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Inverse spectral geometry

Let (M,h) be a compact Riemannian manifold and let {λn}∞n=1 be the
sequence of the eigenvalues of the Laplacian on (M,h).

What information on (M,h) is contained in {λn}∞n=1? (“can one hear
the shape of a drum” ?)

• 2d and 3d isospectral flat tori are isometric (Shienmann).

• Examples of ≥ 4d isospectral non isometric flat tori (Milnor).

• Examples of isospectral non isometric hyperbolic surfaces of
genus g = 5 or g ≥ 7 (Buser).

• Examples of isospectral, non-isometric planar domains (Gordon,
Webb, Wolpert)

• · · ·
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Inverse spectral geometry

You can’t hear the shape of a drum!

However the Laplacian spectrum tells us: the volume, the boundary
measure, the dimension, the Euler characteristic for surfaces, etc.
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The magnetic Laplacian

Let

• Σg be the compact, orientable surface of genus g ≥ 1.

• A be a real closed 1-form on Σg (magnetic potential).

• h be a Riemannian metric on Σg .

For a smooth complex-valued u we define the magnetic differential:

dAu = du − iuA

We set δA its adjoint . Then the magnetic Laplacian is defined as

∆Au = δAdAu.

Remark: if A = 0, dA = d and δA = δ, hence ∆A = ∆ is the Laplacian
(in R2, δ = −div and hence ∆ = −∂2

xx − ∂2
yy ).



The magnetic Laplacian

Let

• Σg be the compact, orientable surface of genus g ≥ 1.

• A be a real closed 1-form on Σg (magnetic potential).

• h be a Riemannian metric on Σg .

For a smooth complex-valued u we define the magnetic differential:

dAu = du − iuA

We set δA its adjoint .

Then the magnetic Laplacian is defined as

∆Au = δAdAu.

Remark: if A = 0, dA = d and δA = δ, hence ∆A = ∆ is the Laplacian
(in R2, δ = −div and hence ∆ = −∂2

xx − ∂2
yy ).



The magnetic Laplacian

Let

• Σg be the compact, orientable surface of genus g ≥ 1.

• A be a real closed 1-form on Σg (magnetic potential).

• h be a Riemannian metric on Σg .

For a smooth complex-valued u we define the magnetic differential:

dAu = du − iuA

We set δA its adjoint . Then the magnetic Laplacian is defined as

∆Au = δAdAu.

Remark: if A = 0, dA = d and δA = δ, hence ∆A = ∆ is the Laplacian
(in R2, δ = −div and hence ∆ = −∂2

xx − ∂2
yy ).



The magnetic Laplacian

Let

• Σg be the compact, orientable surface of genus g ≥ 1.

• A be a real closed 1-form on Σg (magnetic potential).

• h be a Riemannian metric on Σg .

For a smooth complex-valued u we define the magnetic differential:

dAu = du − iuA

We set δA its adjoint . Then the magnetic Laplacian is defined as

∆Au = δAdAu.

Remark: if A = 0, dA = d and δA = δ, hence ∆A = ∆ is the Laplacian
(in R2, δ = −div and hence ∆ = −∂2

xx − ∂2
yy ).



The magnetic Laplacian: spectrum and gauge
invariance

Fix g (hence Σg). Given a metric h and a closed 1-form A, we have
that ∆A has discrete spectrum {λn(h,A)}∞n=1: ∆Aun = λn(h,A)un.

We will be interested in the ground state energy:

λ1(h,A).

The fundamental feature is the gauge invariance:

• If A,A′ are 1-forms such that A − A′ is exact, then

λn(h,A) = λn(h,A′) , ∀n.

• The same is true if A − A′ is closed and 1
2π

∮
γ
(A − A′) ∈ Z for any

closed curve γ.

Therefore we can confine to harmonic 1-forms (for the metric h).
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A first inequality

Let Har(h) be the space of h-harmonic 1-forms on Σg : Euclidean
space of dimension 2g with the L2-norm ∥ · ∥h on forms.

Note: Har(h) does not depend on [h].

Let

L⋆ =

{
A ∈ Har(h) :

1
2π

∮
γ

A ∈ Z ,∀γ closed curve
}

be the lattice of harmonic 1-forms with integral flux. For A ∈ Har(h)
we define

dh(A,L⋆) := min{∥ω − A∥h : ω ∈ L⋆}.

This is the L2-distance of A from the lattice L⋆.
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A first inequality

Theorem 1

|h|λ1(h,A) ≤ dh(A,L⋆)2

where |h| denotes the volume of Σg with the metric h.

Remark: |h|λ1(h,A) is the normalized eigenvalue, scale invariant.



Some conformal spectral invariants
Let h be a metric on Σg and A be a h-harmonic 1-form. We define

Λ1([h],A) := sup
h′∈[h]

|h′|λ1(h′,A)

We define next

Λ1([h]) := sup
A∈Har(h)

Λ1([h],A).

Finally, we define

Λ1 = inf
[h]

Λ1([h]).

This last invariant depends only on the genus g of the surface.
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Conformal invariants and the Jacobian torus

All these invariants can be estimated by the geometry of the Jacobian
torus of (Σg ,h):

Jac(h) = Har(h)/L⋆.

• It is a 2g-dimensional flat torus.

• It is conformally invariant: two conformal metrics h,h′ on Σg have
the same Jacobian torus.
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Conformal invariants and the Jacobian torus

We define now the inradius of the lattice L⋆:

Rh(L⋆) := max
A∈Har(h)

dh(A,L⋆).

It turns out that
Rh(L⋆) = diam(Jac(h)).

Combining Theorem 1 and the above definitions:

Theorem 2

• Λ1([h],A) ≤ dh(A,L⋆)2.

• Λ1([h]) ≤ Rh(L⋆)2 = diam(Jac(h))2.

• Λ1 ≤ inf [h] diam(Jac(h))2.
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Computations in genus g = 1
We consider now Σ1: the torus.

By the uniformization theorem we have that any metric h on Σ1 is
conformal to a unique flat metric ĥ.

A flat torus is the quotient of R2/L by a lattice L = ℓw1 + m w2,
ℓ,m ∈ Z, with the inherited Euclidean metric.
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Computations in genus g = 1

Theorem 3
Given a metric h on Σ1 we have

|h|λ1(h,A) ≤ |ĥ|λ1(ĥ,A),

where ĥ is the unique flat metric in [h]. Equality holds iff h = ĥ.

In particular
Λ1([h],A) = |ĥ|λ1(ĥ,A).

So we can compute the conformal invariants if we understand the
spectrum of flat tori.
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Computations in genus g = 1
Consider then the flat torus R2/L with basis (w1,w2).

• The dual lattice L⋆ of L is

L⋆ = {w⋆ ∈ R2 : ⟨w⋆,w⟩ ∈ 2πZ , ∀w ∈ L}

• It is easy to see that L⋆ is homothetic to L: L⋆ ∼ 2πL
|ĥ|

• A harmonic 1-form A on R2/L descends from a parallel form on
R2:

A = a dx + b dy ∼ PA = (a,b) ∈ R2.

• {ei⟨·,w⋆⟩ : w⋆ ∈ L⋆} are all the eigenfunctions of ∆A.

• The eigenvalue corresponding to ei⟨·,w⋆⟩ is |PA − w⋆|2

• The first eigenvalue is

λ1(ĥ,A) = min
w⋆∈L⋆

|PA − w⋆|2.
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Computations in genus g = 1

Remark: The dual lattice L⋆ is identified with the lattice of harmonic
1-forms with integral fluxes: R2/L⋆ = Jac(ĥ) with a homotetic metric
of factor |ĥ|.
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Computations in genus g = 1

We go back to our spectral invariants:

Λ1([h],A) = sup
h′∈[h]

|h′|λ1(h′,A)

• We have seen that

Λ1([h],A) = |ĥ|λ1(ĥ,A) = dh (A,L⋆)2
.

• Conclusion: the first invariant “hears” the distance of a harmonic
1-form from the lattice of 1-forms with integral flux in a given
conformal class [h].
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Computations in genus g = 1

The second invariant is:

Λ1([h]) = sup
A∈Har(h)

Λ1([h],A).

• The best potential corresponds to PA at the maximum distance
from L⋆: we get the inradius Rh(L⋆) of L⋆:

Λ1([h]) = Rh(L⋆)2 = diam(Jac(h))2

• Conclusion: the second invariant “hears” the diameter of the
Jacobian torus of [h].
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Computations in genus g = 1

The third invariant is:

Λ1 = inf
[h]

Λ1([h]).

• This problem is equivalent to finding the lattice of given area with
the smallest inradius.

This is the equilateral torus.

• Λ1 identifies the conformal class of the equilateral flat torus.
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Some questions in g ≥ 2

In g ≥ 2 explicit computations are not possible.

• What is the optimal metric for Λ1([h],A)? In general it is not the
hyperbolic metric.

• Analogous questions for Λ1([h]).

• What is the optimal conformal class in the definition of Λ1? Is Λ1

always positive?

• Do the three invariants “hear” the same information on the
Jacobian torus as in g = 1?
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Can we hear the conformal class of a surface?

We prove the following:

Theorem 4
Let ω be a closed 1-form on the surface Σg . Let h be a Riemannian
metric on Σg .

Then

lim
t→0

λ1(h, tω)
t2 =

∥A∥2
h

|h|
where A is the unique harmonic form for h co-homologous to ω.
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Can we hear the conformal class of a surface?

Our main result is the following

Theorem 5
Assume that the metrics h1,h2 on Σg are such that

λ1(h1, ω) = λ1(h2, ω)

for all closed 1-forms ω on Σg .

Then they are conformal and have the
same volume.

We deduce the following corollary

Corollary

Assume that the metrics in Theorem 5 are hyperbolic. Then they are
isometric. For g = 1, the statement holds for flat metrics.
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Can we hear the conformal class of a surface?
It seems that this notion of “isospectrality” requires the knowledge of
uncountable information: λ1(h, ω) for all closed 1-forms ω. This isn’t
quite the case.

Fix a canonical homology basis (α1, ..., αg , β1, ..., βg) and let be
(ω1, ..., ω2g) a dual basis of closed 1-forms.

Let ωn
i,j =

ωi+ωj
n . If two metrics h1,h2 on Σg satisfy

λ1
(
h1, ω

n
i,j
)
= λ1

(
h2, ω

n
i,j
)
, ∀n ≥ 1,1 ≤ i ≤ j ≤ 2g,

then they are conformal and have the same volume.
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A few words on the proof

• Starting point: given a closed 1-form ω, limt→0
λ1(h,tω)

t2 =
∥A∥2

h
|h| ,

where A is h-harmonic co-homologous to ω:

“we hear all the L2-norms of h-harmonic 1-forms”.

• We can reconstruct the Gram matrix of the Jacobian torus.

• The homology basis is fixed and is the canonical one, hence the
Gram matrix has determinant 1 (Riemann period relations)

• If two metrics are “ground state isospectral”, they have the same
Gram matrix and the same volume by the three points above.

• We prove that if h1,h2 have the same Gram matrix, they are
conformal. Here we use a deep result in Riemann surfaces
theory, the Torelli’s Theorem.
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