intermediate
above results, we obtain the eigenfunctions of /(t)

¢y, (a.1) = [W} : exp [—ﬁf] H [\/?2(‘7)} . (17

By using the fact that the phases 6,(t) are given by

11,0 = (g ()] (105~ #) [or, 0 0)). ()
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having ¢, (g,t) = U} (g, t) and eliminating w? from the Hamiltonian
one obtains the phases

(0= =2 (w4 3) [ 55 (19)

Hence the solution of the Schrédinger equation

¥y (q.t) = [W} : exp [—IZO <n+ ;> /ot aiz)]

<o [ ] [/ 22 (20

therefore, the general solution is
¥ (q.6) = Y Gy (0.1): (21)

Case 2: wy = 0 Free Particle: the transformed system corresponds to
the case of a free particle. The spectrum of wave functions for this case is
continuous.

The eigenvalue equation (/' = 3p?) is a stationary Schrodinger equation
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of unit mass free particle. The solution of this equation is a plane wave. In

1) Airy function
B3t? . Bt (
P 1 o% 6

this case’s
We can build the Airy solutions starting from the plane wave

! t) =Ai | — -
qo/\ (qv ) I |:_h§ q 4
with eigenvalues
k2

By grouping the intermediate above results, we obtain the eigenfunctions

of I(t)
¢ (q.t) = U1 Uz} (q. 1)

2) Gaussian wave packet
One can also build Gaussian solutions starting from the plane wave
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#ilat) = jﬁ(iﬂiﬁpuh(q‘@v}

1
X exp [— PP (q— kot)z}

x/:?ap{—apr—mbxx—kmﬂ2}dk (23)

+ ﬁ] . After integration we have

s,

where o = [

2\ i :
a8 () o[ o ) -l n].
(24)
By grouping the intermediate above results, the eigenfunctions of /(t) are
9y (q.t) = Uilhg) (g, 1).
Case 3: wg < 0 inverted oscillator: this is reduced to the started
Hamiltonian and it is not interesting.
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Thank You For Your Attention
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