Renormalization of Point Scatterers in 2D & 3D, the
Coincidence-Limit Problem and
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Outline:

Nth-order Born approximation

Multi-delta-function potentials in 2D & 3D, their
renormalization, and coincidence-limit problem

Dynamical formulation of stationary scattering

Applications:

- Consistent & finite treatment of multi-delta-function
potentials in 2D & 3D

- Potentials for which N"-order Born approximation
IS exact.

Conclusions



Scattering in 2D
(02 — &2 + v(z,y)] Y(a,y) = K2P(a,y) V]

k = k(cosfp,sinfp): Incident wavevector

fo: Incidence angle




Scattering in 2D
(02 — 2 +v(z, )] ¥(z,y) = k¥ (z,y)

Lippmann-Schwinger eq./Green’s fn. method:

(P?+0)[¥) = k?[3)

= |k GTo |
sl }:>|w> k) + G+ )



Lippmann-Schwinger eq./Green’s fn. method:

(x|y) = (x|k) + (x|GT% |¢)

i 1
(XIG*Ix') 1= —Hg" (klx — x|)



Lippmann-Schwinger eq./Green’s fn. method:

L, 1 ' ikr
x|y = (x|k) + (X|GFB ) — — |e** 4+ Z=f(K k)
| 27 i
(x|GTx) = —%Hél)(ldx—-x’l) as r = |x|—o0
kl * — k_x
oy

fK., k) .= —m\/2mi/k(K'|v|¢p): Scattering amplitude



Lippmann-Schwinger eq./Green’s fn. method:
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<X|d)> - <X|k> + <X|G+5 |”d)> Y g |:ezk-x £ €

— 1 (.K)|
f(k,k) = —7'('\/27'('?,/]{3(1{,"17'?1/)) as .= |X|—')’OO

ikr

) = k) + G175 |) ~
= ) =[1 - G*o] k) = Y (G+o)"|k)

n=0



Lippmann-Schwinger eq./Green’s fn. method:

- 1 |
<X|d)> - <X|k> + <X|G+5 |”d)> Y g |:ezk-x £ €

— 1 (.K)|
f(k,k) = —7'('\/27'('?,/]{3(1{,"17'?1/)) as .= |X|—')’OO

ikr

) = k) + G175 |) ~
= ) =[1 - G*o] k) = Y (G+o)"|k)

n=0

= f(K k) =) fi(K, k)
f=1

fo(kK, k) 1= —m/2mi /k(K'|5 (GT )1 |k)



Lippmann-Schwinger eq./Green’s fn. method:

- 1 |
<X|d)> - <X|k> + <X|G+5 |”d)> Y g |:ezk-x £ €

— 1 (.K)|
f(k,k) = —7'('\/27'('?,/]{3(1{,"17'?1/)) as .= |X|—')’OO

ikr

¥y = |k) + GT |v) -
= |[¢) = [1 - GT3) 7 k) = ) (GT5)"|k)

n=0

= f(K. k) =) fi(K k)
(=1

fo(kK, k) 1= —m/2mi /k(K'|5 (GT )1 |k)

N
N-th Born approximation: f(k’,k) szg(k’,k)
=1



Multi-delta-function potential:

N
v(x) =) 38(x~a;), xR’ de{23}
=1

N
= 0= 3la)(al
j=1



Multi-delta- function potential:

v(x) = 23J S(x—a;), xeR% dei23)}

Z 35 [aj){(a]

Lippmann-Schwinger eq.: |¢) = |k) + G 8|y)

elk X

UE Z(,(x B, )

n=1

= Px) = (

G(X—X) — <X|G|X>, Xn -—5721,0(371)



Multi—delta-function potential:

v(x) = 23J S(x—a;), xeR% dei23)}

\
Z 35 [aj) (]

Lippmann-Schwinger eq.: |¢) = |k) + G 8|y)

KX
= P(x) = (26’ o Z—: G(x — an) Xy (%)
C(X —X ) (XlGIX ), Xp 1= 5"1,0(371)
eian.-k
(*) = Z ”‘LHHXn — (27‘_)(1/2

n=1

; . |
Amn 1= 5,, Omn — G(am - an)



Multi—delta-function potential:

v(x) = 23J S(x—a;), xeR% dei23)}

\
Z 35 [aj) (]

Lippmann-Schwinger eq.: |¢¥) = |k) + @’ﬁlw)

elkx
=  P(x) = 22 + Z: Gz — 8%, (%)
G(x — x') := x|Gx), Xn = 320(an)
(*)=>i:4 T TP e
”=1‘ mn<in =— (27.(.)(//2 = n (271')(1/2 Zl nm

; . |
Amn 1= 311 Omn — G(am s an)

a,-k



Multi—delta-function potential:

v(x) = 23J S(x—a;), xeR% dei23)}

\
Z 35 [aj) (]

Lippmann-Schwinger eq.: |¢¥) = |k) + @’ﬁlw)

elkx
=  P(x) = (2n) 12 ) Z: G(x — ap) X, (*)
G(x —X') = (x|G|x), Xn :=3n%(an)
N ()ll -k i |
= AmpnXn = n —
(*) ”Z:l (27.(.)(1/2 = X (271')(1/2 Zl ‘nm
f,zkx 1

= Y(x) = (27 )(1/2 (27)/2 Z G(x — ap)+ ‘nm

mn=1

a,-k



f(k’ k) ezlu
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Y Glx—an)A ek

mn=1

P(x) — e l)d/2 [ hex

ez.k-x v 1
(27!')(1/2 (271')(1/2

] for r - o

P(x) =




f 1 LiKeX ,(k, k) ()lA'

w(x) — (2 )(1/2 I: e , i1 for r -
elkx

’(t[)(x) (2 )(1/2 (27'(')(1/2 Z G(X ‘1") ‘nm

m.n=1

.
—~ HV (kr) for d=2
Gx)=13 4 | ik

—— for d= 3
\ 47 r




f 1 (k X ’(k, k) ()IA’
P(x) — PIE [ -+ o for r — o
ezkx -
WHoe) = W (271-)(1/2 m;_ G(x —an)A,,
4
— él)(ls:'r) for d=2
C;(X) — < 4 1 eikr
— for d=3
\ 47 r
5 - 3
: e KXkt for d =12
G(x—x') = 4 L B . for =
— for d=3
\ 47 r P

x| = o0



) 1 kX ](k’ k) ()1/\:
Y(x) — (2 )({/2 |: ~+ , 1 for r = oc
elkx
Y(x) = W (Qﬂ)d/g "”Z_ Glx— )A€
» P
— HV(kr) for d=2
Gix) = < 4 1 ik
e for d=3
\ 4 r
( - ]
~AF zk : e KXkt for d=2
(}(x — x') — < {rew—ik’-x'eikr % TOr: pi= IXl — OO
— for d=3
\ 47 Y & /

- z('\kak)

f(k', k) =

Cq = {

/ : : min €
'—(

n, II—

—\/1/8w for d=2

—1/47 for d=3



N

. Cd - i(a,-k—a,,-k’
(k) = —== S i ak)

mn=1
r

—% HY (kr) for d =2
1 eikr

—_—— for d=3
\ 47 7r

flmn .= 3;1517”1 . G(am e an) G(X) = 4




71,/ — Cd 1 z('l,.-k—a,,,-k’)
'(k k) . k3_d Z ‘mn oz

m.n=1

, P
—% HY (kr) for d=2
;"1,,,“ . — J" (Smn G(am — an) (;(X) - < 1 ().ikr
—_— for d=3
\ 4 r

But: G0)=0 = Apmn=3-'—G(0) =



N

71,/ = Cd 1 z('l,,-k—a,,,-k')
,(k k) S \/F Z lmu oz

m.n=1
,

—jz' HSY (kr) for d =2

Amn - J” (Smn G(am — an) (;(X) = < 1 (Jikr
— for d=3
\ 4 r
But: G(O)=0 = Amm=3. —G0) =00

Absorb the singularity of G(x) at x =0 in 3;!.

Renormalize: 3, — 3m
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mmn=1

3"1 +
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71 4 ik
In + t

ei.k.|am. —an|

47r|am. —an |

form=n

—ap|) form#n

for m =n

for m #=n



s 71,/ z('\ ‘k—a,,-k')
(K, k) = k3_( Z Ai?
mn=1
3 + : form=mn

d:=:2: \mn — :

Hél)(klam —ay|) for m#=n

F A—’;_ form =n
d — 3: 111111 — eik|am,—an|

form #=n
47T|a'm. —an.l 7+_

N =1: v(x) =36(x—a;)

' [ etar(k=K')
w +4

31
f(k', k) =+«
i glanideie) for d=3
- 4r “‘—1_|_ T

[Jackiw 1991]



z(ak —a,, k')

mn €
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3= + for m=n
ﬁHél)(klam o anl) for m # L
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Coincidence-limit problem:

a; — a; for some i and j = f(k',k) — 0!



N
f(k,’ k) _— _ Z /4_1 ei(a"'k—ﬂ,,,'k’)

k= mn=1
oo -5,-”14_% form=n
=2 Apn = iH(l)(k’la —ap|) form#n
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4m|am—an| orimEen

Coincidence-limit problem:
a; — a; for some i and j = f(k/,)k) — 0!

WOLOG: Seti= N -1 and j= N. Then a; — a; implies

N N-2
v(x) = ) smb(x—an) = Y 3d(x—an) + Gy-1+ 35)3(x — an_1)

n=1 n=1



In 2D, WOLOG
N=2: v(x,y) =310(x)d(y) +326(z)é(y —£), £ € RT
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In 2D, WOLOG
N=2: v(z,y) = 310(x)d(y) +320(x)é(y — £), £ € RT

v &

. ys
/ ——— g —ikesin@ -

I, k) = =/ [F1(k) + fa(k)e 4] :
/

f (k) o 4[4‘52—1 _I__ i— iflél)(kf)e'ikesm%] T

T @t 0@ i) + HED (k)2
.. ] N _ikésin®, s pr(1) ¢y,
b () = 4[(45:7 1 +i)e iHy ' (k0)]

(4511 + i) (4521 + i) + HSP (k0)2



In 2D, WOLOG

N=2: v(z,y) =51 0(x)o(y) +320(x)o(y — ), £ € R

/ . i —ikfsin
I, k) = =/ [F1(k) + fa(k)e 4]

lim (k) = lim f2(k) = 0 !

‘yA

® T

v &




In 2D, WOLOG
N=2: v(z,y) = 310(x)d(y) +320(x)é(y — £), £ € RT

yA

Ta N . i —ik€sin
I, k) = =y == [1) + fa(k)e s ¢

lim fa(k) = lim j2(k) =0 !

v 8

For£—0, wv(z,y) —36(x)0(y), 3:=31 + 32,

) 1
8k 31 +

f(k', k) —» —




Dynamical formulation of stationary scattering (DFSS)
1D: Schrodinger eq.: [—9? + v(2)]|v(z) = k2 (x)
v . R — C is a short-range potential,

zv(z) -0 for z— F+o0



Dynamical formulation of stationary scattering (DFSS)
1D: Schrédinger eq.: [—9? + v(z)]v(z) = k% (x)
v . R — C is a short-range potential,

A_e** 4 B_e~*®  for x — —o0
’(/}(217) = tkx —ikx
Ape™ 4 Bie for x — 400
A Ay
— > —_—
[v]
B_ B,
«— «—




Dynamical formulation of stationary scattering (DFSS)
1D: Schrédinger eq.: [—9? + v(z)]v(z) = k% (x)
v . R — C is a short-range potential,

A_eikar + B_e—ik;r for r = —o0
’(/}(217) =2 1kx —ikT
Ape™ 4 Bie for x — 400
A Ay
s —
|v]
B By
— —
X

e [ransfer matrix: [ At ] =M [ A- ]
B4



e Scattering from the left and right:

'I,!rz‘lEft(:If) s {

[v]

ez 4 Rle—tkz for 2z = —0

.rl'.lrlllE

ik

for »— 4o

ﬁ
Etk:r:

RJ'E—I'!;:.:J:
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i ik
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e Scattering from the left and right:

QI () = Tre™**  for z— —o0
E_'I'I"T"{"RPE‘LE‘T for LE—}“}‘DC-
E—;'.I.-J'
I UI Tire-—r'.‘.:::r'
— Rrﬁih:;r
_—




e Scattering from the left and right:

left(T) B EH.:;:' _+_ f?fﬁﬁik.r for = — —oo
| : T for z — 4o

LNt (1) = J G for »— —x
# e~hr 4+ Rrethr for x — 4oc

5t =m| 5]



e Scattering from the left and right:

w|eft(T) o ekt 4 Rle—ikz for g = —oo
' ‘ Ttetkx for z — 4o

LNt (1) = J G for »— —x
# e~ tkr L Rretkr  for x — 400




Theorem: M = U(+4o00, —o0) where U(z, zg) is
the evolution operator for

x plays the role of “time”.

10: U(z,20) = H(z)U(z, z0)

[Ann. Phys. (NY), 341, 77 (2014)]



Theorem: M = U(+4o0, —o0) where U(z,zg) is
the evolution operator for

H(:E) — U(.E) [ 1 e 2ikx :| |

= 62'“\7."1: Ay

1 Eiy
ny
M =.7 exp / —iH(x)dx

— 00

=1 — Z/ de1H(z1)

I, / ! i /_ e H G YH ) + -

[Ann. Phys. (NY), 341, 77 (2014)]



2D:
[—82 — 82 + v(z, y)] ¥(z,y) = k*y(z,y)

Z . Vector space of functions ¢ : R — C
Fi={peF | ¢(p)=0 for |p| > k|

[PRA 93, 042707 (2016)]



2D:
[—82 — 82 + v(z, y)] ¥(z,y) = k*y(z,y)

||

Z . Vector space of functions ¢ : R — C
Fi={peF | ¢(p)=0 for |p| > k|

;c‘.

ko dp ety P -
Y(z,y) — / [Ai(p)e"“’(”)* + B (p)e—’““(”)"”] for £ — +o0
_1 472w (p)

Ai,By € F w(p) := \/k? — p°

[PRA 93, 042707 (2016)]



2D:
[-92 — 92 4+ v(z,y)] ¥(z,y) = k*Y(z,y)

||

F = {qb eZF | ¢(p) =0 for |p|l > L}

N .

d rpr/ L » . =
Y(z,y) — / dhe 41(]))6"“’(”)* + Bi(p)e—"“(")l] for £ = +o0
47 2w(p)

ot A+ o A_
Transfer matrix: B | = M [ B ]
M : 22 o F?

[PRA 93, 042707 (2016)]



e M admits a formal Dyson series expansion:

M = I:IA.y exp {—z/ d:c’f{(.:;)} I:IA.

— 00
o0

— ﬁ;.- — z/ divlﬁ;,.ﬂ(:l‘l)ﬁ;,-

—00

- / dxa / dmlﬁ;‘.ﬂ(mg)ﬁ(ml)ﬁk + ...

F(p) for pe (—k,k)

Projection onto .Z72: (I, F) (p) := { 0 for pé (—k,k)

[PRA 104, 03222 (2021)]



e M admits a formal Dyson series expansion:

M = ﬁp? exp {—i / d:l:?-Al(:L')} fIL.
1 1 — im0 Sy =S | o
’H(:z.') p— 5({ i 1)(:1,', y) e

@ENW == ). =g % |,

(W) (p) = i0pf(p), = [ _11 _11 ] '

[PRA 104, 03222 (2021)]



e M admits a formal Dyson series expansion:

M = fIA.? exp {—z‘ /

oo

d:v’ft(:z:)} I,

o —00

1
H(x) : >

—

N | -

.

e—'ztv.rch ’U(il,', 37) ":_/'—IIC e'zw;rog’

e—i:r% ’U,(ilf) e'i;r':?\ e—i.’r; ’LL(CE) e—'ia';' )
_ei.'rw a(iﬁ) e'i.:r:'a _ei;z?:v ’l/l\,(il?) e—z';r:v

u(z) ;== v(z,9)@?!

[PRA 104, 03222 (2021)]



e M admits a formal Dyson series expansion:

o0

M = fIA.? exp {—i /

o —00

d:t:’il(:z:)} I,

| -0 L =N
() =5 e = (2, §) BHC S

(v(z,9)f)(p) = % /_Z dqv(z,p —q) f(q)

i) = / i i)

o —0O0

[PRA 104, 03222 (2021)]



e M can be used to compute f(k'.k).

—iT /4 Ay (ksin®) —2w6(0 — 6p) for cosd >0
FK k) = = x
27k B_(ksing) for cosf <O
Left incidence: 6 € (—5,%)
yA
k Kk’
. W
oy SEEER >
X
Right incidence: 6o € (%,%)
'yA
75 k
-0

[PRA 104, 03222 (2021)]



e M can be used to compute f(k'.k).

—im /4 Ayp(ksing) —276(60 — 0g) for cosd >0
(K, k) = —— x
27k B_(ksin®) for cosf <O
Left incidence: 6o € (—%,%
Sk g yr
MoB_ = —Mx A : 3
Ay = Mi2B_ + M O {d
Ay = M12B_ 4+ M1:1A -2 B >
T

A(p) :=2wkcosfod(p — ksinbg)

[PRA 104, 03222 (2021)]



e M can be used to compute f(k'.k).

e—in/4 Ay(ksing) —2mw6(60 — 6p) for cosd >0
f(K' k) = X
2k B_(ksin®) for cosf <0
Left incidence: 6o € (—5,5
S e yr
1'\122B_ - —i\[glA k Kk’
o v 0, {4
A+ = Mi>2B_ + M1 A o o >
T
A(p) :=2wkcosfod(p — ksinbg)
Right incidence: 6o € (5,3
i Y1
1\[223_ = k’ K
=3 /é 011
4+ = M12B_ e T

[PRA 104, 03222 (2021)]



For v(z,y) = g(y)é(x),

~ ] e S A Erwet
H(z) := = e "Bz, Y)W LIC /5

1 o~ L e, S -
= 55(:1:)9(3/) o K

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For v(z,y) = g(1)6(z), H(z) = %m)g@) &K

= [ _11 _}1 ] = K?’=0 = ﬂ(;l:l)ﬂ(:zzz) =0

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For v(z,y) = g(1)6(x), H(z) = %5(@9@) &K

KZ:=[_11 _11] = K?2=0 = H(z1)H(z2)=0

—— ~~ w —~ —~ .
M = II;,. - ’L/ dmlII;,’H(azl)IIA.

l® @

a / dz> / * day T H (e2) H ()T + -

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For v(z,y) = g(1)6(x), H(z) = %5(@9@) &K

Kzz[_ll _11] = K?=0 = H(z1)H(z2)=0

—— . w —~ —~ .
M = II;,. — ’L/ d.’L‘lng-%(.’ltl)HA.

l® @

a / dm/ doy T H (22) H (21)TT) + - -

— ﬁ;‘. - ’l,/ dax ﬁ;;ﬂ(.’lf)ﬁk

—0C

~ 7 ~ e
=HA—§I‘ILg(y)ﬂLw 1’(:

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For v(z,y) = g(¥)6(z), H(z) = %5(@9@) &K

———

M =TI, - %ﬁkg(ﬁ)ﬁkﬁ_lK

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



For v(z,y) = g(1)6(z), H(z) = %5(@9@) &K

———

M =TI, - %ﬁk-g(g)ﬁ;.- @ K

For ,
N : y A
o(@,y) = Y 5n8(2)3(y — an) I

n=1
we can use ﬂ, to compute f(k/, k). ?

v &

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



This again gives ok

f(k'-.k)=—\/ : Z AL gilank—ank) I

mn=1 !
but now

( Z’m + for m=n
Amn = < ¥

%Jo(kmm —an|) for m#n

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



This again gives Y A

I(k' k) o ‘/ ;m l('i k—a,, k) I

v &

mn=— 1 ‘
but now

( 5771 + fOl’ m ="n
Amn = 4 _ ¥
ﬁ'JO(klam = am.|) for m.En

Previously (Lippmann-Schwinger approach) we had:

{ e ﬁ for m=n
%H(gl)(klam = an.l) for m #n



This again gives Y A

f(k', k) = \/ ;m et(ank—a, k) I

v &

mn= 1 ¢
but now

( 5m + for m=n
Amn = ; ¥
'&JO(klam = am.|) for m ?5 n

e Nothing blows up = NoO need for renormalizing 3,

Previously (Lippmann-Schwinger approach) we had:
Im~t + ﬁ for m=n
“‘m/l = '
ﬁHél)(kla-r7z e an.l) for m ;& n



This again gives Y A

(k' k) = \/ Ao St I

v &

mn= 1 ®
but now

f 3l + % for m=n
AIH” := < - ¥

e Nothing blows up = NoO need for renormalizing 3,

e T his formula has correct coincidence limit.

Previously (Lippmann-Schwinger approach) we had:
Im~t + ﬁ for m=n
“‘m/l = '
ﬁHél)(kla-r7z e an.l) for m ;& n



Generalization to 3D
N

oI, — - i(a,-k—a,,-k')
f(k ’ k) s 47_‘_ Z mn 6

m,

LS+ Renormaization gives:

e —|— for m = n,
Amn = e”‘l"m-"J
for m # n.
47T|a", '_ an|

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



Generalization to 3D
N

oI, — - i(a,-k—a,,-k')
f(k ’ k) s 47_‘_ Z mn 6

m,

LS+ Renormaization gives:

.0t for m=n,
Ampn = 6'“1'"_'1"|
for m # n.
47r|a]" - a“|
DFSS gives:
Rt for m=n,
x’i‘mn — l Sin(k|am I a”l)

for m # n.
47r|a,,, - anl

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



Generalization to 3D
N

~r1./ =2 - i(a,-k—a, k')
t(k ' k) s 47_‘_ Z mn 6

m,

LS+ Renormaization gives:

e + for m = n,
Amn = e’}‘lq"'_q"l
for m # n.
47r|a,,, — anl
DFSS gives:
3o+ A—L_r for m =n,
Amn — tsin(kla,, — a
(Klan 1) for m 7= n.
47r|a,,, - anl

Again nothing blows up, so no need for renormalizing j;,,
and we obtain the correct coincidence limit.

[Ann. Phys. 443, 168966 (2022), arXiv: 2204.09554]



Exactness of the N-th-order Born Approximation

e~ iwTo3 ’U(:E, @\) ‘%_IKZ PR LE

- 1
H(z) ;= —
() =3

I\I — H;, — 1 / d.I:1ﬁ;,ﬂ(ll)ﬁ;_
/ dwz/ doey T (e2) Al (2o )T + -

QxN: Are there potentials for which this series truncates?



Exactness of the N-th-order Born Approximation

~ | M ! — i A
H(z) = 56_’“""”?’ v(z,y) T LIC eiF0s

1\1 — H;, — 1 / d.Llﬁ;,?/:‘(J 1)ﬁ;

/ d”vz/ dey T H (22) H (21)TT; + - -

QxN: Are there potentials for which this series truncates?

Born series: (k. k) = Zf,l(k’, k)

feK' k) := —nv/2m(K'[3 (GT 8)" k)



Theorem: Let d € {2,3} and v : R? — C be a short-range
potential with Fourier transform v : R — C. Suppose that

v(p) =0 for dU-p<a

for some a € Rt and i € R? such that |i| = 1.

[JPA 57, 335205 (2024); arXiv: 2407.1993]



Theorem: Let d € {2,3} and v : R? — C be a short-range
potential with Fourier transform v : R — C. Suppose that

v(p) =0 for dU-p<a

for some a € Rt and i € R? such that |i| = 1.

Pﬂk

=)

For u along x axis, i-p<a

o0
'U(:C,y,Z) — el(u'/ dji 6“{.1'./:(.{{, y. :)
0

[JPA 57, 335205 (2024); arXiv: 2407.1993]



Theorem: Let d € {2,3} and v : R? — C be a short-range
potential with Fourier transform v : R — C. Suppose that

v(p) =0 for d4-p<a

for some a € RT and i € R? such that |i| = 1.

Let pyT

N = |2k/a]
l.e., N is the largest integer that % Pe
is not larger than 2k/a, so that >
k< %(i\" + 1a. u-p<a

[JPA 57, 335205 (2024); arXiv: 2407.1993]



Theorem: Let d € {2,3} and v : R? — C be a short-range
potential with Fourier transform v : R — C. Suppose that

v(p) =0 for dU-p<a

for some a € Rt and i € R? such that |i| = 1.

Let pyT

N = |2k/a]
i.e., N is the largest integer that % P
is not larger than 2k/a, so that >
k < 3(N 4 1)a. Then the N-th Born Rep o
approximation provides the exact

solution of the scattering problem.
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Theorem: Let d € {2,3} and v : R? — C be a short-range
potential with Fourier transform v : R — C. Suppose that

v(p) =0 for dU-p<a

for some a € Rt and i € R? such that |i| = 1.

Let pyT

N = |2k/a]
i.e., N is the largest integer that % P
is not larger than 2k/a, so that >
k < 3(N 4 1)a. Then the N-th Born Rep o
approximation provides the exact

solution of the scattering problem.

In particular, » does not scatter waves with k£ < a/2, and
the 1st Born approximation is exact for k& < a.

[JPA 57, 335205 (2024); arXiv: 2407.1993]



Concluding Remarks:

e Standard treatment of multi-delta-function point
scatterers, which involves renormalization of coupling-constants,
suffers from the coincidence-limit problem.

e This can be remedied if one allows the renormalized
coupling constants also depend on the distances between the
point scatterers, but the method does not give a clue as to
how this dependence should be.

e DFSS on the contrary produces finite results with a
consistent coincidence limit.

e DFSS has found a number of other remarkable applications
such as the discovery of complex potentials for which the
N-th Born approximation is exact. This result also extends
to EM scattering.
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