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L Introduction

What is a waveguide ?

A curve in R3

Let us consider a curve I'c R3 parametrized by y: R — R3 such that:
o y:R—R3 is of class €2(R),
o v is an arc-length parametrization : VseR, |y'(s)l=1,
Assumption 1: The curvature of T' at a point y(s) is defined as
x(s) =1y"(s)| and verifies

lim «(s)=0.

|s|—+o0

To construct the waveguide we need:
e a frame adapted to the curve T,

« a bounded, simply connected, Lipschitz domain w c RZ.
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What is a waveguide ?

There is more than one way to frame a curve | (1/2)

A standard choice is the Frenet frame defined at a point y(s) €T as

ei(s) = 7'(s),

e(s) = K(ls)Y"(S),
e3(s) = ei(s)xex(s).

The frame is adapted because each derivative %ej € span(eg, ep) with
pk#j.

%e1(5) = x(s)exs),

Gea(s) = —r(als)+r(s)es(s),
%63(5) —T(S)e2(5)'

Here 7(s) is the torsion of the curve I at the point y(s).



Spectral properties of electromagnetic waveguides
L Introduction

What is a waveguide ?

There is more than one way to frame a curve | (1/2)

A standard choice is the Frenet frame defined at a point y(s) €T as

ei(s) = 7'(s),

als) = L)
e3(s) = ei(s)xex(s).
The frame is adapted because each derivative %ej € span(eg, ep) with
pk#j.
%61(5) = x(s)exs),
aea(s) = —x(s)ers)+7(s)es(s)
%63(5) = —1(s)ex(s).

Here 7(s) is the torsion of the curve I at the point y(s).

: when «(s) =0 this is ill-defined.

In particular if the curve contains part of a straight line one cannot define
this frame.
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There is more than one way to frame a curve | (2/2)

Instead, we fix e1(s) =y'(s) and construct a relatively adapted parallel
frame (e1, e, e3) which always exists and verify

%61(5) = ki(s)ea(s) +ka(s)es(s),
§e2(s) = —ki(s)ei(s),
$e3(5) = —ko(s)er(s).

with ki, ko € €O(R) such that ki (s)?+ ko(s)?(s) = x(s)?.
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Relatively parallel ‘:

the derivatives of e» and e3 have a component only on ;.
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There is more than one way to frame a curve | (2/2)

Instead, we fix e1(s) =y'(s) and construct a relatively adapted parallel
frame (e1, e, e3) which always exists and verify

%61(5) = ki(s)ea(s) +ka(s)es(s),
§e2(s) = —ki(s)ei(s),
$e3(5) = —ko(s)er(s).

with ki, ko € €O(R) such that ki (s)?+ ko(s)?(s) = x(s)?.

’ Relatively parallel ‘:

the derivatives of e» and e3 have a component only on ;.

The existence of such a frame can be found in

@ R. L. Bisnor
(1975)

Such a frame is unique up to fixed rotations in the plane span(ep, e3).
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What is a waveguide ?

Construction of the waveguide (1/2)

Take w cR? a Lipschitz and simply connected domain and consider the
map

{ Qo:=Rxw — R3

. (S’Y2!y3) — Y(S)+y2e2(5)+y3e3(5).
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Construction of the waveguide (1/2)

Take w cR? a Lipschitz and simply connected domain and consider the
map

{ Qo:=Rxw — R3

. (S’Y2!y3) — Y(S)+y2e2(5)+y3e3(5).

Assumption 2:

(SUP|}/|) 1l oo () < 1.

YEW

Under this condition @ is a € 1-diffeomorphism from Qg to its image.
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What is a waveguide ?

Construction of the waveguide (1/2)

Take w cR? a Lipschitz and simply connected domain and consider the
map

{ Qo:=Rxw — R3

. (S’Y2!y3) — Y(S)+y2e2(5)+y3e3(5).

Assumption 2:

(SUP|}/|) 1l oo () < 1.

YEW

Under this condition @ is a € 1-diffeomorphism from Qg to its image.

. as constructed the cross-section w is not allowed to turn

around the curve.
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What is a waveguide ?

Construction of the waveguide (2/2)

To remedy to this problem, let 0 : R — R be of class €1 (R) and define for

pe{2,3}:
0/ . [cos(0(s)) —sin(B(s))
6= (Snole) contoo))



Spectral properties of electromagnetic waveguides
L Introduction

What is a waveguide ?

Construction of the waveguide (2/2)

To remedy to this problem, let 0 : R — R be of class €1 (R) and define for

pe{2,3}:
0/ . [cos(0(s)) —sin(B(s))
=06y ooy )+

o 0 is called the twist: it is the rotation speed of (eg,eg) in the plane
span(ep)*.
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What is a waveguide ?

Construction of the waveguide (2/2)

To remedy to this problem, let 0 : R — R be of class €1 (R) and define for

pe{2,3}:
)y (cos(0(s))  —sin(0(s))
6= (Snole) contoo))

Consider

.{QO::IRxw - R
1 (sy23) = y(s)+y2es(s) +yzes(s).

® is a €1 (R) diffeomorphism and we set

Q:=0(Rxw).
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What is a waveguide ?

Construction of the waveguide (2/2)

To remedy to this problem, let 0 : R — R be of class €1 (R) and define for

pe{2,3}:
0/ . [cos(0(s)) —sin(B(s))
=06y ooy )+

Consider

.{QO::IRxw - R
1 (sy23) = y(s)+y2es(s) +yzes(s).

® is a €1 (R) diffeomorphism and we set
Q:=0(Rxw).

Assumption 3:

lim 0'(s)=pB, BeR (constant twist at infinity).

|s|—+o0
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What is a waveguide ?

Some pictures |

Figure: A straight waveguide Qg :=R x w.
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What is a waveguide ?

Some pictures |

Figure: A constantly twisted waveguide.
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What is a waveguide ?

Some pictures |

Figure: A curved and twisted waveguide.
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The Maxwell operator

Physical context and Mathematical challenges

Define the Maxwell operator in a waveguide Q built with a
homogeneous and isotropic material and embedded in a perfect
conductor.

e g9 >0: permittivity of the material,
o pg>0: permeability of the material,
o E : electric field,

o H : magnetic field

e Exn=0and H-n=0 on 3Q (perfectly conducting boundary
condition).




Spectral properties of electromagnetic waveguides
L Introduction

The Maxwell operator

Physical context and Mathematical challenges

Define the Maxwell operator in a waveguide Q built with a
homogeneous and isotropic material and embedded in a perfect
conductor.

e g9 >0: permittivity of the material,
o pg>0: permeability of the material,
o E : electric field,

o H : magnetic field

e Exn=0and H-n=0 on 3Q (perfectly conducting boundary
condition).

The waveguide Q <R3 is an unbounded Lipschitz domain:

: how to define (and in which sense) the boundary condition to

obtain a self-adjoint Maxwell operator.
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The Maxwell operator

Minimal and maximal curl operators

Consider the curl operator acting in L?(Q,C3) defined as
Sp:=curl, Dom(Sp)= %(‘)’o(Q,@).

As Sp is symmetric (thus closable), one can define the minimal curl
operator S =(S57)" = Sp acting as

S=curl, Dom(S):=Hp(curl,Q).

By definition Hg(curl,Q) is the closure of %6”(9,63) with respect to
the graph norm for the curl operator.
Remark that the maximal curl operator is S* and acts as

$*=curl, Dom(S*) = H(curl,0):={F e 1>(2,C*) :curlF e L2(,C3)}.
The operator with domain Hg(curl,2) x H(curl, Q) c L2(Q,C3 x C3)

acting as
0 cul _(0 S*
curl 0 ) {S 0)

is self-adjoint by construction.
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The Maxwell operator

The boundary condition (electric field)

o If F1,Fo e €°(Q,R3):

fQ((curIFl)-Fz)dX:fQ(Fl-(curIFg))dx+f (F1 xn)-Fado

0Q

o Fy € Hy(curl,Q) if and only if for all Fo € H(curl,Q) there holds

f((curIFl)-Fg)dx=f (F1-(curlF2))dx.
Q Q

Hence, by F1 xn=0 on 0Q, we mean that F; € Hp(curl, Q).
& R. DauTrAy, J. -L. Lions

(1990)
& V. Giraurr, P. -A. RAVIART

(1981)



Spectral properties of electromagnetic waveguides
L Introduction

The Maxwell operator

Physical motivations

When there is an (exterior) current density ¢ the time-dependent
Maxwell's equations in the waveguide Q read

€00:E(x, t) —curlH(x,t)=—_#(x,t) for (x,t)eQxR,

to0:H(x, t) +curlE(x,t) =0 for (x,t)eQxRj,
dIV(EoE)(X t) =div(uoH)(x,t) =0 for (x,t)eQxRj,
E(x,t)xn(x)=0 for  (x, t)eanR+,
H(x,t)-n(x)=0 for (x,t)e0Q xR},

(E(-,0), H(-,0)) = (Eg, Ho) with  (Ep, Hp) € L2(Q,R3 x R3).
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The Maxwell operator

Physical motivations

When there is an (exterior) current density ¢ the time-dependent
Maxwell's equations in the waveguide Q read

antE(X, t)—curlH(x,t)=—-_#(x,t) for (x,t)eQxR},
to0:H(x, t) +curlE(x,t) =0 for (x,t)eQxRj,
5”/)”/W?‘ﬁ)ﬂﬁ/f’)/f/?’/‘)”//‘//}’WWf//VW/(? for  (xt)eQxRE,

\ E(x,t)xn(x)=0 for  (x,t)€0Q xR
RN ER for - (xt) €00 xR},
(E(-,0), H(-,0)) = (Eg, Ho) with  (Ep, Hp) € L2(Q,R3 x R3).
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The Maxwell operator

Physical motivations

It can be rewritten as a Schrédinger type equation

Ory +idy=f for all £>0,
v(0)=vo initial data in  L%(Q,R3 xR3).

Here w = (E,H)T € Ho(curl,Q) x H(curl,Q),
e of is the self-adjoint Maxwell operator

-1
0 £, curl

d:zl(—palcurl o /)

Dom(«f) = Hg(curl, Q) x H(curl, Q).
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The Maxwell operator

Physical motivations

It can be rewritten as a Schrédinger type equation

Ory +idy=f for all £>0,
v(0)=vo initial data in  L%(Q,R3 xR3).

Here w = (E,H)T € Ho(curl,Q) x H(curl,Q),
e of is the self-adjoint Maxwell operator

-1
0 £, curl

‘Q{::I(—palcurl 0

), Dom(«f) = Hg(curl, Q) x H(curl, Q).

o It acts in Lfo’yo(Q,lRe3 x R3) the space of square integrable vector
fields. The scalar product is defined as

<(E1),(E2)> :f (¢0E1-E2+ uoH1 - Ho) dx.
Hi Ho L?@yg (Q,R3xR3) Q
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The Maxwell operator

Physical motivations

It can be rewritten as a Schrédinger type equation

Ory +idy=f for all £>0,
v(0)=vo initial data in  L%(Q,R3 xR3).

Here w = (E,H)T € Ho(curl,Q) x H(curl,Q),
e of is the self-adjoint Maxwell operator

-1
0 £, curl

d:zl(—palcurl o /)

Dom(«f) = Hg(curl, Q) x H(curl, Q).

Motivation:

‘The spectrum of <f gives the dynamics of the Maxwell system. ‘
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The Maxwell operator

Divergence free fields and the magnetic boundary condition

To look for divergence-free fields we introduce the solenoidal subspace

7(Q):= {(E,H) € L2(Q,R3 xR3) : div(ggE) = div(uoH) = 0, (H-n)lsn :o}.
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The Maxwell operator

Divergence free fields and the magnetic boundary condition

To look for divergence-free fields we introduce the solenoidal subspace
7(Q):= {(E,H) € L2(Q,R3 xR3) : div(eoE) = div(uoH) = 0, (H-n)lsq :o}.
Here (H-n)lsq =0 means that for all ¢ € H1(Q) there holds

0:Ldiv(H)<pdx=—fQH-(V(p)dx.
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The Maxwell operator

Divergence free fields and the magnetic boundary condition

To look for divergence-free fields we introduce the solenoidal subspace
7 () :={(E H) € L3(Q,R® x R®) : div(eoE) = div(uoH) = 0, (H-n)lan = 0}

Lemma

There holds ker(/)t = _#(Q). In particular, _#(Q) is a closed subspace
left stable by <.
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To look for divergence-free fields we introduce the solenoidal subspace
7 () :={(E H) € L3(Q,R® x R®) : div(eoE) = div(uoH) = 0, (H-n)lan = 0}

Lemma

There holds ker(/)t = _#(Q). In particular, _#(Q) is a closed subspace
left stable by <.

Physically, the Maxwell operator is &7, := dI/(Q).
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The Maxwell operator

Divergence free fields and the magnetic boundary condition

To look for divergence-free fields we introduce the solenoidal subspace
7 () :={(E H) € L3(Q,R® x R®) : div(eoE) = div(uoH) = 0, (H-n)lan = 0}

Lemma

There holds ker(/)t = _#(Q). In particular, _#(Q) is a closed subspace
left stable by <.

Physically, the Maxwell operator is &7, := dI/(Q).

@ M. SH. BIRmMAN, M. Z. SOLOMYAK, (1989)
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The Maxwellloperator
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Essential spectrum

Recall that we have assumed

Theorem (structure of the essential spectrum)

There exists ag >0 such that

Spess(f) = (—00,—25] U0} U [ap, +00).

If B=0, one has ag =
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Essential spectrum

Essential spectrum

Recall that we have assumed

Theorem (structure of the essential spectrum)

There exists ag >0 such that

Spess(f) = (—00,—25] U0} U [ap, +00).

A3 ()
EoMo ©

: Focus on &7, and we need to get rid of 0 !

If B=0, one has ag =
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Essential spectrum

Essential spectrum (2/2)

Assume further

1
9'=0 (no twist), (sup \yl) ||K||L00(R) < 5

YEW
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Essential spectrum (2/2)

Assume further

o - 1
0"=0 (no twist), ( )IIKIILm(R) < >

Proposition
There holds

AN(w AN(w
UeSS(JZ{J_): —00, — £ ul- A,‘FOO
oMo EoMo
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Essential spectrum

Essential spectrum (2/2)

Assume further

o - 1
0"=0 (no twist), ( )IIKIILm(R) < >

Proposition
There holds

AN (w AN (w
Oess(971) = | —00,— —2( ) ul- —2( ),+oo ;
€0M0 €00

The key-point is a Poincaré-type inequality of the form:

E H < C(llpg* curlE o eurlH .
|| ||1_§0 @™ I ||1_‘2‘0 Q)= C(||M0 cur ||L’210 @™ lleg™ cur ||L§O(Q))
for some constant C >0 uniform in (E,H)" € #(Q)nDom(&).
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Essential spectrum

Essential spectrum (2/2)

Assume further

o - 1
0"=0 (no twist), ( )IIKIILm(R) < >

Proposition
There holds

AN(w AN(w
UeSS(JZ{J_): —00, — £ ul- A,‘FOO
oMo EoMo

Should be true with non-zero twist and a condition involving
IIH’—ﬁIILm(R) but ask for tedious computations...
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Discrete spectrum

e 1 is a normalized eigenmode associated with /l’zv(w), the first
non-trivial Neumann eigenvalue in w.
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e Set

(Gt L) = [ amRde.
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Discrete spectrum

Discrete spectrum

e 1 is a normalized eigenmode associated with /l’zv(w), the first
non-trivial Neumann eigenvalue in w.

e Set

(Gt L) = [ amRde.

Theorem (existence of discrete spectrum)

Assume ' =0 (no twist) and that the Poincaré inequality holds. Let
« € L1(R) be such that

2 2l oo )
. 0
(fuzek (S)ds) g g0 1-Dblxll o) Hle

then
Udis(d) £ Q.

Here b:=supycq (lyl).
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Discrete spectrum

Some remarks on the geometric condition

Geometric condition:

2 21l oo )
. 0
(fuzek (S)ds) g g0 1-Dblxlliom) Hle

o It is necessary that X #0 and (fR k(’(s)ds) # 0 for this inequality to
hold.
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Some remarks on the geometric condition

Geometric condition:

2 21l oo )
. 0
(fuzek (S)ds) g g0 1-Dblxlliom) Hle

o It is necessary that X #0 and (fR k(’(s)ds) # 0 for this inequality to
hold.
e In this case, as 0 is a constant, there is an optimal choice of 04

maximize the quantity
(f ke*(s)ds)
R
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Discrete spectrum

Some remarks on the geometric condition

Geometric condition:

2 21l oo )
. 0
(fuzek (S)ds) g g0 1-Dblxlliom) Hle

o It is necessary that X #0 and (fR k(’(s)ds) # 0 for this inequality to
hold.

e In this case, as 0 is a constant, there is an optimal choice of 04
maximize the quantity

-(fkg*(s)ds)>0 for 6 =0,.
R



Spectral properties of electromagnetic waveguides
Main results

Discrete spectrum

Some remarks on the geometric condition

Geometric condition:

2 21l oo )
. 0
(fuzek (S)ds) g g0 1-Dblxlliom) Hle

o It is necessary that X #0 and (fR kU(s)ds) # 0 for this inequality to
hold.
e In this case, as 0 is a constant, there is an optimal choice of 04

maximize the quantity
(f ke*(s)ds)
R

e It means that there is an optimal way to attache the cross-section
to the curve T'.
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Geometric condition:

2 2l oo ()
. O
(fmz : (S)ds) g g0 1-DbllKll o) e




Spectral properties of electromagnetic waveguides
Main results

Discrete spectrum

Slightly curved waveguides

Geometric condition:

2 2l oo ()
. O
(fmz : (S)ds) g g0 1-DbllKll o) e

e Assume X #0 and fﬂ(ggg) ds #0.
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Discrete spectrum

Slightly curved waveguides

Geometric condition:

2 2l oo ()
. O
(fmz : (S)ds) g g0 1-DbllKll o) e

e Assume X #0 and fR(Z(S)) ds #0.

e For § >0, one can define

1
Yo :R—=R% ys(s)= 57(0s).
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Slightly curved waveguides

Geometric condition:

2 2l oo ()
. O
(fmz : (S)ds) g g0 1-DbllKll o) e

e Assume X #0 and fﬂ(ggg) ds #0.

e For § >0, one can define
3 1
Yo :R=R%  ys(s) = 5v(ds).

o The associated curvatures verify k1°(s) =8k (8s), k2°(s) = 5ko(5s)

but
fR (228) do= _[R (28;) ds, lsliqm) = 1€l 1(m)-
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L= iseratalepactram

Slightly curved waveguides

Geometric condition:

2 2l oo ()
0%
'Umkﬁ (S)ds)> t0 1= bkl 011 ®

e Assume X #0 and fﬂ(ggg) ds #0.

e For § >0, one can define
3 1
Yo :R=R%  ys(s) = 5v(ds).

o The associated curvatures verify k1°(s) =8k (8s), k2°(s) = 5ko(5s)

but
fR (228) do= _[R (28;) ds, lsliqm) = 1€l 1(m)-
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L= iseratalepactram

Slightly curved waveguides

Geometric condition:

2 2611l oo ()
. O«
(ka (5)d5)> P T P <l 3 (m)

e Assume X #0 and fﬂ(ggg) ds #0.

e For § >0, one can define
3 1
Yo :R=R%  ys(s) = 5v(ds).

o The associated curvatures verify k1°(s) =8k (8s), k2°(s) = 5ko(5s)

but
fR (228) do= _[R (28;) ds, lsliqm) = 1€l 1(m)-
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Discrete spectrum

Slightly curved waveguides

Geometric condition:

2 2611l oo ()
. O«
(ka (5)d5)> P T P <l 3 (m)

‘When 6 — 0, the condition is satisfied.
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Discrete spectrum

Slightly curved waveguides

Geometric condition:

2 2611l oo ()
. O«
(ka (5)d5)> P T P <l 3 (m)

‘When 6 — 0, the condition is satisfied.

Given a curve for which

(i) 20

e a cross-section w for which X #0,

one can always build a waveguide which traps electromagnetic modes.
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Geometric transforms and Birman-Schwinger principle
m The Piola transform
m Essential spectrum of constantly twisted waveguide

m A Resolvent identity
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L The Piola transform

(Unitary) Piola transform

: Rewrite the problem in a straight waveguide Qg =R x w.

U L2, 40 (Q) = L2 ,4(Q0), (E) - (E((Eg)

JoJT
det Jp ’

where  e£=¢967Y, pu=po6 ! with G=
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L The Piola transform

(Unitary) Piola transform

: Rewrite the problem in a straight waveguide Qg =R x w.

V12, (@)~ 12,(Q), (E)H(Jg(qu)))

0.4 H) ™ s (Ho)
JoJg
h =606, p=poG Tt with 6= —=.
where E=E&Q A M= U0 Wi det Jo
Unitary equivalent operator &/ :=U&/U* acting in L?,H(Qo) — Lgyu(Qo).
_ 0 i£61 curl 7 = 0 ieLeurl
—ipgtcurl 0 —iuLcurl 0
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L The Piola transform

(Unitary) Piola transform

: Rewrite the problem in a straight waveguide Qg =R x w.

U 20@) — 2yt00), (7]~ (2 0oe)]

€o.Ho H Jp(Ho®)
JoJJ
where  e£=¢967Y, pu=po6 ! with G= d;JqD .
o

Unitary equivalent operator &7 :=U&/U* acting in L?,H(Qo) - Lgyu(Qo).

-1 -1
. 01 igg - curl . O1 ie *curl
—ipg ™ curl 0 —ip~ " curl 0
The Piola transform preserves the Maxwell structure:

. Dom(/D = Hop(curl,Qq) x H(curl,Qp),
e U Z(Q)= _Zeu(Qo) where

Fen(Q0) :=1(EH)T € L2 ,(Q0,R> x R?) : div(E) = div(uH) =0,
(uH)-n=0}.
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L The Piola transform

(Unitary) Piola transform

: Rewrite the problem in a straight waveguide Qg =R x w.

V12, (@)~ 12,(Q), (E)H(Jg(qu)))

0.4 H) ™ s (Ho)
JoJg
h =606, p=poG Tt with 6= —=.
where E=E&Q A M= U0 Wi det Jo
Unitary equivalent operator &/ :=U&/U* acting in L?,H(Qo) — Lgyu(Qo).
_ 0 ieal curl 7 = 0 ieLeurl
—ipgtcurl 0 —iuLcurl 0

Look for electromagnetic waves with
non-constant permittivity and permeability.
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Essential spectrum - constant twist

Assume k=0, 0'=0. ]

Observe that

1+821y12 -y3B yaB
Gp(s,y2,¥3) =Gp(y2,y3) :=| -y3p 1 0
2B 0 1

depends only on (y2,y3) € w. There exists ag >0 such that

0(olp) = Oess(s7p) = (00, —ap] U{0} U [ap, +o0)

@ N. FiLonNov,
, (2019)
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Comparison of o and o,

We would like to compare the resolvents of o and .52/7;

: They do not act in the same Hilbert space !

We adapt an approach developed by Weder
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Comparison of o and o,

We would like to compare the resolvents of o and .52/7;

: They do not act in the same Hilbert space !

We adapt an approach developed by Weder
[ R. Weper,
(1991)
Another unitary transform
-1/2

2 E Gy
E Lﬂlu(QO) Lzo,u0(Q0), HI™ G 12
5

E
H
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Comparison of o and o,

We would like to compare the resolvents of o and ,52/7;

: They do not act in the same Hilbert space !

We adapt an approach developed by Weder
@ R. WEDER,
(1991)
Another unitary transform
-1/2
G E
2 2 E 3
Ui L2, (90) = By yo(@0), (§] | Laga

Epokp £0,H0 H Ry
B

Define the unitary equivalent operators acting in Lgo,uo(QO):
o o =V V*,
« =V Vi
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Comparison of operators: a picture !

Q= D(Q
() Q=Rxw
Piola transform
2y
Straightens the waveguide
Preserves “Maxwell structure”
N . N . ;
A=Ay, : D(A) C L7 ,(Q) = L . ()
A= A?" o D(A) C qu ““(U) — Lfﬂ MU(SZ) Maxwell operator with non-homogeneous anisotropic material

Maxwell operator with homogeneous isotropic material

Another unitary transform

VL2 () = L2, (Q0)

20,10

COMPARE

P

Ag: D(Ag) C L2, (D) > (920) D(A) ¢ Lsu 10 (Q20) = Qo)

20, Atn( m o sv,ﬂu (

Vs L2, () = L2, ()
Q= 0y(Q))

S/i’ﬂﬁ \/

Piola transform Qs
Ag= AR, D) CIZ, ,,(0) 5 T2, (%) As = Al : DAs) C L2, 1y (Us) = Ly 10 ()

Maxwell operator with a non-homogeneous anisotropic material whose
parameters &g, ji; are independent of the longitudinal variable
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A Resolvent identity

Resolvent identity

The rest of the proof is by investigating, for A € p(;f)mp(a?;), the

resolvents N . N .
RA):= (-2, Rs(A):= (o5 - A1)

and remarking that

R5(A) =V, AV R(M)2(A) AV V.7t

2(A)=2(A0)(Id + £ (1)) with £ (1) is a compact operator.
25(A) = 25(Mo)(Id + (1)) with JZ;5(A) is a compact operator.
It yields a Birman-Schwinger principle.

o We conclude studying the analytic family of compact operators
(A— £3(1)) and the finitely meromorphic family of compact
operators (A— 7 (1)).
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A Poincaré inequality

Poincaré inequality

1
A 6' =0, co(R) < =-
ssume <l (R) >

There exists C >0 such that for all
(EH) € Fe.u(Q0) N (Ho(curl, Qo) x H(curl,Qg)):

-1 -1
IEN2(00) * 111300 = € (117" curlEll 3q) + e~ curlHil 2
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A Poincaré inequality

Poincaré inequality

1
A 0'=0, o(R) < =-
ssume <l (R) >

There exists C >0 such that for all
(EH) € Fe.u(Q0) N (Ho(curl, Qo) x H(curl,Qg)):

||E||Lg(go) + ”H"L/ZI(QO) = C(“,U_l curl E“LE(QO) + e curl H||L§(QO))
e It is a consequence of the Birman-Schwinger principle.
« A consequence is that 0 ¢ Sp(:<7) ).
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On the existence of discrete spectrum

Strategy of the proof (discrete spectrum)

« Work with the quadratic form associated with (7] )2

q[E,H]::f (u‘lcurlE-curIE+£_1curIH~H) dx,
Qo

(E,H) € Dom(q) := Dom(# )N Fe.u(Qo).
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« Work with the quadratic form associated with (7] )2
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On the existence of discrete spectrum

Strategy of the proof (discrete spectrum)

« Work with the quadratic form associated with (7] )2
o -1 -1
q[E, H] ._f (,Lt curlE-curlE+e¢ curIH~H) dx,
Qo

(E,H) € Dom(q) := Dom(# )N Fe.u(Qo).

o f=0"=0 gives ¢,u are diagonal !
o Look for a test function of the form (E,0)T #(0,0)" verifying:

AN
q[E,0] - ( )IIEII <0.

12(00) =
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On the existence of discrete spectrum

Strategy of the proof (discrete spectrum)

« Work with the quadratic form associated with (7] )2
o -1 -1
q[E, H] ._f (,Lt curlE-curlE+e¢ curIH~H) dx,
Qo

(E,H) € Dom(q) := Dom(+ )N _Fe u(Qo)-
o f=0"=0 gives ¢,u are diagonal !
o Look for a test function of the form (E,0)T #(0,0)" verifying:

N()

g[E, 0] - I|EI| <0.

12(00) =

e Conclude with the min-max principle.
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On the existence of discrete spectrum

Choice of the trial function

Set F of the form

0
F(s,y)= w(S)( a3y(y) )
—02y(y)

| Problem | (F,0) ¢ Dom(q) because div(eF) #0

We correct it as
E=F+Vu

with v e H&(Q) weak-solution of

div(eVu) = —div(eF) in Q,
u=0 on 0Q.

With this choice we control IIVulng(Qo) using div(F) =0 and compute

/IN( ) , 211l oo ()
alE,0]-—~ ~IIE 12(00) < (f K( ds) 0 1- ”K”LOO(R)||K||L1(R)-
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Geometric condition X #0

e Most of the domains w for which one can compute explicitly
gives X =0 (disks, rectangles...).

e One can prove that X =0 as long as the domain as a rotational
symmetry of angle ¢ € (0,27).

o For w being an isosceles right triangle X #0 ! The modes can be
computed by symmetry using the one of the square.

e Plenty many numerical examples of X #0...
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—0.1255)

Figure: A Dumbbell domain. X gumbbell :( 0



Spectral properties of electromagnetic waveguides

Geometric condition X #0

Domains for which X #0

Figure: Rectangle of base 27 and height m with bumps. The bumps are
half-disks of varying radius and positions.

_{0.00315511 _ {—0.000798985
blue =10,00126526 ) ~ | 0.00301619
_ [-0.0152116 _{0.0000322362
red = 10.00285829 ) §1een ™1 0.000374781
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Geometric condition X #0

Domains for which X #0

Figure: Rectangle of base 27 and height m with bumps. The bumps are
half-disks of varying radius and positions.

. : Condition X =0 is not stable under perturbations of
e Theoretical proof of this when w is a rectangle via shape derivatives.
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Geometric condition X #0

Conclusion and perspectives

e Structure of the essential spectrum of the Maxwell operator in a
waveguide,

o Geometric condition to have discrete spectrum: interplay between
the geometry of the curve and the one of the cross-section

o To do : extension to any twist (Poincaré inequality, discrete
spectrum), asymptotic analysis of thin-waveguides...

Thank you for your attention !
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