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Time dependent Schrédinger equation “'EU
The Schrodinger equation

For some potential V and initial conditions F, we consider

0 9
(. x) = (— 5+ V(. x))\ll(t, X), t>0,xeR,

v(0, x) = F(x), x eR.
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Time dependent Schrédinger equation “'EU
The Schrodinger equation

For some potential V and initial conditions F, we consider

0 9
(. x) = (— 5+ V(. x))\ll(t, X), t>0,xeR,

v(0, x) = F(x), x eR.

We want to solve it using the Green’s function integral

W(t, x) = /R G(t, x, y)F(y)dy.
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The Green'’s function integral “'EU
What kind of integrals are we faced with?

w(tx) = [ Gt xy) F) o.
bounded, bounded

but of special shape
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The Green'’s function integral “'EU
What kind of integrals are we faced with?

w(tx) = [ Gt xy) F) o.
bounded, bounded

but of special shape

(y—x)2
G(t,x,y) = #me’ s Free particle V =0
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The Green'’s function integral “'EU
What kind of integrals are we faced with?

\Il(t,x):/R Gt x.y) F(y) dy.

bounded, bounded

but of special shape

2
j(y=x)

Gt x,y) = ;7=€ = Free particle V =0
(y—x)2 . c L .
G(t, x,y) = 57=¢ U giB(D+ita' (D+iyal)  Yniform electric field V ~ x
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The Green'’s function integral “'EU
What kind of integrals are we faced with?

w(tx) = [ Gt xy) F) o.
bounded, bounded
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y=x? .
Gt x,y) = zo—=€ = Free particle V =0
y=x)? s . . . .
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The Green'’s function integral “'EU
What kind of integrals are we faced with?

w(tx) = [ Gt xy) F) o.
bounded, bounded

but of special shape

i=x? .
G(t, x,y) = #me’ ar Free particle V =0
y=x)? s . . . .
G(t.x.y) = 57=€¢ S glf+ixte’ (e Yniform electric field V ~ x
o (1)x2 —2xy+B(1)y? ) .
G(t,x,y) = ;7 0 . Harmonic oscillator V ~ x?
T

2
jy=x)

N |
G(t.x.y) = (5 + X, B AROIOQUIR(PL nly — x)) )¢

. ’
Poschl-Teller V ~ ool
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The Green'’s function integral “'EU
What kind of integrals are we faced with?

w(tx) = [ Gt xy) F) o.
bounded, bounded

but of special shape

i=x? .
G(t, x,y) = #me’ ar Free particle V =0
y=x)? s . . . .
G(t.x.y) = 57=€¢ S glf+ixte’ (e Yniform electric field V ~ x
o (1)x2 —2xy+B(1)y? ) .
G(t,x,y) = 5 0 . Harmonic oscillator V ~ x?
T

2
jy=x)

N |
G(t.x.y) = (5 + X, B AROIOQUIR(PL nly — x)) )¢

. ’
Poschl-Teller V ~ ool

G(t,x.y) = “gp2 d (3) €

Centrifugal potential V ~
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The Green'’s function integral “'EU
What kind of integrals are we faced with?

w(tx) = [ Gt xy) F) o.
bounded, bounded

but of special shape

i=x? .
G(t, x,y) = #me’ ar Free particle V =0
y=x)? s . . . .
G(t.x.y) = 57=€¢ S glf+ixte’ (e Yniform electric field V ~ x
o (1)x2 —2xy+B(1)y? ) .
G(t,x,y) = 5 3 e w0 Harmonic oscillator V ~ x2
T

=02

N |
G(t.x.y) = (5 + X, B AROIOQUIR(PL nly — x)) )¢

Paschl-Teller V ~ m
2y
G(t, x,y) = SNy, (%) e/t Centrifugal potential V ~ %,
| x 2
G(t,x,y) =% (";‘\7‘;" +cVit)e b s-potential V ~ §(x)
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The Green’s function integral “'EU
Oscillatory integrals

In all the cases we are faced with oscillatory integrals of the form
[ ety 1)
R

for functions f ¢ L'(R).
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The Green’s function integral “'EU
Oscillatory integrals

In all the cases we are faced with oscillatory integrals of the form
[ e 1y 1)
R
for functions f ¢ L'(R).

The aim of this talk is now:

= Two methods (with variations) to give meaning to (1).
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The Green’s function integral “'EU
Oscillatory integrals

In all the cases we are faced with oscillatory integrals of the form
[ e 1y 1)
R
for functions f ¢ L'(R).

The aim of this talk is now:

= Two methods (with variations) to give meaning to (1).

= Different assumptions on the function f.
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The Green’s function integral “'EU
Oscillatory integrals

In all the cases we are faced with oscillatory integrals of the form
[ e 1y 1)
R
for functions f ¢ L'(R).
The aim of this talk is now:
= Two methods (with variations) to give meaning to (1).

= Different assumptions on the function f.

= Find absolute convergent representations of (1).
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Method I:

Fresnel integral



The Fresnel integral method “‘EU

Fresnel integral
The idea is to rotate the integration path R into the complex plane

/ & f(y)dy
R
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The Fresnel integral method “‘EU
Fresnel integral

The idea is to rotate the integration path R into the complex plane

/ eV f(y)dy "=" e / e f(yel)dy.
- R

Im

(y (0 Re
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The Fresnel integral method “‘EU
Fresnel integral

The idea is to rotate the integration path R into the complex plane

/ eV f(y)dy "=" e / e f(yel)dy.
- R

Im

(y (0 Re

Formally, this is the substitution y — ye'®.
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The Fresnel integral method “‘EU
Fresnel integral

The idea is to rotate the integration path R into the complex plane

/e’yzf(y)dy "= e’“/ e’ f(yel™)dy.
R R

Im

Formally, this is the substitution y — ye'®.
Strictly speaking this is the Cauchy theorem along a triangle path

R R _ ‘
/ e H(y)dy =e / 0o  (ye')dy
R -R

—R—iRtan « L ~R-+iR tan L,
+/ e f(z)dz + / e? f(z)dz
-R JR
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The Fresnel integral method “‘EU
Assumptions on f

We need the vertical red paths to vanish when R — oc!

R R ) ]
/ eiy2 f(y)dy :eia / ei(ye'a)z f(ye’a)dy
-R R

—R—iRtana 5 AR+iRtana 5
+/ e’ f(z)dz +/ e? f(z)dz.
-R R
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The Fresnel integral method “‘EU
Assumptions on f

We need the vertical red paths to vanish when R — oc!

R R _ ]
/ eiyZ f(y)dy :eia / ei(ye'a)z f(ye'a)dy
-R R

—R—iRtana 5 AR+iRtana 5
—1—/ e’ f(z)dz +/ e? f(z)dz.
-R R

= The function f extends holomorphically to the double sector S,,.

Im
e
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The Fresnel integral method “‘EU
Assumptions on f

We need the vertical red paths to vanish when R — oc!

R R ) _
/ " f(y)dy —e / e  f(yei™)dy
—R R

—R—iRtana 5 AR+iRtana 5
+/ e’ f(z)dz +/ e? f(z)dz.
-R R

= The function f extends holomorphically to the double sector S,,.

Im
e

= The function f is exponentially bounded by
If(2)| < ABIM@I - ze 8,

Then we obtain the convergence

R+iRtan o i Rtan« 2Ry By A Bosoo
< B < .
‘/R e f(z)dz‘_A/O ey < 1 T
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The Fresnel integral method “'EU
Definition of the Oscillatory integral

Definition 1a) of Oscillatory integral

If f is holomorphic on S, and bounded by |f(z)| < Ae®I'™@)I then

. R 3 R o .
/e’yzf(y)dy == lim / e”’zf(y): lim e’o‘/ i )zf(ye’a)dy
R R— oo _R R— oo
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The Fresnel integral method “'EU
Definition of the Oscillatory integral

Definition 1a) of Oscillatory integral

If f is holomorphic on S, and bounded by |f(z)| < Ae®I'™@)I then

" R . - .
/e’yzf(y)dy = lim / e’yzf(y)ze’“/e’(ye )zf(ye’“)dy
R RoecoJ_p R
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The Fresnel integral method ﬁ'EU
Definition of the Oscillatory integral

Definition 1a) of Oscillatory integral

If f is holomorphic on S, and bounded by |f(z)| < Ae®l'™@), then

. R . I .
/ P Hy)dy = lim / &’ 1(y) = & / U7 f(yeYay
R R— oo R R

But we can do better with a Gaussian regularizer, i.e. for some ¢ > 0

R R _ ,
/ ¥ f(y)dy = / &0  f(ye')dy
-R -R

—R—iRtan R+iRtan o L
+ (/ +/ )e’z f(z)dz
—-R R

yeia
—
(y Q Re
?

y

yei «
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The Fresnel integral method ﬁ'EU
Definition of the Oscillatory integral

Definition 1a) of Oscillatory integral

If f is holomorphic on S, and bounded by |f(z)| < Ae®l'™@), then

. R . I .
/ P Hy)dy = lim / &’ 1(y) = & / U7 f(yeYay
R R— oo R R

But we can do better with a Gaussian regularizer, i.e. for some ¢ > 0

R R v .
/ e*ffyze"yzf(y)dy:e"a/ e =Ue") g™ £ i) gy

—R -R
—R—iRtan R+iRtan o s 2
+ (/ +/ >e€z e” f(z)dz
-R R
Im
yeia
y R — oo
N Q N Re
y
yeia
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The Fresnel integral method ﬁ'EU
Definition of the Oscillatory integral

Definition 1a) of Oscillatory integral

If f is holomorphic on S, and bounded by |f(z)| < Ae®l'™@), then

. R . I .
/ P Hy)dy = lim / &’ 1(y) = & / U7 f(yeYay
R R— oo R R

But we can do better with a Gaussian regularizer, i.e. for some ¢ > 0

R R ) .
/ efsy2 eiy2 f(y)dy :eia / e*s(yem)Z ei(ye'a)2 f(yeia)dy
—R -R

—R—iRtana R+iRtan o s 2
+ (/ +/ >e€z e” f(z)dz
If we now assume -R R

If(z)| < AeBl,  zeS,,
there vanishes the terms

R+iRtan o 2 . »
/ e “* e” f(z)dz

R
< Ae—sFt‘z/ esyZ—ZnyeB|FI+iy|dy Riio 0.
R

0
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The Fresnel integral method “EU
Definition of the Oscillatory integral

Definition 1a) of Oscillatory integral

If f is holomorphic on S, and bounded by |f(z)| < Ae®I'™@) then

. R . I .
/ e’ f(y)dy == lim / e’ 1(y) = & / 0P f(yei* )y
R FoeoJ_p R

Definition 1b) of Oscillatory integral

If f is holomorphic on S,, and bounded by |f(z)| < Ae®l?, then

/e’yzf(y)dy = lim /e‘syze’yzf(y): lim e’“/e_s(yeia)ze’(yeia)zf(ye"’)d
R e—0t Jp R

e—0t
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The Fresnel integral method “EU
Definition of the Oscillatory integral

Definition 1a) of Oscillatory integral

If f is holomorphic on S, and bounded by |f(z)| < Ae®I'™@) then

. R . I .
/ e’ f(y)dy == lim / e’ 1(y) = & / 0P f(yei* )y
R FoeoJ_p R

Definition 1b) of Oscillatory integral

If f is holomorphic on S,, and bounded by |f(z)| < Ae®l?, then

/e’yzf(y)dy = lim /e‘g”ze""zf(y):e’“/e’(yeia)zf(yeia)dy
R e—0t Jp R
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The Fresnel integral method “EU
Definition of the Oscillatory integral

Definition 1a) of Oscillatory integral

If f is holomorphic on S, and bounded by |f(z)| < Ae®I'™@) then

. R . I .
/ e’ f(y)dy == lim / e’ 1(y) = & / 0P f(yei* )y
R FoeoJ_p R

Definition 1b) of Oscillatory integral

If f is holomorphic on S,, and bounded by |f(z)| < Ae®l?, then

/e’yzf(y)dy = lim /e‘g”ze""zf(y):e’“/e’(yeia)zf(ye'“)dy
R e—0t Jp

R

@ Y. Aharonov, J. Behrndt, F. Colombo, P. S., A unified approach to Schrédinger evolution of
superoscillations and supershifts. J. Evol. Eq. 22 (2022).

@ P. S., Time evolution of superoscillations for the Schrédinger equation on R \ {0}, Quantum
Stud. Math. Found. 9 (2022).
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Method Il:

Integration by parts



Integration by parts “TU
Grazm

The basic formula

The main idea is to use the integration by parts formula

/JWW
R
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Integration by parts “TU
Grazm

The basic formula

The main idea is to use the integration by parts formula

ly /y
/R f(y)ady =5 / a y
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Integration by parts “TU
Grazm

The basic formula

The main idea is to use the integration by parts formula

/R’yf(y 2//dy e’) ( dy
_ 2i</R zf’(y W) g, - /,y ) dy>
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Integration by parts “TU
Grazm

The basic formula

The main idea is to use the integration by parts formula

/R’yf(y 2//dy e’) ( dy
_ 2/(/ zf’(y W) g, - /,y ) dy>

The following diagram visualizes this method.

f
H 7

S — =

Peter Schlosser Green'’s function integrals



Integration by parts “TU
Grazm

The basic formula

The main idea is to use the integration by parts formula

/R’yf(y 2//dy e”) ( dy
[ [ )

The following diagram visualizes this method.

f
H 7

#\:‘“"(_‘h

Instead of f, we have to integrate the functions ’? and yiz with the
additional decaying factors ;—, and y1—2

Peter Schlosser Green'’s function integrals



Integration by parts “-IG-HI

Inductively applying this formula

foo—
!
A

2

<

Peter Schlosser
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Ty,

Integration by parts

Inductively applying this formula

f//

f
!
x

2

S s

<

Green'’s function integrals
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Integration by parts “TU
Grazm

Inductively applying this formula

f! f(n71) f(n)
Al S A
1 1 fo=1)
y2 yS yn+1
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Integration by parts “TU
Grazm

Inductively applying this formula

N Lid iy MO
y yn—1 yn
l !
f f(n—1)

- il

N N

Green'’s function integrals
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Integration by parts “‘EU

Inductively applying this formula

/ —1
O Y = B
f ! f(n—1) £(n)
e
! l !
f f! fn=1)
}7 ﬁ ynt3
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Integration by parts

Ty,

Inductively applying this formula

!
e —_
y
!
- 5
!

!

f/
_) —_—
y1+2m

!

f/
y2+am y3+2m

- <—‘<v§>|- — Y —

yn+1+2m

f(n—1)
yn71

)
(n=1)
yn+1

~

“—

f(n—1)

yn71+2m

f(n—1)

£(n)
W

Peter Schlosser
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Integration by parts “‘EU

Inductively applying this formula

f(n—1) £(n)
f — I —_ T — v
1 1 !
f f f(n—1) f(n)
3 — % —_— Vaa — ynz
1 ! !
f f f(n—1) f(n)
1 !
f f fn=1)

ly /y )d Dy jy? f(k)(y) ad
f dy ZC n+2k Y+Z ]R yk+2+2m y
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Integration by parts “TU
Grazm

Assumptions on f

The integrals on the right hand side of
e fO0) e [O)
/R ' f (y)dy = Z C / yn+2k dy + Z D« /R yk+2+2m dy

needs to be well defined at +co (ignore y = 0 for the moment).
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Integration by parts “TU
Grazm

Assumptions on f

The integrals on the right hand side of
o o2 1O 2 f9(y)
f dy Z C n+2k dy + Z D R yk+2+2m dy

needs to be well defined at +co (ignore y = 0 for the moment).

= f € C"(R)
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Integration by parts “TU
Grazm

Assumptions on f

The integrals on the right hand side of
o o2 1O 2 f9(y)
f dy Z C n+2k dy + Z D R yk+2+2m dy

needs to be well defined at +co (ignore y = 0 for the moment).

= f € C"(R)
= f(y) = O(ly|"" =) as |y| = oo.

Peter Schlosser Green'’s function integrals



Integration by parts “TU
Grazm

Assumptions on f

The integrals on the right hand side of
L m _, f(n) n-1 k)
/R e¥ f(y)dy = kZ Cx /]R e” yn-g? dy + kZ Dx /R e” ykT(ﬁ%dy
=0 =0

needs to be well defined at +co (ignore y = 0 for the moment).

= f € C"(R)

= {0(y) = O(ly|""7?) as|y| — co.
Then the estimates of the lower derivatives follow automatically

fO(y) = O(ly|" '), as|y| = oo, k€ {0,...,n—1}.

Peter Schlosser Green'’s function integrals



Integration by parts “TU
Grazm

Assumptions on f

The integrals on the right hand side of
f( f(k)
[ =50 [ Wy S, [ o 100 oy

needs to be well defined at +co (ignore y = 0 for the moment).

Definition 2) Oscillatory integral
If f € C"(R) and " (y) = O(|ly|™'°) as |y| — oo, then

/e’yzf(y)dy = lim /e‘fyze’yzf(y)dy
R E—>0+ R
m
2 (y) ()
:ZC"/ & n+2kd +ZD/ k+2+2mdy
k=0
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Integration by parts “TU
Grazm

Assumptions on f

The integrals on the right hand side of
L m _, f(m) n—1 , f(k)
/Re'y f(y)dy = ch/Re'y yngk)derZDk/Re’y W%dy
k=0 k=0

needs to be well defined at +co (ignore y = 0 for the moment).

Definition 2) Oscillatory integral

If f € C"(R) and f")(y) = O(ly|"'~?%) as |y| — oo, then
“(y) = o(lyl*") as |y| = o0, k € {0,...,n— 1}
R

/ e f(y)dy := lim_ / e e f(y)dy— Jim / " f(y)dy
R E—>

R

R
. 1) “(y)
o[ D S0 [ e
k=0
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Integration by parts “‘EU

How to deal with y = 07

1) Splitting up the integral, i.e. for some arbitrary b > 0 we write
2 —-b 2 b 2
[ tdy = [ e tyay [ ety
R —o0 —b

+/ e f(y)dy
b

Peter Schlosser Green'’s function integrals



Integration by parts “‘EU

How to deal with y = 07

1) Splitting up the integral, i.e. for some arbitrary b > 0 we write

—b b
/ & f(y)dy = / & f(y)dy + / & f(y)dy
R —00 —b

Integr. by parts No problem
——

+ / e’ f(y)dy
b

Peter Schlosser Green'’s function integrals



Integration by parts “‘EU

How to deal with y = 07

1) Splitting up the integral, i.e. for some arbitrary b > 0 we write

—b b
/ e f(y)dy = lim / e e f(y)dy + / ¥ f(y)dy
R e—0+ —b

—0o0

Integr. by parts No problem

- |im/ eV e f(y)dy
b

e—0+

Peter Schlosser Green'’s function integrals



Integration by parts “‘EU

How to deal with y = 07

1) Splitting up the integral, i.e. for some arbitrary b > 0 we write

—b b
/ e f(y)dy = lim / e e f(y)dy + / ¥ f(y)dy
R e—0+ —b

—0o0

Integr. by parts No problem

- |im/ eV e f(y)dy
b

e—0+
2) Multiplying a cutoff function n € Cg°(R) with n = 1 around 0.

1—n
n y

Peter Schlosser Green'’s function integrals



Integration by parts “‘EU

How to deal with y = 07?

1) Splitting up the integral, i.e. for some arbitrary b > 0 we write

—b b
/ e f(y)dy = lim / eV e f(y)dy + / e f(y)dy
R e—0* —-b

— 00

Integr. by parts No problem

- Iim/ eV e f(y)dy
b

e—0t
2) Multiplying a cutoff function € Cg°(R) with n = 1 around 0.

1—n
n y

/Refaf f(y)dy = Ae’ay27z(y)f(y)dy + / & (1 (y)f(y)dy

Peter Schlosser Green'’s function integrals



Integration by parts “‘EU

How to deal with y = 07

1) Splitting up the integral, i.e. for some arbitrary b > 0 we write

—b b
[ty =i [ e e indy+ [ e riyay
R e—0* —b

—0o0

Integr. by parts No problem

+ Iim/ eV e f(y)dy
b

e—0
2) Multiplying a cutoff function n € CZ°(R) with n = 1 around 0.

1—n
noy

/eiayzf(y)dy:/e"ayzn(y)f(y)dyvt/e'ay2(1 —n(y))f(y)dy
R R R

No problem Integr. by parts
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Integration by parts “‘EU

How to deal with y = 07

1) Splitting up the integral, i.e. for some arbitrary b > 0 we write

—b b
[ty =i [ e e indy+ [ e riyay
R e—0* —b

—0o0

Integr. by parts No problem

+ Iim/ eV e f(y)dy
b

e—0
2) Multiplying a cutoff function n € CZ°(R) with n = 1 around 0.

1—n
noy

e—0+

/ & f(y)dy = / & (y)f(y)dy + lim / e e (1 (y)(y)dy
R R R

No problem Integr. by parts

Peter Schlosser Green'’s function integrals



Integration by parts “‘EU

How to deal with y = 07

1) Splitting up the integral, i.e. for some arbitrary b > 0 we write

-b b
/ e f(y)dy = lim / eV e f(y)dy + / e f(y)dy
R e—0+t —b

—00

Integr. by parts No problem

+ lim / eV e f(y)dy
e—=0" Jp
2) Multiplying a cutoff function n € Cg°(R) with n = 1 around 0.

1—n
J n y

/R e f(y)dy = / & (y)f(y)dy + I|m/R e e (1 u(y))f(y)dy

No problem Integr. by parts

@ J. Behrndt, P. S.: On a class of oscillatory integrals and their application to the time
dependent Schrédinger equation. J. Math. Anal. and Appl. 543 (2025).
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Ty,

Summary

Definition: Oscillatory integral

/e’yzf(y)dyzz lim /e‘eyze’yzf(y)dy
R 0t Jr

2=

Peter Schlosser Green'’s function integrals



Ty,

Summary

Definition: Oscillatory integral

/e’yzf(y)dyzz lim /e‘eyze’yzf(y)dy
R e—0t Jp

» If f € H(S,) and |f(2)| < AePI?l, then Fresnel integral

/e’yzf(y)dyze"a/e"(yeia)zf(ye"a)dy.
R R
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Ty,

Summary

Definition: Oscillatory integral

/e’yzf(y)dyzz lim /e‘eyze’yzf(y)dy
R e—0t Jp

» If f € H(S,) and |f(2)| < AePI?l, then Fresnel integral

/ e f(y)dy = / 0 f(yei™)y.
R R

= If f € C"(R) and |f(")(y)| < Aly|"'~¢, then Integration by parts

o2 “ o2 f¢
[t =3 -c [ o 0oy o [ o L0 oy
k=0
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Ty,

Summary

Definition: Oscillatory integral

/e’yzf(y)dy = lim /e‘syze’yzf(y)dy: lim / e’yzf(y)dy
R e—0t R R— oo —R

» If f € H(S,) and |f(z)l-<AeP™, then Fresnel integral

If(z)| < AeBlIm(2)|
Re"yzf(y)dy = e /R e (yel)dy.

= If f € C"(R) andW then Integratlon by parts
[f9(z)] < Aly|**, k € {0,....n}

2 7 2 f 2 f
/Re’y f(y)dy = ZCK/R eV’ ng; dy+ZD / eV T(i%dwr bound. terms
k=0
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Ty,

Summary

Definition: Oscillatory integral

/e’yzf(y)dy = lim /e‘syze’yzf(y)dy: lim / e’yzf(y)dy
R e—0t R R— oo —R

» If f € H(S,) and |f(z)l-<AeP™, then Fresnel integral

If(z)| < AeBlIm(2)|
Re"yzf(y)dy = e /R e (yel)dy.

= If f € C"(R) andW then Integratlon by parts
[f9(z)] < Aly|**, k € {0,....n}

2 7 2 f 2 f
/Re’y f(y)dy = ZCK/R eV’ ng; dy+ZD / eV T(i%dwr bound. terms
k=0

= At y = 0: Splitting up the integral or multiplying cutoff
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Application:

Superoscillations



Superoscillations “TU
Grazm

The standard superoscillatory function

For a > 1 and n € N consider

Fa(x) = (cos (%) + iasin (%))n
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The standard superoscillatory function
For a > 1 and n € N consider

Fa(x) = (cos (%) + iasin (%))n
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The standard superoscillatory function

For a > 1 and n € N consider

)= (e 5) wiasin (7))
( ol 1—a _,-%)n

_ 1+a "1=ay goa
- j 2 2

]

Moreover, for % < 1 these functions approximately behave as

Fab) = (1+ ia%)n ~ e,
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The standard superoscillatory function

For a > 1 and n € N consider

)= (e 5) wiasin (7))
( ol 1—a _,-%)n

_ 1+a "1=ay goa
- j 2 2

]

Moreover, for % < 1 these functions approximately behave as
. X\N i
Falx) ~ (1+ia> ) ~ e
In particular one can show that there converges

lim Fa(x) = €.
n—oo
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350

5
Fs(x) = _ Ci(5)e™ .
=0 i
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Time evolution of superoscillations

Consider superoscillating initial conditions F,, of the time dependent
Schrddinger equation

8 02
(. x) = (—W+V(t,x))wa,x), t>0,xcR,

V(0, x) = Fn(x), x eR,
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Time evolution of superoscillations

Consider superoscillating initial conditions F,, of the time dependent
Schrddinger equation

8 02
(. x) = (—W—kV(t,x))W(t,x), t>0,xcR,

V(0, x) = Fn(x), x eR,

Is Wn(t, x; Fp) still superoscillating for t > 07?
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Time evolution of superoscillations

Consider superoscillating initial conditions F,, of the time dependent
Schrddinger equation

8 02
(. x) = (—W+V(t,x))w(t,x), t>0,xcR,

V(0, x) = Fn(x), x eR,
Is Wn(t, x; Fp) still superoscillating for t > 07?
lim (e, xiF) = fim [ G(t.x.y)Foly)oy

[ ettxy) fim Fly)oy @

N / G(t, x, y)e¥dy = W(t, x;€%").
R
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Time evolution of superoscillations

Consider superoscillating initial conditions F,, of the time dependent
Schrddinger equation

8 02
(. x) = (—W+V(t,x))w(t,x), t>0,xcR,

V(0, x) = Fn(x), x eR,
Is Wn(t, x; Fp) still superoscillating for t > 07?
nImeW(t x; Fn) = I|m /G(t X, y)Fn(y)dy

= [ att.xp) fim Fatn)dy @)

N / G(t, x, y)e¥dy = W(t, x;€%").
R

= The previous theory allows us to interchange the limit in (2).

Peter Schlosser Green'’s function integrals



Superoscillations “TU
Grazm

Time evolution of superoscillations

Consider superoscillating initial conditions F,, of the time dependent
Schrddinger equation

8 02
(. x) = (—W+V(t,x))wu,x), t>0,xcR,

V(0, x) = Fn(x), x eR,
Is Wn(t, x; Fp) still superoscillating for t > 07?

lim V(t, x; Fp) = I|m /G(t X, y)Fn(y)dy

n—oo

= [ att.xp) fim Fatn)dy @)

N / G(t, x, y)e¥dy = W(t, x;€%").
R

= The previous theory allows us to interchange the limit in (2).
= Oscillatory behaviour of W(t, x; €2') needs to be investigated.
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Open questions

= Is the Green’s function always of the form
G(t.x.y) = €V G(t,x.y)?
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Open questions

= Is the Green’s function always of the form
G(t,x,y) = e¥° G(t,x,y)?

= |s there a connection between the regularity and growth of the
potential V and the Green’s function G.
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Open questions

= Is the Green’s function always of the form
G(t,x,y) = e¥° G(t,x,y)?

= |s there a connection between the regularity and growth of the
potential V and the Green’s function G.

[§ Behrndt, S.: On a class of oscillatory integrals and their
application to the time dependent Schrédinger equation. J. Math.
Anal. and Appl. 543 (2025)

[§ Aharonov, Behrndt, Colombo, S.: A unified approach to
Schrédinger evolution of superoscillations and supershifts. J.
Evol. Eq. 22 (2022)

[§ S.: Time evolution of superoscillations for the Schrédinger
equation on R\ {0}. Quant. Stud. 52 (2022)

Thank you for your attention!
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