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Outline
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• Quark in a finite volume  —  why bother?

• Stacks of closed center vortex sheets for full QCD

• Flux tube model for heavy-dense QCD

• Summary and Outlook

• Center-vortex and electric-flux ensembles in pure gauge theory

• Percolation of electric fluxes
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Quarks in a Finite Volume
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• Why bother?

• consider canonical partition functions:

<latexit sha1_base64="HuRISDhtQ1A2BjcVA/kxNKQnvuI="></latexit>

Zc(T, V,Nq) = 0 , for Nq 6= 0 mod 3

Kratochvila & de Forcrand, PRD 73 (2006) 114512
➞ Polyakov loop paradox 

• imaginary chemical potential:
<latexit sha1_base64="YEUYFzxPq6Q5HSPy0/l7x3uSSFg="></latexit>

µ/T = i✓

grand canonical at imaginary µ

<latexit sha1_base64="GVkVz8UhpgOlkSHstzoP61nU9WA="></latexit>

ZI(✓) ⌘ Z(T, V, i✓T ) =
X

Nq

eiNq✓ Zc(T, V,Nq)

canonical ensembles

fugacity expansion

➞ Fourier series

• follows from Roberge-Weiss symmetry
Roberge & Weiss, NPB 275 (1986) 734

➞ only every 3rd Fourier coefficient ≠ 0

period 2π/3
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Single Quark in Finite Volume
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• change spatial b.c.’s to account for Gauss’ law

…we’ve just changed the temporal b.c.’s without changing the spatial ones!

back up — pure SU(N) gauge theory: (d+1)-dim spacetime 

<latexit sha1_base64="nynxpJtuWOP48/0vjiopFRDrb50="></latexit>

Ze(~e) =
1

Nd

X

~k2Zd
N

e2⇡i~e·
~k/N Zk(~k)

’t Hooft’s twisted b.c.’s
(no of center vortices mod N)

<latexit sha1_base64="DRNaE7Cmw06PSq19u0/KcczTEWw=">AAACF3icbVBNS8NAFNzU7/oV9ehlsQqeStKD9ljw4rGCVcGUstls2qWb3bD7Ig0hP8SLf8WLSC8KHv03bmsurT5YGGZmeW8mTAU34HnfTm1ldW19Y3Orvr2zu7fvHhzeGZVpynpUCaUfQmKY4JL1gINgD6lmJAkFuw/HVzP9/olpw5W8hTxl/YQMJY85JWCpgdsOpOIyYhKClOhQTQrfo0lZBMAmYOIC49Mg4iYVJDeQC4YBn2JclnjgNrymNx/8F/gVaKBqugN3GkSKZoldRQUx5tH3UugXRAOngpX1IDMsJXRMhqyY5yrxmaUiHCttnwQ8Zxd8JDEmT0LrTAiMzLI2I//THjOI2/2CyzQDJunvojgTGBSelYQjrhkFkVtAqOb2QkxHRBMKtsq6je4vB/0L7lpN/6Lp3bQanVZVwiY6RifoHPnoEnXQNeqiHqLoBb2hD/TpPDuvzrsz/bXWnOrPEVoY5+sHuwWfTg==</latexit>

t

<latexit sha1_base64="aaCdnoP+mNThx58ZdzK06zljM3c=">AAACHHicbVBNSwMxFMz6bf2qevQSbAVPZbcH9SIIXjwqWBW6pWSzbzU0myzJW3FZ9q948a94UMSLguC/Ma292PogMMxMeG8myqSw6Pvf3szs3PzC4tJybWV1bX2jvrl1ZXVuOHS4ltrcRMyCFAo6KFDCTWaApZGE62hwOtSv78FYodUlFhn0UnarRCI4Q0f168eh0kLFoDDMmIn0Qxn4PK3KEOEBbVJS2gxjYTPJCouFBBreA6cD2qS0qmi/3vBb/mjoNAjGoEHGc96vv4Sx5nnq9nHJrO0Gfoa9khkUXEJVC3MLGeMDdgvlKFxF9xwV00Qb9xTSEfvHx1JrizRyzpThnZ3UhuR/WjfH5KhXCpXlCIr/LkpySVHTYVM0FgY4ysIBxo1wF1J+xwzj6PqsuejBZNBpcNVuBQct/6LdOGmPS1giO2SX7JOAHJITckbOSYdw8kReyQf59B69Z+/Ne/+1znjjP9vkz3hfP2URoTE=</latexit>

~k

’t Hooft’s electric flux ensembles

dual 
<latexit sha1_base64="nDP4D8JFv803lIDV8+qVDWXY06s="></latexit>

Ze(~e)

Ze(0)
=

1

N

D
tr
�
P⌦(~x)P

†
⌦(~x+ ~eL)

�E

no-flux

(mirror charges)

LvS, NPB (PS) 228 (2012) 179 L

<latexit sha1_base64="DJssJ6ifTshujqDT5UbpsDQjDc4="></latexit>

~e
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’t Hooft’s Twisted B.C.’s
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• fix total # mod. N of center

   vortices through planes

• implement on lattice
multiply plaquette couplings by 
non-trivial center element

x

y change link variables

<latexit sha1_base64="JJRM52wCoebky0EIrHLIIZULzIo="></latexit>⌧

<latexit sha1_base64="JJRM52wCoebky0EIrHLIIZULzIo="></latexit>⌧

<latexit sha1_base64="wGCeJ97OEY8WA9hHhaYMMeYkhFk="></latexit>x

SU(2)&in&2+1&d&& 2d&Ising&(N&x&N)&

• for Polyakov loops
act as interfaces in spin model

dual to electric fluxes
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Closed Center Vortex Sheets
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• pure gauge theory
remove with variable transform

⌧

V

V

• heavy-dense limit of QCD
static fermion determinant

<latexit sha1_base64="jXPxeWXF87m6Z3+r61qojU4I9A8="></latexit>

S = @V

S
hv

,v
+
⌫̂i

VV V

S h
u
,u

�
⌫̂
i

interfaces

• Z3-Fourier transform over

  closed center vortex sheets

fix electric flux through or net quark number mod. 3 inside
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Full Lattice QCD
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• with arbitrary spatial hops V V V V

⌧

quark

anti-quark

(anti-)quarks/diquarks can hop in and out of V

<latexit sha1_base64="tagnEXCz1fvC3ao1VsSGgdQB4OA="></latexit>

N⌧

• introduce between all time slices

⌧

V

e+
2⇡
3 i

e�
2⇡
3 i

closed center-vortex sheets

• Z3-Fourier transforms
<latexit sha1_base64="tagnEXCz1fvC3ao1VsSGgdQB4OA="></latexit>

N⌧ closed center-vortex sheetsover

➞ selective static membrane at 
<latexit sha1_base64="jXPxeWXF87m6Z3+r61qojU4I9A8="></latexit>

S = @V

(only hadrons can pass)
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Full Lattice QCD
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• final result, to fix charge in V
<latexit sha1_base64="enJ+j23VEjk78nq/CjHVpnQkDnI="></latexit>

Z(qV mod3 = e) =
1

3N⌧

X

{z⌧2Z3}

"
N⌧Y

⌧=1

z�e
⌧

#
Z({z⌧})

<latexit sha1_base64="baDP++3/dGJyRtG9u0g+O9qy5TE="></latexit>

Z({z⌧}) =
Z

D[. . .] e�SG({z⌧},U)�SF (U, , )

with

15

⌧

V

e+
2⇡
3 i

e�
2⇡
3 i

FIG. 12. Exemplary illustration of a twist configuration in
the plaquette action SG({z⌧}, U) in 2 + 1 dimensions with ⌧
indicating the direction of Euclidean time (white plaquettes
represent cases with z⌧ = 1).

As compared to the heavy-dense limit in the previous sub-
section, the important extension here is that the temporal
plaquettes with spatial edges in S

⇤ get twisted between all
time slices as illustrated for 2+1 dimensions in Figure 12.

If we consider only static quarks again, i.e. ignore spatial
hopping, then the total flux of net charge through S

always vanishes, we have �S,⌧ = 0 and hence �4qV,⌧ = 0
in Eq. (39). In this case, it is therefore su�cient to fix
the quark number qV in V in any one layer between
Euclidean time slices. The other constraints are then
fulfilled automatically, and the general construction of this
subsection then simply boils down to Equation (33) used
for the static fermion action of the previous subsection.

In summary, to fix the net quark number in a finite
volume V to some value qV = e (mod 3), we have to
restrict the dynamics such that only multiples of three
quarks and anti-quarks can enter and leave the volume at
any time. To achieve this, it is not enough to insert twists
in only a single layer between subsequent time slices, as
in the construction of ’t Hooft’s electric flux ensembles
in the pure gauge theory. The necessary generalization is
surprisingly simple, however. We just have to twist the
temporal plaquettes with spatial edge in S

⇤ (i.e. dual to
S = @V in three dimensions) between all time slices in
the gauge action. In particular, the fermion determinant
remains unchanged, and standard Hybrid-Monte-Carlo
simulation techniques in combination with the snake algo-
rithm developed for the ’t Hooft loops in the pure gauge
theory [28], although expensive, should be possible at least
in principle. The Z3-Fourier transforms in all time slices
of the twisted plaquette actions illustrated in Figure 12,
over all possible {z⌧} configurations (corresponding to
3L4 di↵erent combinations of closed center vortex sheets),
then introduce the selectively permeable static membrane
to block quarks but not hadrons from fluctuating in and
out of V as described in the introduction to this section.

V. TRANSFER-MATRIX CONSTRUCTION

The transfer-matrix formulation of Lattice QCD [6, 29–
33] is based on the maximal temporal gauge, in which all
temporal lattice links are unity except for those between
one single layer of subsequent Euclidean time slices which
determines the Polyakov loops. A Hilbert space H is then
defined as a tensor product of square integrable functions
L
2(SU(3)) on SU(3) for every spatial link variable Uhi,i+k̂i

on the lattice, with the Fock space generated by fermionic
creation and annihilation operators,

(⇠̂�q )
†
i,a

, (⇠̂�q )i,a and (⇠̂�q )
†
i,a

, (⇠̂�q )i,a

for quarks and anti-quarks with spin � = {", #} and color
a on spatial lattice site i. Combining their di↵erent labels
in multi-indices, a state | i 2 H can be decomposed into

| i =
X

n

X

i1,...,in

fi1,...,in(U) ⇠̂†
i1
. . . ⇠̂

†
in
|0i ,

with complex-valued functions fi1,...,in(U) on the set of
spatial gauge configurations U = {Uhi,i+k̂i}.

The residual gauge invariance consists of time-indepen-
dent transformations %̂(⌦), with ⌦i 2 SU(3) which act on
tensor fields f(U) and Grassmann generators as follows,

(%̂(⌦)f)(U) = f({. . . ,⌦†
i
Uhi,i+k̂i⌦i+k̂

, . . .}) ,

%̂(⌦)(⇠̂�q )i,a%̂
†(⌦) = (⌦†

i
)ab(⇠̂�q )i,b ,

%̂(⌦)(⇠̂�q )i,a%̂
†(⌦) = (⇠̂�q )i,b(⌦i)

ba
,

where contracted indices are summed. We denote with
Hphys ✓ H the subspace of all gauge-invariant and hence
physical states: %̂(⌦) | i = | i for all gauge transfor-
mations ⌦ and | i 2 Hphys. An intuitive example of a
physical state is a quark-anti-quark pair connected by a
line of gauge fields [34]:

| i = (⇠̂�q )
†
i

⇥
Uhi,i1i . . . Uhin,ji

⇤
(⇠̂�q )

†
j
|0i .

To project onto the subspace of gauge-invariant and phys-
ical states, one defines a projection operator P̂0 via

P̂0 | i =
Z

D⌦ %̂(⌦) | i . (43)

When the transfer operator T̂ maps physical states onto
physical states, it commutes with P̂0, and

Z = tr
⇣
e�µN̂ T̂

L4 P̂0

⌘
(44)

defines the Lattice QCD partition function with chemical
potential µ, total net quark number operator N̂ , and of
extend L4 in the discrete Euclidean time direction.

The transfer operator T̂ is commonly expressed in terms
of a gauge-field integral with kernel K(U,U 0) deduced

<latexit sha1_base64="jhtE4/lyCnl6GojeBWtdNAJqFDQ="></latexit>

SG({z⌧}, U) = � 2

g2

X

p

ReTr
�
z(p)Up

�

<latexit sha1_base64="NDRaLiUxhLjDBkVbpHB0nABzLL0="></latexit>

z(p(i,⌧),µ⌫) =

8
><

>:

z⌧ , ⌫ = 4, µ = k, hi, i+ k̂i 2 S⇤

z�1
⌧ , ⌫ = 4, µ = k, hi+ k̂, ii 2 S⇤

1, otherwise

only in gauge action 

V

V

• twisted plaquette action

total charge (net quark number)

modulo 3 in sub-volume V, write <latexit sha1_base64="/yr+K//fFFlHtqUwAee2ejoOFrI="></latexit>qV =3 e
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Heavy-Dense QCD
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• effective Polyakov-loop theory  

<latexit sha1_base64="aWzEPBfIoA4bewyCYOf9yUhlZdo="></latexit>

Ze↵ =

Z ⇣Y

i

dLi J(Li)Q(Li)
⌘ Y

hi,ji

�
1 + 2�ReLiL

⇤
j

�

(1 flavor Wilson)

Fromm, Langelage, Lottini, Philipsen, JHEP 01 (2012) 042

Langelage, Neuman, Philipsen, JHEP 09 (2014) 131

leading order hopping expansion
static fermion determinat ! site factors

<latexit sha1_base64="NlrYZPzHfgcJBS7FrV0B3oKZ6/g="></latexit>

Q(L) =
�
1 + hL+ h2L⇤ + h3

�2�
1 + h̄L⇤ + h̄2L+ h̄3

�2

<latexit sha1_base64="GWyoOc2+K2badD5fZDTQPZM4bR4="></latexit>

h(µ) = e(µ�m)/T

<latexit sha1_base64="QmhgNYfD74LTAPLzTGOmOFS5ZtE="></latexit>

h̄(µ) = h(�µ)

where
Pietri, Feo, Seiler, Stamatescu, PRD 76 (2007) 114501
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Heavy-Dense QCD
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• reduce to Potts model  

maintain leading moments of 

reduced Haar measure

<latexit sha1_base64="ZNxGZUglP3EtJRbRlzzuGHUSouQ="></latexit>

Tm,n =

Z
dLJ(L)LmL⇤n

Uhlmann, Meinel, Wipf, J. Phys. A 40 (2007) 4367

tabulated in

<latexit sha1_base64="GmBsHCrPcnXzNkC4RvtZw6kTkBI="></latexit>

L ! z 2 Z3 ,

Z
dLJ(L) f(L) ! 1

3

X

z2Z3

f(z)

replace group integrations

reproduces
<latexit sha1_base64="ReX9RWRgrm1D/gcV2Au5waeqdZo=">AAACHnicbVDLSsQwFE19O76qLt0ER8GFDO0s1J0DblwqOI4wHUqapmMwTUpyK1NK/8WNvyKCiBsF/Rszj82MXggczjnh3nOiTHADnvfjzM0vLC4tr6zW1tY3Nrfc7Z1bo3JNWZsqofRdRAwTXLI2cBDsLtOMpJFgnejhYqh3Hpk2XMkbKDLWS0lf8oRTApYK3fNAKi5jJiHIiI7UoPQ9mlZlAGwAJikxPghibjJBCgOFYPgmLNNjWVke46rCoVv3Gt5o8F/gT0AdTeYqdF+DWNE8tRupIMZ0fS+DXkk0cCpYVQtywzJCH0iflaN4FT60VIwTpe2TgEfslI+kxhRpZJ0pgXszqw3J/7RuDslZr+Qyy4FJOl6U5AKDwsOucMw1oyAKCwjV3F6I6T3RhIJttGaj+7NB/4LbZsM/aXjXzXqrOSlhBe2hfXSEfHSKWugSXaE2ougZvaFP9OU8OS/Ou/Mxts45kz+7aGqc71/efKHy</latexit>

Tm,n
<latexit sha1_base64="u/QJFIJlAcye9F17lxd+HQ1Dwa4=">AAACHnicbVDLSgMxFM3UV62vUZduglUQhDJTRF0ICm5cKtgqOKVkMhkNzSRDckc6DPMvbvwVEUTcKOjfmD42tV4IHM454d5zwlRwA57341RmZufmF6qLtaXlldU1d32jbVSmKWtRJZS+DYlhgkvWAg6C3aaakSQU7CbsnQ/0m0emDVfyGvKUdRJyL3nMKQFLdd3TQCouIyYhSIkOVb/wPZqURQCsDyYuMN4JIm5SQXIDuWA42Zf4BB9YHuOyxF237jW84eBp4I9BHY3nsuu+BpGiWWI3UkGMufO9FDoF0cCpYGUtyAxLCe2Re1YM45V411IRjpW2TwIeshM+khiTJ6F1JgQezF9tQP6n3WUQH3cKLtMMmKSjRXEmMCg86ApHXDMKIreAUM3thZg+EE0o2EZrNrr/N+g0aDcb/mHDu2rWz5rjEqpoC22jPeSjI3SGLtAlaiGKntEb+kRfzpPz4rw7HyNrxRn/2UQT43z/AmC+oPY=</latexit>

m+ n < 4with

• o.k. in heavy-dense limit
at strong coupling, or 

<latexit sha1_base64="qtauP5K4uuY3e4nDulJkYSdL/xo="></latexit>

T . Tc

Smith, Dumitru, Pisarski, LvS, PRD 88 (2013) 054020

Endrodi, Gattringer, Schadler, PRD 89 (2014) 054509
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Effective Potts Model
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• for QCD at strong coupling
with static fermion determinant

<latexit sha1_base64="oMgBQqT4WxINyW02KWSnpEOTeX4="></latexit>

=N
X

{zi2Z3}

exp
nX

hi,ji

2� Re ziz
⇤
j

o
⇥

⇣Y

i

�
1 + hzi + h2z⇤i + h3

�2 �
1 + h̄z⇤i + h̄2zi + h̄3

�2⌘

<latexit sha1_base64="6Tc3vzvkcnjN1KyZgV7sKZDDQD8="></latexit>

� =
1

3
ln

✓
1 + 2�

1� �

◆
with

<latexit sha1_base64="QGSzZ/jSzob1K1MXKc6T1Jxr5rI="></latexit>

Ze↵ =
1

3Ns

X

{zi2Z3}

Y

hi,ji

�
1 + 2�Re ziz

⇤
j

�
⇥

⇣Y

i

�
1 + hzi + h2z⇤i + h3

�2 �
1 + h̄z⇤i + h̄2zi + h̄3

�2⌘

from global Z3 symmetry
• Roberge-Weiss symmetric

<latexit sha1_base64="lW6EBBQUAcFBQ+CBxmjwL8k9x5M="></latexit>

Ze↵(T, µ = i✓T ) ⌘ ZI
e↵(✓) = ZI

e↵(✓ + 2⇡/3)
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Equivalent Flux-Tube Model
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• flux-tube model representation (dual)
<latexit sha1_base64="uaB9aAIXjfpUEkwmW5StUGsDGWE="></latexit>

Ze↵(T, µ) =
X

{n,l}phys

exp
n
� �

⇣
H(n, l)� µ

X

i

qi

⌘o

analogous to:

Patel, NPB 243 (1984) 411
Bernard, DeGrand, DeTar, Gottlieb, Krasnitz, 
Sugar, Toussain, PRD 49 (1994) 6051
Condella & DeTar, PRD 61(2000) 074023

<latexit sha1_base64="8M2Q/zFGB+vieFuA/ddWuwu5Vww="></latexit>

lhi,ji 2 {�1, 0, 1}fluxes represented by link variables:

<latexit sha1_base64="F7DRJiYxHXQfZliYuOlgH748lU4="></latexit>

H(n, l) =
X

hi,ji

�|lhi,ji|+
X

i,s

m(ni,s + n̄i,s)

here with:
string tension

<latexit sha1_base64="O0YnmWBFHva1yXzU80UMmlMGOXc="></latexit>

= qi mod 3

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>| {z }
<latexit sha1_base64="O0YnmWBFHva1yXzU80UMmlMGOXc="></latexit>

= qi mod 3

(anti-)quark occupation numbers:
<latexit sha1_base64="g11awKR2OQi97jf5RWpFyGW+DLU="></latexit>

ni,s 2 {0, . . . , 3} and n̄i,s 2 {0, . . . , 3} spin s = {↑,↓}

net-quark number modulo 3
<latexit sha1_base64="7v/4Su315Zc6dNrMx44rzhubvsk="></latexit>

�i

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>| {z }
flux from volume 
around site i

• Z3-Gauss’ law: <latexit sha1_base64="y91ShgwqA4pS4GhOaCJi/w9YSaQ="></latexit>X

j⇠i

lhi,ji �
X

s

(ni,s � n̄i,s) = 0 mod 3
(Poisson equation)
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Electric fluxes

13

• interfaces in flux-tube model

d = 1 d = 2 d = 3

dual stacks of links

• flux through interface

S⇤• add constraint to fix

<latexit sha1_base64="F7DRJiYxHXQfZliYuOlgH748lU4="></latexit>

H(n, l) =
X

hi,ji

�|lhi,ji|+
X

i,s

m(ni,s + n̄i,s) 5

center-electric fluxes between neighboring sites. This can
directly be used to define the total flux �S of a particular
configuration through an arbitrary surface S by

�S =
X

hi,ji2S⇤

lhi,ji ,

where the sum runs over the (in three dimensions dual)
stack of links that intersect S in the direction of its ori-
entation. The corresponding interface S

⇤ inherits the
orientation of S, i.e., we have ��S = ��S , and �S

⇤ is
the interface that contains the same links as S⇤ but with
reversed directions. In order to convert the sum into one
over all forward-directed links as before, we define the
local orientation of S,

shi,ji =

8
><

>:

+1, hi, ji 2 S
⇤

�1, hj, ii 2 S
⇤

0, otherwise

which allows us to write

�S =
X

hi,ji

shi,jilhi,ji , (15)

where the sum over forward links with j = i+ µ̂ is implied.
As a warm-up exercise, we first consider the pure SU(3)-

gauge theory in which the fermion determinant is unity,
and we only need to consider the nearest-neighbor inter-
action of Potts spins. Equivalently, with m ! 1 in the
flux-tube model, we are left with pure flux-tube config-
urations {n = 0, l} obeying the local Z3-Gauss law. In
order to introduce a Z3-interface S

⇤, we first define the
Kronecker delta modulo three,

�3(�) =
1

3

X

z2Z3

z
�
. (16)

With this we can fix the electric flux through S to a certain
value e 2 Z3 by restricting the partition function of the
flux-tube model to configurations with �S = e mod 3,
for which we introduce the shorthand notation �S =3 e

(where the symbol ‘=3’ denotes the modulo three part of
any integer in the following),

Z(�S =3 e) =
X

{l}phys.

�3(�S � e) exp
�
� �

X

hi,ji

�a |lhi,ji|
 
. (17)

The derivation of the equivalent Potts-model representa-
tion of this restricted partition function proceeds analo-
gous to that without such restriction, and yields

Z(�S =3 e) / 1

3

X

k2Z3

e�
2⇡i
3 ke

ZS(k) (18)

with suitably twisted ensembles

ZS(k) =
X

{zi2Z3}

exp

⇢X
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2� Re
�
z
�shi,jik ziz

⇤
j

��
,

and z = e2⇡i/3. These twisted ensembles di↵er from the
standard Potts-model partition function in (13) by factors
of z⌥k in all nearest-neighbor couplings between the spins
with hi, ji 2 ±S

⇤ which is precisely how one implements
the (cyclic) interface S

⇤ in the Potts model [4].

The discrete Fourier transform (18) over these twisted
Potts-model ensembles ZS(k) is therefore equivalent to
a flux-tube model in which the flux through a surface S

is fixed to �S = e mod 3. When the surface is closed,
S = @V , the interface can be removed from ZS(k) by
the substitution zi ! z

k
zi for all spins inside V , just as

closed center-vortex sheets can be removed without free-
energy cost in the pure gauge theory. When S extends
across the torus, it introduces a seam with a cyclic shift
which can be straightened (but not removed) and hence
corresponds to introducing ’t Hooft’s twisted boundary
conditions in the pure gauge theory. The relation (18)
between the twisted ZS(k) and the electric-flux ensemble
Z(e) is then analogous to that between ’t Hooft’s twists
and the electric fluxes in Eq. (3). The only di↵erence is
that the one-dimensional Z3 Fourier transform in Eq. (18)
only fixes the center flux perpendicular to the plane of the
straightened S, but not the electric fluxes in the in-plane
directions where the boundary conditions remain periodic,
whereas in Eq. (3) the electric fluxes are fixed in all d
spatial directions.

An example of a flux-line configuration with �S = 1
mod 3 in d = 2 dimensions is shown in Figure 3. A non-
zero flux (with lhi,i+µ̂i = ±1) is indicated by a forward
arrow (in the direction from i to j = i+ µ̂) for lhi,ji = +1,
and by a backward arrow (from j to i) for lhi,ji = �1.
No arrow means no flux, lhi,ji = 0, in this picture. A
physical configuration {n = 0, l} is made of closed flux-
tube loops due to the Z3-Gauss law. These loops consist
of lines of arrows along the links of the lattice which
can be connected by vertices at the sites of the lattice
where the di↵erence of incoming and outgoing arrows must
always be a multiple of three, due to the Z3-Gauss law.
Loops constructed in this way can not create a non-zero
flux �S 6= 0 mod 3 without winding around the lattice.
Hence, physical configurations with �S 6= 0 mod 3 are
necessarily made of loops winding around the lattice in
the direction perpendicular to S (such as the blue torus
cluster in Fig. 3).

After having established the analogy between the
pure electric-flux ensembles in the flux-tube model and
’t Hooft’s electric fluxes in the pure gauge theory, as the
next step we now reintroduce the static quarks and anti-
quarks of heavy-dense QCD. The flux tubes are then
no-longer forced to form closed loops but can start and
end at the sources and sinks that arise from the static
quarks and anti-quarks or diquarks, as long as this is
compatible with the Z3-Gauss law in (11). At the same
time, the total electric flux (mod 3) through a closed
surface S = @V need not be zero anymore, but deter-
mines the net number of center charges in V , and the
corresponding interface can in general not be removed by
a transformation of variables.
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center-electric fluxes between neighboring sites. This can
directly be used to define the total flux �S of a particular
configuration through an arbitrary surface S by

�S =
X

hi,ji2S⇤

lhi,ji ,

where the sum runs over the (in three dimensions dual)
stack of links that intersect S in the direction of its ori-
entation. The corresponding interface S

⇤ inherits the
orientation of S, i.e., we have ��S = ��S , and �S

⇤ is
the interface that contains the same links as S⇤ but with
reversed directions. In order to convert the sum into one
over all forward-directed links as before, we define the
local orientation of S,

shi,ji =

8
><

>:

+1, hi, ji 2 S
⇤

�1, hj, ii 2 S
⇤

0, otherwise

which allows us to write

�S =
X

hi,ji

shi,jilhi,ji , (15)

where the sum over forward links with j = i+ µ̂ is implied.
As a warm-up exercise, we first consider the pure SU(3)-

gauge theory in which the fermion determinant is unity,
and we only need to consider the nearest-neighbor inter-
action of Potts spins. Equivalently, with m ! 1 in the
flux-tube model, we are left with pure flux-tube config-
urations {n = 0, l} obeying the local Z3-Gauss law. In
order to introduce a Z3-interface S

⇤, we first define the
Kronecker delta modulo three,

�3(�) =
1

3

X

z2Z3

z
�
. (16)

With this we can fix the electric flux through S to a certain
value e 2 Z3 by restricting the partition function of the
flux-tube model to configurations with �S = e mod 3,
for which we introduce the shorthand notation �S =3 e

(where the symbol ‘=3’ denotes the modulo three part of
any integer in the following),

Z(�S =3 e) =
X

{l}phys.

�3(�S � e) exp
�
� �

X

hi,ji

�a |lhi,ji|
 
. (17)

The derivation of the equivalent Potts-model representa-
tion of this restricted partition function proceeds analo-
gous to that without such restriction, and yields

Z(�S =3 e) / 1
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with suitably twisted ensembles
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X
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and z = e2⇡i/3. These twisted ensembles di↵er from the
standard Potts-model partition function in (13) by factors
of z⌥k in all nearest-neighbor couplings between the spins
with hi, ji 2 ±S

⇤ which is precisely how one implements
the (cyclic) interface S

⇤ in the Potts model [4].

The discrete Fourier transform (18) over these twisted
Potts-model ensembles ZS(k) is therefore equivalent to
a flux-tube model in which the flux through a surface S

is fixed to �S = e mod 3. When the surface is closed,
S = @V , the interface can be removed from ZS(k) by
the substitution zi ! z

k
zi for all spins inside V , just as

closed center-vortex sheets can be removed without free-
energy cost in the pure gauge theory. When S extends
across the torus, it introduces a seam with a cyclic shift
which can be straightened (but not removed) and hence
corresponds to introducing ’t Hooft’s twisted boundary
conditions in the pure gauge theory. The relation (18)
between the twisted ZS(k) and the electric-flux ensemble
Z(e) is then analogous to that between ’t Hooft’s twists
and the electric fluxes in Eq. (3). The only di↵erence is
that the one-dimensional Z3 Fourier transform in Eq. (18)
only fixes the center flux perpendicular to the plane of the
straightened S, but not the electric fluxes in the in-plane
directions where the boundary conditions remain periodic,
whereas in Eq. (3) the electric fluxes are fixed in all d
spatial directions.

An example of a flux-line configuration with �S = 1
mod 3 in d = 2 dimensions is shown in Figure 3. A non-
zero flux (with lhi,i+µ̂i = ±1) is indicated by a forward
arrow (in the direction from i to j = i+ µ̂) for lhi,ji = +1,
and by a backward arrow (from j to i) for lhi,ji = �1.
No arrow means no flux, lhi,ji = 0, in this picture. A
physical configuration {n = 0, l} is made of closed flux-
tube loops due to the Z3-Gauss law. These loops consist
of lines of arrows along the links of the lattice which
can be connected by vertices at the sites of the lattice
where the di↵erence of incoming and outgoing arrows must
always be a multiple of three, due to the Z3-Gauss law.
Loops constructed in this way can not create a non-zero
flux �S 6= 0 mod 3 without winding around the lattice.
Hence, physical configurations with �S 6= 0 mod 3 are
necessarily made of loops winding around the lattice in
the direction perpendicular to S (such as the blue torus
cluster in Fig. 3).

After having established the analogy between the
pure electric-flux ensembles in the flux-tube model and
’t Hooft’s electric fluxes in the pure gauge theory, as the
next step we now reintroduce the static quarks and anti-
quarks of heavy-dense QCD. The flux tubes are then
no-longer forced to form closed loops but can start and
end at the sources and sinks that arise from the static
quarks and anti-quarks or diquarks, as long as this is
compatible with the Z3-Gauss law in (11). At the same
time, the total electric flux (mod 3) through a closed
surface S = @V need not be zero anymore, but deter-
mines the net number of center charges in V , and the
corresponding interface can in general not be removed by
a transformation of variables.

example flux config without (anti-)quarks
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• flux-tube model with interface
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• Z3-Fourier transform

Z3-flux ensembles Z3-interface ensembles
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(a) µ/m = 0 (mesonic) (b) µ/m = 0.5 (baryonic) (c) µ/m = 1.5 (saturation)

FIG. 5. Net quark number hqii at a site i of a chain with L = 20 in the ensemble Z(qV =3 1) with �a/m = 0.3. The plots show
the net quark number depending on the temperature T/m. The color coding represents the value of hqii.

numerical errors from the long chains of matrix multipli-
cations for large L in the transfer matrix approach.2

As an overview we first consider the unrestricted parti-
tion function Ze↵ and the ensemble Z(qV =3 1) with one
unit of electric center flux through S for L = 6 from the
analytic calculation. The corresponding total net quark
numbers hqi as functions of the chemical potential µ are
compared in Figure 4, with �a/m = 0.3 and T/m = 0.1.

The maximum site-occupation number of the spin-1/2
fermions in the one-flavor theory with three colors is
2Nc = 6. The unrestricted net quark number from Ze↵

(blue) therefore shows the well-known transition of heavy-
dense QCD at µ = ±m, which the tends towards a step-
function for T ⌧ m. With increasing positive µ it changes
in one step from hqi = 0 for the empty lattice, across half
filling at µ = m, here with hqi = NcL = 18, to the fully
occupied sate at saturation, here with hqi = 2NcL = 36.
Neither of these three states contain any fluxes and their
energies are thus independent of �a.
With one unit of electric center flux forced through S

in Z(qV =3 1) (red) this situation changes in two notable
ways: The total net quark number zero configuration is
favored only for |µ| < m/3. But even there the lattice
cannot be empty because we need at least one elementary
flux l = 1 at either side of V to generate the required flux
in S

⇤. In this case, the states that minimize � = H � µq

are made of exactly one quark-anti-quark pair where the
quark sits inside V , either at site i = 0 or at site L/2� 1,
and is connected to an anti-quark at the adjacent site in
V (at i = L� 1 or L/2), cf. Figure 5 (a).

At µ = ±m/3 baryonic or anti-baryonic plateaus occur
which extend over the respective µ intervals (m/3,m)
or (�m,�m/3). The baryonic states that minimize �
consist of one quark in V and a diquark at the adjacent
site in V . For T ⌧ �a, the two are again connected by
exactly one elementary flux, and the resulting baryon is
therefore localized at either side of the boundary between
V and V . The energy di↵erence between the mesonic (qq,

2 Both, the analytic and the transfer matrix computations of this
subsection were done with Wolfram Mathematica.®

favored for |µ| < m/3) and the baryonic states (qqq, for
m/3 < µ < m) is just �(qqq) � �(qq) = m � 3µ and
vanishes at the transition. For m/3 < µ < m the baryonic
state therefore minimizes � and a new plateau forms. For
µ > m quark-anti-quark pairs fill up the lattice until
one baryonic hole is left to accommodate the required
flux. Saturation can therefore not quite be reached with
qV =3 1, but the maximum occupation number here
occurs at hqi = 2NcL�3 = 33. The analogous arguments
apply for the anti-baryonic states at µ < 0.

To further illustrate these localized states in the elec-
tric flux ensemble and their temperature dependence, we
consider the corresponding local densities in form of the
site-dependent net quark number hqii on a somewhat
larger chain of length L = 20 (again with �a/m = 0.3).
The interface S

⇤ consists of the two links that start at
sites i = 0 (backward) and i = L/2 � 1 = 9 (forward),
respectively. Density plots of the net quark numbers hqii
over site i and temperature T/m are shown in Figure 5
for three representative values of the chemical potential.
These are µ = 0 for the mesonic regime in (a), µ/m = 0.5
for the baryonic ground state in (b), and µ/m = 1.5 for
the maximally occupied ground state in (c). All figures
indicate the formation of states that get localized close
the surface S as the temperature is lowered.

At µ/m = 0 in Fig. 5 (a) they consist of one meson at
either of the two links in S

⇤. Both possibilities are equally
likely and the average quark numbers therefore approach
hqii = 0.5 at the inside boundary of S in V (at site i = 0
or i = L/2�1 = 9) and hqii = �0.5 at the outside in V (at
i = L/2 = 10 or i = L� 1 = 19) in the low temperature
limit, where all other site-occupation numbers approach
zero. Increasing the temperature to T ⇠ �a, longer flux
strings are possible and the quark-anti-quark pairs can
extend further into the bulk before these localized mesonic
states dissolve in thermal quark-anti-quark excitations as
temperature is further increased.

For µ/m = 0.5 in Fig. 5 (b) we analogously observe
that the net quark numbers tend to hqii = 0.5 at the
inside boundary of S in V and hqii = 1 at the outside
in V in the low temperature limit, corresponding to the
two possibilities of having a quark inside and a diquark

<latexit sha1_base64="9iQ1xqYOpSAkFx5f/O2hlG/sgOw="></latexit>
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• define

• still (1+1)-dim
Potts model representation, 

flux-tube model parameters
(V = L/2)

• independent of L
no asymptotic string tension

6

S⇤

FIG. 3. Example of a physical flux-line configurations with
�S = 1 mod 3 in the absence of quarks and anti-quarks.

We can define ensembles with �S 6= 0 mod 3 but this
does not require the existence of a winding loop. For
example, we can have a quark on one side of S connected
to an anti-quark on the other side by a flux line through
the interface S

⇤ which generates a flux �S 6= 0 mod 3.
In order to see explicitly how the Z3-Gauss law can be
used to restrict the net quark number in a subvolume V

to a certain value modulo three, consider some volume V

comprising a certain subset of all lattice sites, with surface
S = @V separating V from its complement V . Then, S⇤

consists of all links connecting V with its complement V .
The links of S⇤ always start at a site in V and end at the
adjacent site in V . The local Z3-Gauss law in (11) then
establishes the equivalence, up to a multiple of three, of
the flux �S through S

⇤, defined in Eq. (15), for the closed
surface S = @V and the total charge qV in V , inside S,

�S = qV mod 3 , where qV =
X

i2V

qi . (19)

Obviously, if S
⇤ = ?, then all sites of the lattice are

contained in either V or V and �S = 0. In particular,
this confirms that physical configurations can only have
multiples of three as their total net quark number q.

With Equation (19), an ensemble with fixed net quark
number modulo three in V is thus the same as an ensemble
with fixed flux through S = @V ,

Z(qV =3 e) =
X

{n,l}phys.

�3(�S � e) e��(H�µq)
.

This is analogous to Equation (17) but now with the full
flux-tube model Hamiltonian (10) for finite quark mass
m < 1 and quark chemical potential µ included. The
other di↵erence here is that set of links in S

⇤ is now dual
to the closed surface S = @V which we could remove at
no free-energy cost for m ! 1 without the quarks before.
The same steps that we used to derive Eq. (18) then again
yield

Z(qV =3 e) / 1

3

X

k2Z3

e�
2⇡i
3 ke

ZS(k) (20)

but now with S
⇤ as the coboundary of V and, importantly,

with the same fermionic site factors of heavy-dense QCD
as in (13), reintroduced unchanged in the definition of
the ensembles (with z = e2⇡i/3 as before)

ZS(k) = (21)
X

{zi2Z3}

exp

⇢X

hi,ji

2� Re
�
z
�shi,jik ziz

⇤
j

�� Y

i

Q(zi) ,

here. In this way, the basic structure in ’t Hooft’s electric
flux ensembles, as discrete Fourier transforms of twisted
ensembles, directly translates to the flux-tube model with
quarks and anti-quarks where it allows to fix the net quark
number in a subvolume V (modulo three).

To define the (Landau) free energy di↵erence �F of an
ensemble with such an electric flux �S =3 e through S

relative to one with �S =3 0, it is convenient to first divide
the lattice in half along one direction, say we consider
lattices of even extension L1 and choose V as all lattice
sites i with i1 2 {0, . . . , L1/2 � 1}. We then define the
electric-flux free energy as the large L1 limit of �F from

�F1 = lim
L1!1


� 1

�
ln

✓
Z(qV =3 1)

Z(qV =3 0)

◆�
, (22)

where the same temperature, chemical potential and per-
pendicular extensions L2, L3 are assumed in both en-
sembles. This definition is analogous to that used for
’t Hooft’s string tension [6, 22], with the obvious di↵er-
ence that the factor L

�1
1 is missing, reflecting the fact

that it describes the total electric-flux free energy rather
than that per length, as the string tension in the pure
gauge theory does. With the inclusion of (heavy) quarks
and anti-quarks, the flux string will break eventually,
and localized quark-anti-quark structures, which do not
scale with L1 asymptotically, will create the required flux
through the surface S in the L1 ! 1 limit.

To make this argument more precise it is useful to study
Equation (22) in the limits of very high and very low
temperatures, where we can illustrate under reasonable
assumptions how �F1 remains finite for L1 ! 1 in
either case. We will explicitly verify this numerically for
a one-dimensional chain and a three-dimensional lattice
in the next subsections below.

At high temperatures, for � > 0 su�ciently small, the
free energy �F can be expanded in powers of � such that

�F = � 1

�
ln

✓
M1

M0

◆
+

↵1

M1
� ↵0

M0
+O(�) (23)

with Me = Z(qV =3 e,� = 0) and

↵e =
X

{n,l}phys.

�3(�S � e)
�
H � µq

�
.

The ratio M1/M0 can be computed exactly from the
equivalent Potts-model formulation:

M1

M0
=

1 + 4�4Ns � 2 · 4�2Ns

1 + 4 · 4�4Ns + 4 · 4�2Ns
.
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outside with minimal electric-flux energy. As temperature
increases, the flux strings spread into the bulk and eventu-
ally dissolve in quark excitations so that the density gets
distributed homogeneously over the lattice when T � �a.
The low temperature limit at µ/m = 1.5 in Fig. 5 (c),

on the other hand, shows how the lattice fills up on all but
the boundary sites with the maximum number of 2Nc = 6
quarks. The sites at the inside boundary of S now have
hqii = 5 and those outside hqii = 5.5 in the ground state.
This is because inside S we must now accommodate a
diquark hole at the boundary on either side of V so that
we can either have qi = 4 or 6, depending on where the
diquark hole is localized (with an average of hqii = 5),
and the corresponding quark hole then yields qi = 5 or 6
(with an average of hqii = 5.5) at the outside boundary
of S. Together they form the baryonic hole necessary to
create the required unit of electric flux through S with
the shortest string possible.3

In order to investigate the electric-flux free energy �F1
in (22), we now use L = 64 as a proxy for the L ! 1 limit.
We have confirmed that this is well justified within the er-
rors for our present purposes, because there are no signifi-
cant changes between chains with L 2 {40, 44, . . . , 60} and
the chain with L = 64. The dependence of this �F on the
inverse temperature �m is shown in Figure 6. As before,
the string tension is �a/m = 0.3, and the values of the
chemical potential are µ/m 2 {0, 1/3, 1/2, 1, 9/5}. The
dashed lines represent results from the low-temperature

3 Because anti-quarks are suppressed exponentially by (m+ µ)/T ,
the baryonic hole is energetically favored over the corresponding
flux configuration involving an anti-quark in V . At fixed electric-
flux energy the former costs 3(µ�m) in energy while the latter
costs 2(µ�m) + (µ+m) = 3µ�m to create in the ground state.

expansion in Equation (24), where we have computed the

corresponding energy levels �(i)
e and their multiplicities

N
(i)
e exactly. The long-dashed lines show the ground state

contributions only, where the leading order 1/� correc-

tions are determined from the ratio of multiplicities N (0)
1

and N
(0)
0 alone. The short-dashed lines include the contri-

butions from the first excited levels with the multiplicities

N
(1)
1 and N

(1)
0 to extend this asymptotic expansion.

For the long-dashed leading order we simply have

�(0)
1 ��(0)

0 =

(
2m+ �a , µ  m/3

3|m� µ|+ �a , µ > m/3
(26)

for the ground-state energy di↵erence and

N
(0)
1

N
(0)
0

=

8
>>><

>>>:

8 , µ  m/3

20 , µ = m/3

12 , m/3 < µ 6= m

25/18 , µ = m

(27)

with N
(0)
0 = 1 everywhere but for µ = m at half filling

where N
(0)
0 = 6L. The corresponding energies and multi-

plicities for the corrections from the first excited states
are more tedious to work out analytically and not given
explicitly, here.
The di↵erent orders of this expansion nicely overlap

with one another and with the numerical results from
the transfer matrix approach in a reasonably wide range
of temperatures to confirm that the exact asymptotic
expansions correctly extrapolate the numerical results.
We can therefore safely assume the low-temperature limit

of �F1 to be given by (25) which tends to �(0)
1 ��(0)

0 for
� ! 1, as expected. In the mesonic regime for µ < m/3,
this di↵erence is simply given by the energy of the quark-
anti-quark pair at adjacent sites with one unit of flux in
between, cf. (26). In the baryonic regime for µ > m/3,
it represents the sum of the energy cost ±3m + �a of
adding or removing a baryon, thereby creating the same
flux, and ⌥3µ for the chemical potential of that baryon
or the baryonic hole, depending on whether we are below
or above half filling at µ = m. At µ = m/3, the energies
for adding the meson or the baryon are exactly the same
and the combinatorical factors of both possibilities (8 for
the meson and 12 for the baryon) simply add up (hence

we have N
(0)
1 = 20 there).

In the high-temperature limit, � ! 0, all curves ap-
proach zero which is is not quite trivial, as we have seen
in the previous subsection, but numerically confirms our
discussion there as well.

B. Three-Dimensional Lattice

As the next step, we investigate �F1 in three spa-
tial dimensions, where exact calculations and the direct
transfer matrix approach are no-longer feasible. In this
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outside with minimal electric-flux energy. As temperature
increases, the flux strings spread into the bulk and eventu-
ally dissolve in quark excitations so that the density gets
distributed homogeneously over the lattice when T � �a.
The low temperature limit at µ/m = 1.5 in Fig. 5 (c),

on the other hand, shows how the lattice fills up on all but
the boundary sites with the maximum number of 2Nc = 6
quarks. The sites at the inside boundary of S now have
hqii = 5 and those outside hqii = 5.5 in the ground state.
This is because inside S we must now accommodate a
diquark hole at the boundary on either side of V so that
we can either have qi = 4 or 6, depending on where the
diquark hole is localized (with an average of hqii = 5),
and the corresponding quark hole then yields qi = 5 or 6
(with an average of hqii = 5.5) at the outside boundary
of S. Together they form the baryonic hole necessary to
create the required unit of electric flux through S with
the shortest string possible.3

In order to investigate the electric-flux free energy �F1
in (22), we now use L = 64 as a proxy for the L ! 1 limit.
We have confirmed that this is well justified within the er-
rors for our present purposes, because there are no signifi-
cant changes between chains with L 2 {40, 44, . . . , 60} and
the chain with L = 64. The dependence of this �F on the
inverse temperature �m is shown in Figure 6. As before,
the string tension is �a/m = 0.3, and the values of the
chemical potential are µ/m 2 {0, 1/3, 1/2, 1, 9/5}. The
dashed lines represent results from the low-temperature

3 Because anti-quarks are suppressed exponentially by (m+ µ)/T ,
the baryonic hole is energetically favored over the corresponding
flux configuration involving an anti-quark in V . At fixed electric-
flux energy the former costs 3(µ�m) in energy while the latter
costs 2(µ�m) + (µ+m) = 3µ�m to create in the ground state.

expansion in Equation (24), where we have computed the

corresponding energy levels �(i)
e and their multiplicities

N
(i)
e exactly. The long-dashed lines show the ground state

contributions only, where the leading order 1/� correc-

tions are determined from the ratio of multiplicities N (0)
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and N
(0)
0 alone. The short-dashed lines include the contri-

butions from the first excited levels with the multiplicities

N
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1 and N
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0 to extend this asymptotic expansion.

For the long-dashed leading order we simply have
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0 =
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for the ground-state energy di↵erence and
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with N
(0)
0 = 1 everywhere but for µ = m at half filling

where N
(0)
0 = 6L. The corresponding energies and multi-

plicities for the corrections from the first excited states
are more tedious to work out analytically and not given
explicitly, here.
The di↵erent orders of this expansion nicely overlap

with one another and with the numerical results from
the transfer matrix approach in a reasonably wide range
of temperatures to confirm that the exact asymptotic
expansions correctly extrapolate the numerical results.
We can therefore safely assume the low-temperature limit

of �F1 to be given by (25) which tends to �(0)
1 ��(0)

0 for
� ! 1, as expected. In the mesonic regime for µ < m/3,
this di↵erence is simply given by the energy of the quark-
anti-quark pair at adjacent sites with one unit of flux in
between, cf. (26). In the baryonic regime for µ > m/3,
it represents the sum of the energy cost ±3m + �a of
adding or removing a baryon, thereby creating the same
flux, and ⌥3µ for the chemical potential of that baryon
or the baryonic hole, depending on whether we are below
or above half filling at µ = m. At µ = m/3, the energies
for adding the meson or the baryon are exactly the same
and the combinatorical factors of both possibilities (8 for
the meson and 12 for the baryon) simply add up (hence

we have N
(0)
1 = 20 there).

In the high-temperature limit, � ! 0, all curves ap-
proach zero which is is not quite trivial, as we have seen
in the previous subsection, but numerically confirms our
discussion there as well.

B. Three-Dimensional Lattice

As the next step, we investigate �F1 in three spa-
tial dimensions, where exact calculations and the direct
transfer matrix approach are no-longer feasible. In this
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outside with minimal electric-flux energy. As temperature
increases, the flux strings spread into the bulk and eventu-
ally dissolve in quark excitations so that the density gets
distributed homogeneously over the lattice when T � �a.
The low temperature limit at µ/m = 1.5 in Fig. 5 (c),

on the other hand, shows how the lattice fills up on all but
the boundary sites with the maximum number of 2Nc = 6
quarks. The sites at the inside boundary of S now have
hqii = 5 and those outside hqii = 5.5 in the ground state.
This is because inside S we must now accommodate a
diquark hole at the boundary on either side of V so that
we can either have qi = 4 or 6, depending on where the
diquark hole is localized (with an average of hqii = 5),
and the corresponding quark hole then yields qi = 5 or 6
(with an average of hqii = 5.5) at the outside boundary
of S. Together they form the baryonic hole necessary to
create the required unit of electric flux through S with
the shortest string possible.3

In order to investigate the electric-flux free energy �F1
in (22), we now use L = 64 as a proxy for the L ! 1 limit.
We have confirmed that this is well justified within the er-
rors for our present purposes, because there are no signifi-
cant changes between chains with L 2 {40, 44, . . . , 60} and
the chain with L = 64. The dependence of this �F on the
inverse temperature �m is shown in Figure 6. As before,
the string tension is �a/m = 0.3, and the values of the
chemical potential are µ/m 2 {0, 1/3, 1/2, 1, 9/5}. The
dashed lines represent results from the low-temperature

3 Because anti-quarks are suppressed exponentially by (m+ µ)/T ,
the baryonic hole is energetically favored over the corresponding
flux configuration involving an anti-quark in V . At fixed electric-
flux energy the former costs 3(µ�m) in energy while the latter
costs 2(µ�m) + (µ+m) = 3µ�m to create in the ground state.

expansion in Equation (24), where we have computed the

corresponding energy levels �(i)
e and their multiplicities

N
(i)
e exactly. The long-dashed lines show the ground state

contributions only, where the leading order 1/� correc-

tions are determined from the ratio of multiplicities N (0)
1

and N
(0)
0 alone. The short-dashed lines include the contri-

butions from the first excited levels with the multiplicities

N
(1)
1 and N
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0 to extend this asymptotic expansion.

For the long-dashed leading order we simply have
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0 =

(
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with N
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0 = 1 everywhere but for µ = m at half filling

where N
(0)
0 = 6L. The corresponding energies and multi-

plicities for the corrections from the first excited states
are more tedious to work out analytically and not given
explicitly, here.
The di↵erent orders of this expansion nicely overlap

with one another and with the numerical results from
the transfer matrix approach in a reasonably wide range
of temperatures to confirm that the exact asymptotic
expansions correctly extrapolate the numerical results.
We can therefore safely assume the low-temperature limit

of �F1 to be given by (25) which tends to �(0)
1 ��(0)

0 for
� ! 1, as expected. In the mesonic regime for µ < m/3,
this di↵erence is simply given by the energy of the quark-
anti-quark pair at adjacent sites with one unit of flux in
between, cf. (26). In the baryonic regime for µ > m/3,
it represents the sum of the energy cost ±3m + �a of
adding or removing a baryon, thereby creating the same
flux, and ⌥3µ for the chemical potential of that baryon
or the baryonic hole, depending on whether we are below
or above half filling at µ = m. At µ = m/3, the energies
for adding the meson or the baryon are exactly the same
and the combinatorical factors of both possibilities (8 for
the meson and 12 for the baryon) simply add up (hence

we have N
(0)
1 = 20 there).

In the high-temperature limit, � ! 0, all curves ap-
proach zero which is is not quite trivial, as we have seen
in the previous subsection, but numerically confirms our
discussion there as well.

B. Three-Dimensional Lattice

As the next step, we investigate �F1 in three spa-
tial dimensions, where exact calculations and the direct
transfer matrix approach are no-longer feasible. In this
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FIG. 7. �F for three-dimensional lattices of various sizes
and �a/m = 3, dashed lines represent Eq. (24) with N (1)

1 =
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0 = 0, lattice sizes are labelled by L1 ⇥ (L2L3).

section we therefore compute the electric-flux free energies
with a Metropolis algorithm for the Potts-model formula-
tion with complex external fields, where the action of the
interface ensembles in Eq. (21) is given by

SS(k; {zi}) = 2�
X

hi,ji

Re
�
z
�shi,jik ziz

⇤
j

�

+ ⌘

X

i

Re zi + i⌘0
X

i

Im zi .

As before, the inverse temperature � = 1/T always refers
to the flux-tube model and is dual to the Potts-model
coupling � from Eq. (14). The flux tube model parameters
�µ and �m, on the other hand, are again mapped onto ⌘

and ⌘
0 as described in Appendix B. This mapping implies

⌘
0 = 0, if µ = 0. When µ 6= 0, the action is complex, in

general. To avoid any more or less severe sign problem
that this might cause, here we simply restrict to the case
of vanishing chemical potential, µ = 0. The free energy is
computed from the ratio of Z(qV =3 1) and Z(qV =3 0)
which we rewrite as ratios of observables relative to the
untwisted ensemble ZS(0) = Ze↵ . This reweighting yields

�F = � 1

�
ln

 
1� 1

2

�
heS1�S0i0 + heS2�S0i0

�

1 + heS1�S0i0 + heS2�S0i0

!
, (28)

with the shorthand notation Sk ⌘ SS(k; {zi}). The expec-
tation values h•i0 are taken over the untwisted ensemble
ZS(0) = Ze↵ , and we have used the fact that Z(qV =3 e)
and ZS(k) are both real when µ = 0 and hence Sk 2 R.

We have computed the electric-flux free energies �F for
�a/m = 3, �a/m = 0.5 and �a/m = 0.4. The results are
summarized in Figures 7 and 8. With the strong string
tension, �a = 3m, the results in Figure 7 are practically
independent of L1, already for the rather small lattices:
results with di↵erent L1 are plotted with di↵erent symbols
(hardly distinguishable in Fig. 7) but in the same color
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for the same values of L2 and L3. In all cases the free-
energy di↵erences of the electric fluxes vanish for � ! 0
in the high-temperature limit, as in the one-dimensional
case. The new feature here is that the results depend
on the transverse surface area A? = L2L3 of each of
the two interfaces. In fact, at any constant but non-zero
temperature, the electric-flux free energies tend to zero
with A? ! 1. This is due to the entropy that arises from
the increasing number of possibilities to place a localized
mesonic state at the surface S = @V (with its flux in S

⇤).
At any finite A?, however, the zero-temperature limit

remains finite as given by the asymptotic behavior in
Equation (24) and shown with dashed lines in Fig. 7 (for

the ground state contributions, setting N
(1)
1 = N

(1)
0 = 0).

We can hence conclude that

�F ' (�(0)
1 ��(0)

0 )� 1

�
ln (8A?) , (29)

with the zero temperature result �(0)
1 � �(0)

0 as in one
dimension, and independent of A? = L2L3 in this order
of limits. And as in (27) before, the factor of 8 arises
because there are four possibilities to arrange a localized
quark-anti-quark pair with one unit of flux, such that the
quark is in V and the anti-quark in V , at some place in
the two interfaces of size A? that make up S

⇤ (the area
of S is 2A?).
This implies that both ensembles are nearly equiva-

lent when the area of the interface gets su�ciently large.
The presence of the additional mesonic quark-anti-quark
structure, which creates the required flux through S

⇤,
becomes insignificant relative to the background configu-
rations of the Z(qV =3 0) ensemble. In fact, under the
assumption that the required flux through S

⇤ is created
from localized structures, the low-temperature behavior
of the free energy �F has an intuitive interpretation: If
we assign a penetration depth d of this structure per-
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pendicular to S into the bulk, as determined from the
string-breaking scale, we expect that the L1 dependence
vanishes, if L1 � d. The two interfaces of S⇤ decorrelate.
With the large �a = 3m this is basically the case for all
values of L1 in Figure 7. In order to explicitly see a de-
pendence on L1 we therefore show analogous results with
smaller values of �a = 0.5m (red) and �a = 0.4m (blue)
in Figure 8, where the approach to the limit L1 ! 1
can be seen in the crossover regions. The downside of
the smaller values of �a is that the signal is lost earlier,
with the simple reweighting in (28), due to an overlap
problem at lower temperatures where �F grows larger.
There is reasonable evidence, however, that the noisy data
of Figure 8 nevertheless approaches the analytic limit of
Eq. (29), again indicated by dashed lines.

To summarize our conclusions from Figures 7 and 8, we
approximate the free energy di↵erence, �F = �E�T�S,
by Equation (29) in the low temperature limit. Hence,
we can identify the leading entropy di↵erence as �S =
ln (8A?) with A? = L2L3 in this limit. We therefore
define

�EA = �F +
1

�
ln(8A?) , (30)

to test whether this e↵ective energy approaches a constant
value, independent of A?, at su�ciently small tempera-
tures. The result for �a = 3m is shown in Figure 9.
The data for all di↵erent A? indeed collapse at su�-

ciently low temperatures, and the values for �EA become
independent of A? within precision. The temperature for
this collapse to occur decreases with increasing A?. Note
that for arbitrarily large areas our assignment of entropy
and energy must eventually break down to avoid negative
free energy. At lower temperature this breakdown occurs
for larger interfaces. The most natural explanation is that
more complicated flux configurations with more compli-
cated combinatorical factors contribute and our simple
assignment of entropy from the possible translations of
the elementary quark-anti-quark pair across the interface
breaks down.

IV. TOWARDS LATTICE QCD

In this section we describe the generalization of our
construction of ensembles with quark numbers qV 6= 0
mod 3 inside a finite spatial volume V from our e↵ec-
tive flux-tube model for heavy-dense QCD to full Lattice
QCD with dynamical quarks. We will proceed in two
steps. First, we undo the midpoint definition for the
group integrations of the Polyakov loops with the reduced
Haar measure in (7) and reintroduce the spatial link vari-
ables again, in order to demonstrate how the construction
immediately carries over to heavy-dense QCD in the next
subsection. When spatial hops are possible, i.e. beyond
the static fermion determinant of the leading order in the
underlying hopping expansion, another subtlety arises be-
cause one then has to restrict the dynamics in such a way
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FIG. 9. �EA in (30 for the results of Figure 7. Lattice
sizes labelled by L1 ⇥ (L2L3). With �a = 3m here, the zero-
temperature limit is thus given by 2m+ �a = 5m.

that the net-quark number modulo three in the volume
V remains unchanged at all times. Intuitively, this will
be achieved by introducing a selectively permeable static
membrane which will allow only hadrons to pass back
and forth but not individual quarks or diquarks. Luckily,
however, this will then be the last conceptual step that is
necessary for the generalization to full QCD. In Subsec-
tion IVB we approach this problem with the dualization
scheme described in [25, 26] which directly provides the
suitable generalizations of the notions of fluxes and lo-
cal net quark numbers in the flux-tube model, based on
loops of dual variables winding around the Euclidean time
direction.

Here, we consider Wilson fermions instead of staggered
fermions and only employ the dualization of the fermionic
part. The derivations are otherwise completely analogous
to [25, 26] and, in particular, so are the graphs to represent
the dual-variable configurations by closed loops.
The general setup starts from the partition function

which is formally given by

Z =

Z
DUD D eSG(U)+SF ( , ,U)

,

with integrals over the gauge-link variables Uhx,yi ⌘ Ux,µ

from site x to y = x + µ̂ (where x, y are the spacetime
lattice indices, we will continue to reserve i, j for spatial
lattice indices), and on-site Grassmann generators  

!

x
and

 
!

x
with ! combining color and Dirac indices. For our

purposes it will be su�cient to use the standard Wilson
plaquette action as our gauge action SG,

SG =
2

g
2
0

X

x,µ<⌫

ReTrU@px,µ⌫ , (31)

with the product of link variables along the boundary of
an oriented plaquette px,µ⌫ which is given by

@px,µ⌫ = {hx, x+µ̂i, hx+ µ̂, x+ µ̂+ ⌫̂i,
hx+ µ̂+ ⌫̂, x+ ⌫̂i, hx+ ⌫̂, xi} .
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• q-state Potts, Boltzmann factor:

site-bond representation Edwards & Sokal, PRD 38 (1988) 2009

• place bond:
<latexit sha1_base64="7P0Wi1Wx/FDtf4lMcQ1/HeLPbvI="></latexit>

bhi,ji 2 {0,1} with probability 1� e�K

<latexit sha1_base64="SyrobhjABTViyVeu7oW6kY4uib0="></latexit>

between like nearest-neighbor spins si 2 {0,1, . . . q � 1}

• infinite external field:
<latexit sha1_base64="V3+CkMAPS591/5oQ5fLBkPNRvHQ="></latexit>

with bond probability p = 1� e�K , K = J/T controlled by temperature

<latexit sha1_base64="kW+sLiZkqrgOc3vtwtB6w9616NY="></latexit>

h ! 1    bond percolation

• vanishing external field:
<latexit sha1_base64="6rVYX3eG1cjB8c0sj6DHr5gkUNM="></latexit>

h ! 0,
<latexit sha1_base64="6zdEQF4dRgwsCwpBIZtKXMlB0rY="></latexit>

if p = pc at T = Tb > Tc    bond percolation in ordered phase below Tc
<latexit sha1_base64="GcpKwj8NYLZ3LEi64vGFU0n3z6s="></latexit>

lose at Curie temperature Tc

<latexit sha1_base64="OfHBerGPpYNPhv0AB4MX1520+QY="></latexit>

!({s, b}) =
Y

hi,ji

�
e�K�bhi,ji,0 + (1� e�K)�bhi,ji,1�si,sj

�Y

i

eh�si,0
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• q-state Potts, 2 dimensions: Blanchard, Gandolfo, Laanait, Ruiz, 
Satz, J. Phys. A 41 (2008) 085001

find that the mean energy is discontinuous 5. When h ≥ hc, only a geometric
transition occurs and the scenario is the same as for q ≤ 4. Thus our numerics
show that the geometric and thermodynamic transitions coincide up to hc,
similarly to what we got analytically but only at (very) small field (and large
q), see Fig. 3.

Let us mention that the numerics are in accordance with the theory for
vanishing and infinite fields: βc(0) = ln(1 +

√
q) and βc(∞) = ln 2.

 0.5

 0.7

 0.9

 1.1

 1.3

 1.5

 0  1  2  3  4  5

h

β

q = 10

5

4

2

Figure 3: βc(h) for several values of q, with “first order” behavior in red,
“second order” in blue. The first order behavior is both thermodynamic and
geometric. The second order behavior is only geometric.

The system size in these calculations was L = 50, d = 2. The “first
order” part of the transition lines has been determined via Binder cumulants
[2]. The Hoshen-Kopelman algorithm [8] was used to study cluster statistics.
For each value of q, more than 2× 105 iterations were performed. Data have
been binned in order to control errors in measurements.

5The Swendsen-Wang algorithm allows to compute both associated order parameters
(mass-gap and mean energy).

9

<latexit sha1_base64="WrftV8Aojt+KV2n3T4ylY9WOFnQ="></latexit> �
c
=

ln
(1

+
p
q) first order

second order
Kertész line

<latexit sha1_base64="86/oGKaU7mmgyaNRenPPMESy5Ko="></latexit>

�b = 1/Tb = ln 2
<latexit sha1_base64="VzCTmn84uY+QBAUV1aFyC5RicOw="></latexit>

(pc = 1/2)
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• simulate with worm algorithm
Prokof’ev & Svistunov, PRL 87 (2001) 160601
Korzec & Vierhaus, 2011, CPC 182 (2011) 1477

Rindlisbacher, Akerlund, de Forcrand, NPB (2016) 542
Delgado, Evertz, Gattringer, CPC 183 (2012) 1920

• measure with fully-dynamic connectivity algorithm

Holm, Lichtenberg, Thorup, J. ACM 48 (2001) 723 
Alexandru, Bergner, Schaich, Wenger, PRD 97 (2018) 114503

• spanning probability:
<latexit sha1_base64="3zBRcC+qRTFIzHIVKAEgdl/Msek="></latexit>

R(T, µ, L) =
1

Zflux

X

{n,l}2R

exp
�
� �

�
H(n, l)� µq

� 

<latexit sha1_base64="QPu6ItHNYNe8NeZpaJ8py4VGfrs="></latexit>

set of percolating configs R:
<latexit sha1_base64="RXZUnlSXkQ9/pT7PTuJAr6Ab+uE="></latexit>

contain at least one cluster of bond configurations
spanning the entire volume in at least one direction
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• infinitely heavy quarks
Z3-Potts (1st order transition)
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L = 40

<latexit sha1_base64="/Kfo66AWjNiSzg5jY6VO7439Qho="></latexit>

m ! 1, µ = 0

<latexit sha1_base64="QDspCP5rQuDz+5DhCProI8Mc8Pg="></latexit>

(��a)c ⇡ 1.6264
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• infinitely heavy quarks
Z3-Potts (1st order transition)

<latexit sha1_base64="/Kfo66AWjNiSzg5jY6VO7439Qho="></latexit>

m ! 1, µ = 0
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<latexit sha1_base64="xLl2K6H/lbajhQv3eTxzuiLkC34="></latexit>

⌫�1 = 3
<latexit sha1_base64="EHuv9f2hxxbfo94sKKhGqz3zAy0="></latexit>

1st order FSS
<latexit sha1_base64="QDspCP5rQuDz+5DhCProI8Mc8Pg="></latexit>

(��a)c ⇡ 1.6264
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• massless limit
bond percolation (2nd order)
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m = 0, µ = 0

<latexit sha1_base64="ZvQL+kObwV378pz1pfVlo71BSXk="></latexit>

solid lines:
pure bond percolation
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• massless limit
bond percolation (2nd order)

<latexit sha1_base64="fDSdG4RsXo8cvWmkyp1GibiynDE="></latexit>

m = 0, µ = 0
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<latexit sha1_base64="MoBQj4u6D1iqeIQO3iGWA69/mjA="></latexit>

pc = 0.24881182(10)
<latexit sha1_base64="BlIk5dZQ5QDsNo8h2X9K6rIm+Rg="></latexit>

   (��a)c ⇡ 1.7981

Wang, Zhou, Zhang et al., PRE 87 (2013) 052107

<latexit sha1_base64="TKSIfW9+SFjq51FFAfbp1+k9hBQ="></latexit>

⌫�1 = 1.1410(15)
<latexit sha1_base64="IkrAHQrgZsY/jFsRDZRWqHDWDL4="></latexit>

2nd order FSS
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• fairly light quarks
smooth Z3-Potts crossover
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m = �a/6
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• fairly light quarks
smooth Z3-Potts crossover

<latexit sha1_base64="4VJM0ES4/PYBPOXHWKk3ieijt7A="></latexit>

m = �a/6
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⌫�1 = 1.1410(15)

<latexit sha1_base64="MoBQj4u6D1iqeIQO3iGWA69/mjA="></latexit>

pc = 0.24881182(10)
<latexit sha1_base64="BlIk5dZQ5QDsNo8h2X9K6rIm+Rg="></latexit>
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• medium heavy quarks
still in Z3-Potts crossover region
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• medium heavy quarks
still in Z3-Potts crossover region
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m = 4�a/3
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�a/m ! 1
�a/m = 6
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• universal scaling function
<latexit sha1_base64="sY6M0YqJAjqR9AECH0n4d1Wc9Xc="></latexit>

combine m = {0, �a/6, 4�a/3}
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from FTs over stacks of closed center vortex sheets 

• Quarks and triality in a finite volume

V

V

• Proof in two ways:

1.  dualization of quark action
Gattringer & Marchis, NPB 916 (2017) 627
Marchis & Gattringer, PRD 97 (2018) 034508

2.  transfer matrix approach
Borgs & Seiler, Com. Math. Phys. 91 (1983) 329Lüscher, Com. Math. Phys. 54 (1977) 283,

Mitrjushkin, NPB (PS) 119 (2003) 326Palumbo, NPB 645 (2002) 309,

• Illustration: heavy-dense QCD
effective theory dual to flux-tube model

[see Ghanbarpour, LvS, arXiv:2206.11697 [hep-lat]]
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https://arxiv.org/abs/2206.11697
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• Percolation of electric fluxes in effective theory
geometric deconfinement phase transition 

at strong coupling with static fermion determinant
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Thank you for your attention!

• Percolation of electric fluxes in QCD
expect: geometric deconfinement phase transition
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h ⇠ 1/mq
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percolation

• Entanglement entropy in QCD

so far only in pure gauge theory
Buividovich, Polikarpov, NPB 802 (2008) 458

have: gauge invariant definition of fluxes

           and spanning probability


