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Introduction

It is known that the spectrum of the Dirichlet Laplacian is stable under
small perturbations of a domain.

[§ Rauch, J.; Taylor, M. J. Funct. Anal. 18, 27-59 (1975)
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Theorem

Let (¢ > 0), ©) be bounded domains in IR", and

for any compact set K C Q (respectively, K C R" \ Q) we have
K C Q (respectively, K C R"\ Q) if ¢ is sufficiently small.

We denote by Ags and A(D2 the Dirichlet Laplacians on (), and (),
respectively. Then one has

VkeN: A(—A8) = A(—Ag) ase =0

(Ak () stands for the kth eigenvalue; the eigenvalues are arranged in
the ascending order and repeated according to multiplicities).
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It is known that the spectrum of the Dirichlet Laplacian is stable under
small perturbations of a domain.

[§ Rauch, J.; Taylor, M. J. Funct. Anal. 18, 27-59 (1975)
Theorem
Let (¢ > 0), ©) be bounded domains in IR", and

for any compact set K C Q (respectively, K C R" \ Q) we have
K C Q (respectively, K C R"\ Q) if ¢ is sufficiently small.

We denote by Ags and A(D2 the Dirichlet Laplacians on (), and (),
respectively. Then one has

VkeN: A(—A8) = A(—Ag) ase =0

(Ak () stands for the kth eigenvalue; the eigenvalues are arranged in
the ascending order and repeated according to multiplicities).

The situation becomes more subtle for the Laplacian with the Neumann
or mixed boundary conditions.
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e () C IR"is a bounded domain.
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e () C IR"is a bounded domain.
o B2 (0,8)", P.=(0,)"1 x (0,¢).
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@ Courant, R.; Hilbert, D. Methods of Mathematical Physics I. Wiley, 1953
@ Arrieta, J.M.; Hale, J.K.; Han, Q. J. Differ. Equat. 91, 24-52 (1991)
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e OO C IR"is a bounded domain.
Be = (0,€)", P. = (0,&")"~1 x (0,¢).
e 0, =QUPUB:.

Ags and Ag are the Neumann Laplacians on ), and (), resp.

3/15 A. Khrabustovskyi Spectrum of the Laplacian on a domain perturbed by resonators



Introduction

@ Courant, R.; Hilbert, D. Methods of Mathematical Physics I. Wiley, 1953
@ Arrieta, J.M.; Hale, J.K.; Han, Q. J. Differ. Equat. 91, 24-52 (1991)

Be

Pe

e () C IR"is a bounded domain.
o B2 (0,8)", P.=(0,)"1 x (0,¢).
e O, =QUP.UB:.

° Ags and Ag are the Neumann Laplacians on ), and (), resp.

It was shown that, if « > (n+1)/(n— 1), one has
lim A1 (—AN) =0, lim A (—AN) = Ak_1(—A), ke N\ {1}.
e—0 € e—0
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Let A. be the minus Laplacian on (). = O\ 5, = Q" U P, U B, subject
to the Neumann conditions on 95, and the Dirichlet conditions on dQ).
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[§] Schweizer, B. Proc. A. R. Soc. Lond. 471, 20140339 (2015)

Let A. be the minus Laplacian on (), = () \ 5. = qut U P: U B; subject
to the Neumann conditions on 95, and the Dirichlet conditions on dQ).

It was shown that, if B; and P; are appropriately scaled, one has

A,
lim A1(Ae) = 9= lim ———,  lim A = M_1(—AB), k 1
Yim Ad(Ae) = 9= lim g limi Ae(Ae) = Ar1(SAq), k€ INA {1,
where L and A are the length and the cross-section area of the passage

Pe, respectively, and V; is the volume of B;.
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Our goal is to extend and complement the above result to resonators
separated from the outer domain by a closed surface with a tiny windows

() is a (not necessary bounded) domain in R”, n > 2.

¢and dy ., k=1,..., m, are small parameters.

By ("resonator”) is a subset of () such that By . = By, where
By C IR" is a bounded domain.

Dy . (“window" ) is a subset of 9By . such that Dy , = dy (D,
where Dy is a bounded set on an (n — 1)-dimensional hyperplane.
Qe = O\ UL 1Sk e, where Sg e = 0Bk \ Dy, k=1,...,m.

A is the minus Laplacian on ) subject to the Dirichlet conditions
on dQ) and the Neumann conditions on S ;.
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Main assumption

We assume that the following limits are finite:

cap(Dx.e) .
— kel ....m *
1B, { P

Here | Bk | is the volume of By, cap(Dk.) is the capacity of Dy .

Vi = lim Ve, Ve =
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Main assumption

We assume that the following limits are finite:
cap(Dy.)
4‘8/«&“
Here | By | is the volume of By ., cap(Dk.) is the capacity of Dy :

cap(Dy ) = |nf HVHHL2 Reyr >3,

Vi = lim Ve, Ve =

the infimum is taken over H € C§°(R") being equal to 1 on a
neighbourhood of Dy . (with the neighbourhood depending on H);
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We assume that the following limits are finite:

. cap(Dx.e)
/ ::l . = ——- /( 1,...
Vo= lim e e = TR ke (1m) ()

Here | By | is the volume of By ., cap(Dk.) is the capacity of Dy :
cap(Dy ) = |nf HVHHL2 Reyr >3,

the infimum is taken over H € C§°(R") being equal to 1 on a
neighbourhood of Dy . (with the neighbourhood depending on H);

cap(Dye) = inf IVHIE g1,z T n=2

where z is the center of the smallest ball containing Dy ¢, B(1, z)
is the unit ball with center at z., the infimum is taken over
H € C°(B(1, z«)) being equal to 1 on a neighbourhood of Dy .
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We assume that the following limits are finite:
cap(Dx.)
4\8;(,{‘
Here | By | is the volume of By ., cap(Dk.) is the capacity of Dy :

cap(Dy ) = |nf ||VHHL2 Reyr >3,

Yk = ‘”r% Yke Yke=

the infimum is taken over H € C§°(R") being equal to 1 on a
neighbourhood of Dy . (with the neighbourhood depending on H);

cap(Dye) = inf IVHIE g1,z T n=2

where z is the center of the smallest ball containing Dy ¢, B(1, z)
is the unit ball with center at z., the infimum is taken over
H € C°(B(1, z«)) being equal to 1 on a neighbourhood of Dy .

Assumption (x) implies
g - B >
die=Cer2ifn>3, |Indee| P =Ce?ifn=2 C =0O(1).



Anticipated limiting operator A

In the Hilbert space L.?(()) <> C we introduce the operator A via
A=(-A3)&T,

where I': C™ — C™, T’ = diag(y1,72,-.-,Ym), and Ag is the
Dirichlet Laplacian on Q).
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Anticipated limiting operator A

In the Hilbert space L.?(()) <> C” we introduce the operator A via
A=(-A3)&T,

whereI' : C" — C™, I = diag(y1,72,---,Ym), and A(D) is the
Dirichlet Laplacian on Q).

Spectrum of A

og(A) = U(—Aﬁ) U{vk, k=1,...,m}.
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Hausdorff distance

Hausdorff distance between closed sets X, Y C R

du(X, Y)—max{sup |nf Ix —yl; sup |nf ly — x|}
xeXYEY

dy(X,Y) = dy((1+ X)-1 ,(l—i—Y)* ), X,Y C0,00),
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Hausdorff distance between closed sets X, Y C R

—max{sup |nf |x —yl; SUP mf |y—x|}
xeXYEY yey

=dy((1+ X)L (1+Y)™ 1), X, Y C[0,00),
Definition

e X. converges from inside to X if for any x € X there
exists a family (xg)e>o with x; € X; such that x; — x as ¢ — 0;

e X. converges from outside to X if for any x € R\ X
there is 6 > 0 such that X N (x — §, x + &) = & for small enough .

e X. converges to X if Xe /X and Xz \, X.
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Hausdorff distance

Hausdorff distance between closed sets X, Y C R

—max{sup |nf |x —yl; SUP mf ‘Y_X|}
xeXYEY yey

=dy((1+ X)L (1+Y)™ 1), X, Y C[0,00),
Definition

e X. converges from inside to X if for any x € X there
exists a family (xg)e>o with x; € X; such that x; — x as ¢ — 0;

e X. converges from outside to X if for any x € R\ X
there is 6 > 0 such that X N (x — §, x + &) = & for small enough .
e X. converges to X if Xe /X and Xz \, X.
Proposition

Let (X)e~0 be a family of closed sets, X, C [0,00). Let X C [0,0) be
a closed set. Then
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Main results

Theorem 1
One has as ¢ — 0, and the estimate
_ CY |7ke— 7l + Ce. n>3,
G (0(A), o (A)) < §
C Z |Yke — Yk| + CelIn s|3/2, —
k=1
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Theorem 2
One has and
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Theorem 2

One has and

if A € 0gisc(A) is of multiplicity ¢ and
A—LA+LNo(A)={A} with L > 0, then for sufficiently small €
the spectrum of A in [A — L, A + L] is purely discrete and the total
multiplicity of the eigenvalues of A in [A — L, A + L] equals p.
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Theorem 2

One has and

if A € 0gisc(A) is of multiplicity ¢ and
A—LA+LNo(A)={A} with L > 0, then for sufficiently small €
the spectrum of A; in [A — L, A + L] is purely discrete and the total
multiplicity of the eigenvalues of A in [A — L, A + L] equals p.

If, in addition, ;# =1 (i.e. the eigenvalue A is simple), and
= (o, P1,..., Pm) with o € L2(Q) and (yx)7_; € C™ is the

corresponding normalized in L?(Q)) @ C™ eigenfunction, then there is a
sequence of normalized in L2(Qg) eigenfunctions ¢, of A such that
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Main results

Remark
If Q) is a bounded domain, the spectra of A, and A are purely
discrete; hence, due to Theorem 1, additionally to

adisc(Ae) /( Udisc(A) we also have Udisc(As) \1 Udisc(A)-
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Remark
If Q) is a bounded domain, the spectra of A, and A are purely
discrete; hence, due to Theorem 1, additionally to

adisc(Ae) /‘ Udisc(A) we also have Udisc(As) \1 Udisc(A)'

However, if () is unbounded, the latter property does not
necessary hold true:

e, Ao

k

Corollary
Let () be a bounded domain (consequently, the spectra of A,
and A are purely discrete). Then Yk € IN one has
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Application: waveguide with predefined eigenvalues

We are inspired by celebrated papers

[§ Colin de Verdiere, Y. Ann. Sci. Ec. Norm. Supér. 20, 599615 (1987)

where a Riemannian metric g on a given compact manifold M is
constructed such that the first m eigenvalues of the Laplace-Beltrami
operator on (M, g) coincide with prescribed numbers, and
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where a Riemannian metric g on a given compact manifold M is
constructed such that the first m eigenvalues of the Laplace-Beltrami
operator on (M, g) coincide with prescribed numbers, and

@ Hempel, R.; Seco, L.; Simon, B. J. Funct. Anal. 102, 448-483 (1999)

@ Hempel, R.; Kriechenbauer, T.; Plankensteiner, P. Math. Nachr.
188, 141-168 (1997)

where a bounded domain () was constructed such that the essential
spectrum and a bounded part of the discrete spectrum of the Neumann
Laplacian Ag coincides with the prescribed sets.
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[§ Colin de Verdiere, Y. Ann. Sci. Ec. Norm. Supér. 20, 599615 (1987)

where a Riemannian metric g on a given compact manifold M is
constructed such that the first m eigenvalues of the Laplace-Beltrami
operator on (M, g) coincide with prescribed numbers, and

@ Hempel, R.; Seco, L.; Simon, B. J. Funct. Anal. 102, 448-483 (1999)

@ Hempel, R.; Kriechenbauer, T.; Plankensteiner, P. Math. Nachr.
188, 141-168 (1997)

where a bounded domain () was constructed such that the essential
spectrum and a bounded part of the discrete spectrum of the Neumann
Laplacian Ag coincides with the prescribed sets. See also the overview

@ Behrndt, J.; K.A. Math. Nachr. 295, 1063-1095 (2022)
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Application: waveguide with predefined eigenvalues

Q- U U‘U ot %

e O =0'x (=L, L), where L > 0 and )’ is a bounded Lipschitz
domain in R" L.
e 0. =0 \ (UkL1Sk.e), where
Sk,e = aBk,e \ Dk,sv Bk,e = eB, Dk,e = dk,st
die=diem2 if n >3, and dj, = exp(—1/(die?)) if n=2.
e O =0 x (L, o), Q" =Q" x (—o0,—L), where Q" is a
bounded Lipschitz domain in R"~! such that O/ c Q).
e 0, =0 UOUOTUS UST, where $* = x {£L}.

o Addm s the minus Laplacian on Q) subject to the Dirichlet
conditions on 9Q) \ UJ"_; Sk . and the Neumann conditions on S ..
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Application: waveguide with predefined eigenvalues

One has Gegs (A1 4m) = A, c0), where A = Al(—A(D)u) > 0.
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Application: waveguide with predefined eigenvalues

One has Gegs (A1 4m) = A, c0), where A = Al(—A(D)u) > 0.
We introduce the functions Fj : R4+ — Ry via

1
(i)™ s
Ao = { U eplD)

2|B
t7| k‘, n=2.
s
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Application: waveguide with predefined eigenvalues

One has , where A = A1(—A8,) > 0.
We introduce the functions Fj : R4+ — Ry via
1
4|B =
L ) e

Filt) = ( cap(Dx)
t2|Bk‘, n=2.

7T

Theorem

Let 74, k € {1,..., m} be arbitrary numbers satisfying
0< Y1 <J2< - <Tm<A.

Then there exist and
ked{l,..., m} such that

The eigenvalues 7 are simple.
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Thank you for your attention!

15/15



