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Motivation: Spectrum of perturbed 1D Dirac

Consider for m ≥ 0 in L2(R;C2) the free Dirac operator

H0 =

(
m −i∂x
−i∂x −m

)
, dom H0 = H1(R;C2).

Perturbed Dirac: H0 + V with matrix potential

V : R→ C2×2, ‖V (·)‖ ∈ L1(R) ∩ L2(R).

 σ(H0) = σess(H0) = (−∞,−m] ∪ [m,∞).
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Existence of eigenvalues in weak coupling

Theorem (Cuenin-Siegl 18’ )

Set U :=
∫
R V (x)dx ∈ C2×2. If m > 0: ∀ 0 < ε < ε0:

1. Re(U11) < 0 =⇒ ∃z+(ε) ∈ σp(Hε)

z+(ε) = m − m
2

U2
11ε

2 + o(ε2) as ε→ 0+.

2. Re(U22) > 0 =⇒ ∃z−(ε) ∈ σp(Hε)

z−(ε) = −m +
m
2

U2
22ε

2 + o(ε2) as ε→ 0+.
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What are the algebraic multiplicities of z±(ε)?

Algebraic multiplicities for W : Ω→ B(H) analytic

z0 ∈ σft(W ) ⇐⇒

{
ker W (z0) 6= {0}, W (z0) Fredholm
W (z)−1 ∈ B(H) ∀z ∈ Dr (z0) \ {z0}

ma(z0; W ) := tr
( 1

2πi

∫
γ

W ′(z)W (z)−1 dz
)

Special case: W (z) = zI − A

z0 ∈ σp(A) isolated

ma(z0; W ) := tr
( 1

2πi

∫
γ

(zI − A)−1 dz
)
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Existence of eigenvalues: Idea of the proof

Birman-Schwinger principle: If z ∈ ρ(H0), then

z ∈ σp(Hε)⇐⇒ 0 ∈ σp(I − εV
1
2 (H0 − z)−1|V |

1
2 ) mgXmaX

ε�1
⇐⇒ 0 ∈ σp(I − Aε(z)B)

Here: Aε(z) : C2 → L2(R;C2), B : L2(R;C2)→ C2.
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Eigenvalues of operator functions

Theorem

Suppose
Ω ⊂ C open.
T : Ω→ L(H,G), S : Ω→ L(G,H) analytic.

Then:

∀z ∈ Ω : z ∈ σft(I − TS) ⇐⇒ z ∈ σft(I − ST ),

in which case

ma(z0; I − TS) = ma(z0; I − ST ).

Applied to our situation:

ma(z0; zI − Hε) = ma(z0; I − AεB) = ma(z0; I − BAε).

N. Weber,
Analytic and algebraic methods in physics XXII8



Eigenvalues of operator functions

Theorem
Suppose

Ω ⊂ C open.

T : Ω→ L(H,G), S : Ω→ L(G,H) analytic.

Then:

∀z ∈ Ω : z ∈ σft(I − TS) ⇐⇒ z ∈ σft(I − ST ),

in which case

ma(z0; I − TS) = ma(z0; I − ST ).

Applied to our situation:

ma(z0; zI − Hε) = ma(z0; I − AεB) = ma(z0; I − BAε).

N. Weber,
Analytic and algebraic methods in physics XXII8



Eigenvalues of operator functions

Theorem
Suppose

Ω ⊂ C open.
T : Ω→ L(H,G), S : Ω→ L(G,H) analytic.

Then:

∀z ∈ Ω : z ∈ σft(I − TS) ⇐⇒ z ∈ σft(I − ST ),

in which case

ma(z0; I − TS) = ma(z0; I − ST ).

Applied to our situation:

ma(z0; zI − Hε) = ma(z0; I − AεB) = ma(z0; I − BAε).

N. Weber,
Analytic and algebraic methods in physics XXII8



Eigenvalues of operator functions

Theorem
Suppose

Ω ⊂ C open.
T : Ω→ L(H,G), S : Ω→ L(G,H) analytic.

Then:

∀z ∈ Ω : z ∈ σft(I − TS) ⇐⇒ z ∈ σft(I − ST ),

in which case

ma(z0; I − TS) = ma(z0; I − ST ).

Applied to our situation:

ma(z0; zI − Hε) = ma(z0; I − AεB) = ma(z0; I − BAε).

N. Weber,
Analytic and algebraic methods in physics XXII8



Eigenvalues of operator functions

Theorem
Suppose

Ω ⊂ C open.
T : Ω→ L(H,G), S : Ω→ L(G,H) analytic.

Then:

∀z ∈ Ω : z ∈ σft(I − TS) ⇐⇒ z ∈ σft(I − ST ),

in which case

ma(z0; I − TS) = ma(z0; I − ST ).

Applied to our situation:

ma(z0; zI − Hε) = ma(z0; I − AεB) = ma(z0; I − BAε).

N. Weber,
Analytic and algebraic methods in physics XXII8



Eigenvalues of operator functions

Theorem
Suppose

Ω ⊂ C open.
T : Ω→ L(H,G), S : Ω→ L(G,H) analytic.

Then:

∀z ∈ Ω : z ∈ σft(I − TS) ⇐⇒ z ∈ σft(I − ST ),

in which case

ma(z0; I − TS) = ma(z0; I − ST ).

Applied to our situation:

ma(z0; zI − Hε) = ma(z0; I − AεB) = ma(z0; I − BAε).

N. Weber,
Analytic and algebraic methods in physics XXII8



Application to our problem

To summarize:

z ∈ σp(Hε) ∩ ρ(H0) ⇐⇒ 0 ∈ σp(

=:F (z) ∈ C2×2︷ ︸︸ ︷
I − BAε(z) )

⇐⇒ det F (z) = 0.
Special structure of Dirac:

det F (z) = 1 + ε tr(UΥ(z)) + o(1), U, Υ(z) ∈ C2×2

Rouche
=⇒ ∃ simple root z0 of det F . Moreover:

ma(z0; zI − Hε) = ma(z0; F )

=
1

2πi

∫
γ

tr{F ′F−1}dz

=
1

2πi

∫
γ

(det F )′

det F
dz

= multiplicity of z0 as a root of det F .
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Outlines of the proofs

Theorem
Suppose

Ω ⊂ C open.
T : Ω→ L(H,G), S : Ω→ L(G,H) analytic.

Then:

∀z ∈ Ω : z ∈ σft(I − TS) ⇐⇒ z ∈ σft(I − ST ),

in which case

ma(z0; I − TS) = ma(z0; I − ST ).
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Outlines of the proofs

Proof.

Set WTS := I − TS and WST := I − ST .

Step 1: σft(WTS) = σft(WST ).

WTS Fredholm / bdd. inv. ⇐⇒ WST Fredholm / bdd. inv.

W−1
ST ∈ B(H) =⇒ W−1

TS = I + TW−1
ST S

Step 2: ma(z0; I − TS) = ma(z0; I − ST )

W ′
TSW−1

TS = −(T ′S + TS′)(I + TW−1
ST S)

 ma(z0; WTS)
def
=

1
2πi

∫
γ

tr{W ′
TSW−1

TS }
cycl.
=

1
2πi

∫
γ

tr{W ′
ST W−1

ST }

def
= ma(z0; WST )
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N. Weber,
Analytic and algebraic methods in physics XXII12



Thank you for your attention!
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