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The resolvent of the modified Hamiltonian by singu-
lar delta potentials supported by a point a in two or
three dimensions has been studied extensively in the
literature and given by the Krein's formula:

R(E) = Ro(E) + (®(E)) ' Ro(E)|a)(a|Ro(E)

where Ro(E) = (Hg — E)~ ! is the resolvent of the
initial Hamiltonian Hg, and Gg(z,y) is integral kernel
of the resolvent Ry or the Green’'s function of Hg, and
d(E) known explicitly.

e Discrete Spectrum Modified by a § Interaction

& \We consider the case in which Hg is formally mod-
ified by a single § function at z = a,

H:Ho—aéa, (1)

where « is to be renormalized eventually.

e Hj is self-adjoint on some dense domain D(Hg) C
L?2(M), where M is a two or three dimensional
compact Riemannian manifold.



e Often, it is essential to assume some regular-
ity on the geometry, experience has shown that a
lower bound on the Ricci curvature satisfies most
of the technical requirements:

e For two dimensional compact manifolds, this

does not impose any restriction, as Ricci curvature
IS exactly given by

, R
RZCQ('? ) — 59(7 ')7
where R is the scalar curvature, and R has a mini-

mum (and a maximum) value on a compact man-
ifold.

i For three dimensional manifolds, this puts some
restriction. If kK > 0, one has much better control
for various bounds on heat kernels.

Spectrum of Hg is discrete o4(Hp) (set of eigen-
values),

T he discrete spectrum has no accumulation point,

For stability, we assume Hgy has spectrum bounded
from below.



If we choose a proper Ho = —5- A +V on D = 2,3
dimensional Euclidean space,

2
OR consider Hg = —Qh—mAg on a compact Riemannian

manifold (again of dimension 2 or 3) with a metric g;;,
where Ay is the Laplace-Beltrami operator or Lapla-
Cian given by

1 D

. 1, 0 (x)
(Ag¢)(m) - \/@i,jz::l 8337’ (\/ detgg] (9:&7 ) ) (3)

in some local coordinates, with ¢% being the compo-
nents of inverse of the metric g.

e For Ay, there exists a complete orthonormal sys-
tem of C* eigenfunctions {¢n}24 in L?(M) and the
spectrum o(Hg) = {En} ={0=FEg < F1 < E> < ...},
with E, tending to infinity as n — oco; moreover each
eigenvalue has finite multiplicity.

& Some eigenvalues are repeated according to their
multiplicity. The multiplicity of the first eigenvalue
Eqog = 0 is one and the corresponding eigenfunction
IS constant. From now on, we pretend that there
IS NnOo degeneracy in the spectrum of the Laplacian
for simplicity. General case can be done, but more
technical.



The integral kernel of the resolvent Ry(FE) for Hg or
simply Green’s function is given by

((Ho = BY ') (@) = | Gola.ylEYo(@)du(y)  (4)

where du(y) is the volume element in M (on a man-
ifold, expressed in local coordinates, it has the usual
Vdet g factor in it). Away from the diagonal = = v,

Golw,y) = . 2 Don)

n=0
where {¢n} is the complete set of eigenfunctions of
Hgo. The Green's function Gg(x,y|E) is a square-
integrable function of = for almost all values of y and
vice versa [ReedSimon].

(5)

## The standard route is to construct this Green’'s func-
tion and establish that the Hamiltonian defined by this
expression is self-adjoint.

& By the spectral theorem, there is a complete set of
eigenfunctions!

e \We prove directly by means of the explicit expression
of the constructed Green's function that the corre-
sponding Hamiltonian still has a complete set of eigen-
functions. For this we use the completeness property



of the eigenfunctions of the initial Hamiltonian Hp,
having only a discrete spectrum, and an interlacing
theorem for the poles of the new Green’s function.

e AS a result, we thus establish the self-adjointness
of the resulting Hamiltonian in a novel way (Remark
4.3).

e A great pedagogical value in establishing the exis-
tence of an orthonormal basis for a given Hamiltonian,
as it demonstrates clearly the validity of one of the
fundamental postulates of quantum mechanics.

- Green’s function Gg in terms of the heat the kernel
Ki(x,y) associated with the operator Hy given by

Go(z, y|B) = /O°° Ki(x, y)etBat (6)

where Re(FE) < 0 and

o
HOKt(LU, y) — aKt(x7 y)



& Recall that the first term in the short-time asymp-
totic expansion of the diagonal heat kernel for any
self-adjoint elliptic second-order differential operator
in D dimensions, is given by

Ki(x,2) ~t~ P72 (7)

This leads to the divergence around ¢ = 0O in the di-
agonal part of the Green’s function Gg(x, z|E):

t
| Spdt (8)
e \We thus use this idea to regularize the delta poten-

tial and then perform a renormalization prescription.






& A natural choice for absorbing the divergent part in
a redefinition of the coupling constant is given by

1 1 00
= Ki(a,a etM gt : 9
T D + [ Kia,a) (9)
where M is the renormalization scale and could be
eliminated in favor of a physical parameter by impos-

ing a renormalization condition.

e Take the limit as ¢ — 0, we obtain the integral kernel

Go(z,a|E)Go(a, y|E)
P(E)

G(z,y|E) = Go(z,y|E) +
where
O(B) = o+ [ Ki(a,a) (M —eF) di
OAR(M) 0 ’

we assume R(EF) <0, M <0

e Since the bound state energy of the system can
be found from the poles of the Green’s function, or
equivalently zeroes of the function &, there must be
a relation among M, arp(M), and the bound state
energy of the particle say —u2.



e Note that apr varies with respect to M in a precise
way to keep the physics independent of this arbitrary
choice. We set the renormalization scale at M = _Mz
(thinking of a bound state below Egy) for simplicity.
Then,

(L)

i + /OO Ki(a,a) (e_wz — etE> dt

_ |¢n(a)|2 |¢n(a)|2
- —+ Z <(En‘|‘,u2) (En—E)>

_ i _ i [én(a)*(E + p?) (10)

ar =g (En— E)(En+p?)
Here we employ the eigenfunction expansion of the
heat kernel Ki(z,vy) = 32, on(x) on(y)e tEn of the Lapla-

cian.

e [ he convergence of this sum can be shown by using
the upper bounds of the heat kernel.



T he spectral properties of the full Hamiltonian is given
by the following proposition:

& Let ¢op(x) be the wave function of Hy associated
with the eigenvalue E. Then, the (new) energy eigen-
value E;; of H, is found from the unique solution of
the equation

() =L _ % en(@)?(E+u?) _

arp =y (En— E)(En+p?)
which lies in between E;._q1 and Ey, if ¢i.(a) 7% 0 for this
particular k. If we have ¢.(a) = 0, the corresponding
energy eigenvalue does not change, i.e., E,j = F,. For
the ground state (kK = 0), we always have Ej < Ej.







& Using a contour integral of the resolvent R(FE) =
(H — E)—1 around each simple eigenvalue E}, we ob-
tain the projection operator onto the eigen-subspace
corresponding to the eigenvalue E7,

sz—]{_kR(E) dE (11)
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where [, is the closed contour anticlockwise oriented
around each simple pole Ej, or equivalently

@B =5 . GeyB dE.  (12)
e Ty,

e From the explicit expression of the Green’'s function
and the residue theorem, we obtain

Go(z,a|E7
Yp(z) = ol k)1/2' (13)
dd(E)
dE
E=E}

& Remark: These functions are not in the domain of
Hg, if you compute the kinetic energy it is divergent,
yet they are square integrable. They become singular
when z — y.



ff Note that we have
dd(E s 2
B) — 5 1enldP o (1a)
dE \gp =0 (En — E})

# If Ef = Ey, then ¢r.(a) = 0, thus this term is skipped
in the sum ensuring the expression being well-defined
in all these cases. Moreover, in these special cases,
the corresponding eigenfunction becomes,

Yr(x) = op(x). (15)

Remark: The eigenfunctions ¢,(x) of Laplacian on a
compact manifold are smooth functions, new eigen-
functions are singular at x = a, they are square-integrable
and smooth functions outside of an open set around
point a.






& Perturbative approximation: Assume ap << 1. Let
E = E; = E, + 0Ey, where Ei is any specific eigen-
state of Hg. The desired pole of the Green’s function
G(xz,y|F) is given by the solution of

R |pn(a)|2(Ex + 6Ex + p12)
ar =0 (En+ p?)(En — (B + 0Eg))
: 6n(0) P (Ey, + 6Fy + 1)

ar 2, (Bn+ u2)(En — (B + 0E)))

|6 (a)|? (B + 0By, + 1)
(B 4 p2)(6Ey)
near E,. Expand in powers of §E,, (for a specific k),

_ > | aglop(a)l?
0 = 6Ek + ag|ér(a)|” + By, + 12

[pn(a) 2 (E) + 1) SEy,
(1455 )

+ (16)

SE},

— OF
HROTk n%é:k (En — Ek)(En + ,UQ)
|¢n(a)|25Ek

SEx
— OFE 1+ + ...
o kn% (En — Ei)(En + 112) ( Ey, — By )

ff We assume that 0FE;, has an expansion in powers of

OR,
5B, =B + B 4.



where Elg”) ~ o'h. Solve E,gl) and E,EQ) term by term,

BN = —aplép(a)]?

a) 2 (a 2 2
e :a%|¢k(a)|2(|¢k< P s [on(@P(E + 1)

Note that the first order result is the same as the
regular perturbation theory, except that « is replaced
by the renormalized coupling constant ap. However,
the second order result is completely different from
the regular potential case.

e Digression: A cut-off version.

We introduce a cut-off in the eigenvalues of Hgp, N and
define dn(x,a) as our regularized delta-interaction on
a manifold. Here

Sn(z,a) =3 e N (@) pn(a) . (17)

Clearly as N — oo we get dny(z,a) — d(x,a) (in the
weak sense). Let us define

1 1
E:—+Go(a,a|—ﬂ2iN>7 (18)

By+u2 2 (Bn— Ep)(En+ 1)

|



or equivalently,

aR
p— . 20
“ T 14 agGola,a| — 2 N) (20)

Now, within the usual perturbative approach, we as-
sume apr is a formal parameter, that can be made
arbitrarily small so as to organize our expansions ac-
cordingly. This means we should order everything ac-
cording to powers of ap and formally expand, which
gives

azaR—a%Go(a,M —/LQ;N)—I—O(O%) : (21)

The formal é-interaction term in the Hamiltonian now
becomes,

— lag — a%Gola, a| — p?; N) 4+ O(a})| 6y (z,a) . (22)

Hence, a standard perturbative expansion, organized
according to the powers of arp will have mixed terms
as the interaction term now Is a power series in ap.
First order perturbation now keeps only the first term
of the interaction,

ED, = —an(orldnC, a)lon), (23)

where d =2 or d = 3. The Iimit N — oo reproduces
our previous answer. T he second order term has two
parts, one from the interaction, treated at first order



as it has a%, then another term, treated at second
order:

BD = oy (oG lom) iy low
m>*=k k m
—m/N - 2
+ an > o oyl

In the limit N — oo (leaving aside delicate convergence
issues),

pp(a)® > ¢ (a)|?(E), + 12) )
Ej, + p? m#£k (Em — Ey)(Em + p?) ,

where the last term comes from isolating the m = k
term from the Gy(a,a| — u?) part.

B = aflen(@)?(

e Our direct approach provides a sound basis for a
regularized perturbation theory.

Let ¢, be orthonormal set of eigenfunctions of Hp,
l.e.,

Hopn = Enon
[, on@ém(@) du(a) = dum. (24)

Then, the eigenfunctions v, for Hyp modified by a delta
interaction supported at x = a are orthonormal, that
IS,

[ #nG@Yim (@) du(e) = dnm (25)



where D = 2,3 (so renormalization is needed).

Proof:
e If n = m, then it is easy to show that the eigenfunc-
tions v,’'s are normalized.

e For n #= m, we first formally decompose the expres-
sion in the summation with a cut-off N as a sum of
two partial fractions

N 5 N X
9ia) _ $1(a)] 1
kz::O (By — E3) (B, — Bf) ZO (E;_E*)( -
1
B — E;;,L)

Each term is divergent as N — oco. Motivated by this,
we add and subtract

|¢k(a)|2
ar " Z o B + 12

to the above expression and obtain in the limit N — oo

S _ (@) - () |
/Mwn(:cwm(:c) du(@) = S E
1
1/2 1/2°
<d¢<E> ) (Mm )
dE db)
E EZ,




The zeroes of the function ® are the eigenvalues of
the modified system: ®(FE}) = 0 and ®(E},) = 0 for
all n,m (when n #= m) we get 0, this completes our
proof of the orthogonality of eigen-functions for 6§-
modified Hamiltonian.

M Let ¢, be a complete set of eigen-functions of Hp,
i.e.,

Hoﬁbn — En¢n
> dn(z)on(y) 6(z —y) . (26)
n=0

& Then, the eigen-functions i, of Hy modified by a
delta-interaction supported at x = a, form a complete
set, that is,

n=0

Proof: Let [, be the counter-clockwise oriented closed
contours around each simple pole Ef and ', NIMy, =0
for n = m, as shown in the figure below.






Then, the projection onto the associated eigenspace
is given by the formula (12), and thanks to Krein's for-
mula for the Green’s function of the modified Hamil-
tonian, we have

3 Un@n®) = 5 g F . (Cotayim)

Go<x,a|E>Go<a,y|E>) .
d(E) |
Note that the total expression in the Krein's formula
has only poles at E}'s; however, when we think of it
as the sum of two separate expressions, we have the
original eigenvalues, E,, reappearing as poles.

_|_

e [ he contribution coming from the Green’'s function
of the initial Hamiltonian Hg, which is the first term of
Krein's formula, in the above contour integral vanishes
since the poles E,, of Gg are all located outside of
each I,,. For simplicity, we assume that all EZ #* Ep.
from now on. Note that thanks to the denominators
we elongate the contours to ellipses that extend to
infinity along the imaginary direction (on the complex
E-plane). We now continuously deform this contour.






e Note that we have no poles of the Green’s function
on the left part of the line E;j + iR nor any zeros
of ®(F), the product of two Green’s functions decay
rapidly as |E| — oo along the negative real direction
as well as along the imaginary directions, hence we
have no contributions from the contours at infinity
for these deformations. This observation allows us to
change the contour as delineated below.

#f Using the interlacing theorem, we can, so to speak,
flip the contour while preserving the result of integra-
tion and then deform the contour to the one ' that
consists of isolated closed contours I‘f,ﬁz around each
isolated eigenvalue E, of the initial Hamiltonian Hg
with opposite orientation, as shown.






& Applying the residue theorem, we obtain

Z Yn(@)Pn(y) = i Z qﬁffjjf”)(é)[ 2mi|pn(a)|?],

vvhere the minus sign is due to the opposite orientation
of the contour I". Finally (which should be done in
a more rigorous way by taking a limit of truncated
expressions), we prove

Z Yn(x)Yn(y) = Z ¢n(x)dn(y) = d(z —y).
n=0 n=0

& Some Ideas:

e We can write the resulting renormalized Hamiltonian
in this basis:

—1
e _ dd(F) _
H = E*(H _E*) 1|a>( )(CLKH —E*) 1
k:%\/ kA0 Tk dE g o

k
+ Y Eplop) (ol
keN

It is clear that the resulting (renormalized) operator
cannot be expressed as a differential operator, but
only as an integral operator. Or equivalently,

—1
s dP(F)
> Ek( T ) Go(x,alE})Go(a, y|B})
ke N Ey

+ > Epop(z)or(y).
keN




Incidentally, the above integral kernel can be utilized
to show that the operator H, defined through this
kernel, is essentially self-adjoint.

& Suppose we have a symmetric operator A (physicists
call Hermitian) which has a complete set of eigenvec-
tors, then the closure of operator A [that is if we
define A on a slightly larger set, by adding all vectors
for which A acts continuously to its domain] becomes

e Remark: The set of functions Go(z, a|E})—Go(z, a|E])
are in the domain of the initial Hamiltonian Hg.

& Sudden Approximation: let us suppose that initially
the system is prepared in the eigenstate Gg(z, a|E; (a)),
EZ(a) referring to the energy for this case. A sud-
den perturbation means that the system has no time
to readjust itself, so the wave function remains as it
is, but should be decomposed in terms of the new
eigenbasis Ggo(x,b|E},(b))’'s to calculate the probabil-
ity of finding the system in the new energy eigenstate
E} (b).



This means that the conditional probability of finding
the system in EJ, (b), given that it was in Ef(a) initially,
is

dP(FE|a)
dE

do(E|b)| | y
Ey dbE B

[ an@) GG ) Co, ol B @)

1
dP(Ela)| dP(E|b) 9
Er dE  |E*

dE i
Go(a,b|ER, (b)) — Go(a, b|E},

Ey,(b) — EZ(CL)
where the energy eigenstates EF (b) are found from
the solutions of

p(m,blk,a) =

Y

1 8 BPE + 42

whereas EZ(a) refers to the zeros of ®(F|a).

_O,



e It is possible to imagine a sudden change of a and
ke to b and py, without any difficulty.

e [ he explicit result presented seems to be suitable
for developing a perturbation theory for the time de-
pendent problems (ongoing work with FE and KG).

& T here are other potential applications of these ideas.

THANKS!



