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Model: soft waveguide with local deformation

Soft waveguide in R?

Q) C R? asymptotically coincides with straight strip X:

D) o= {(1171,332) X ER, ZTo € [—d/2,d/2]}

Compact deformation

2\ Q Q\ %
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Model

The Hamiltonian

h? h?
HQV:__A_V'XQa V>a0,, ;=1
’ 2m 2m
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The Hamiltonian

K2 K2
Hoy=—"A—-V-xq, V>0,, — =
’ 2m 2m

@ Essential Spectrum

@ Symmetric waveguides and embedded eigenvalues (bound
states in continuum BIC).

o | Breaking symmetry and resonances (lifetime, dependence of
breaking symmetry parameter)

o Il Resonances in waveguides due to the tunneling (lifetime,
dependence of waveguide architecture)
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Preliminary facts on the spectrum. Straight waveguide.

Essential spectrum.

Straight strip. Translational decomposition
Hy, y can be decomposed:

d2
Hyy=—-——5®I+I®hy.
dx]

(1)

transwersal
direction

~ d 0 d x5
. -3 2

'd Q
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The essential spectrum

The essential spectrum of Hy

The threshold of the essential threshold of Hy y:

Oess(Hx,v) = [Ev,0) , By ground. st en. hy .

pushing down the spectrum
due to well potential

Ey 0
Essential spectrum of Hg v
Uess(HE,V) = Uess(HQ,V) = [EV7 OO) . (2)
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Model. Symmetric waveguide.

Mirror symmetry of Q.

k

QS
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Model. Symmetric waveguide.

Namely, we assume
f_|_(.1,‘1) = —f_(svl), for all z; € R,

which leads to the mirror symmetry of .

/ - T

QS

Ts
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Model. Symmetric waveguide.

Namely, we assume
fr(z1) = —f-(x1), for all 1 € R,

which leads to the mirror symmetry of Q.

/ - —

Qs

Ts

Figure: An example of the symmetric waveguide with the mirror symmetry
with respect to the horizontal axis R x {0}. The straight strip 2 is marked in
light gray color. Q° =X UTY?.
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Model. Symmetric waveguide: decomposition in half-planes.

Upper half-plane component with Dirichlet boundary conditions
/ Ts

Q _ _ | $472

Dirichlet boundary conditions 1
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Model. Symmetric waveguide: decomposition in half-planes.

Upper half-plane component with Dirichlet boundary conditions

a _ | 472
Dirichlet boundary conditions X
‘ Dir. bound. cond|
J \ | 14/2
Dir. bound. cond. 1
D d2 D 2,2 2,2
Hiz—d—x%@)I'f‘I@hVZW’(R)@WO’ (R+)
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Spectral facts in half-plane system

Denote

EP .= mino(hD).

We have ED =0 if V < (7/d)? and BE < 0 otherwise.

E, EP 0

The essential and discrete spectrum of Hg‘v

The Hamiltonian Hgv has the essential spectrum:

o'ess(HP, ) = [E‘ea OO) o
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Spectral facts in half-plane system

Essential spectrum of H

The stability of the essential spectrum under the compact
deformation

Uess(HﬁDs’V) = UeSS(Hgv) = [E‘l/?7 OO) .

) - ‘ id/2

Dirichlet boundary conditions

2

Discrete spectrum

HD.
Q°,

v admits discrete eigenvalues below EZ, i.e.

oa(HE. ) #0,

Ey EP 0
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Embedded eigenvalues of Hgs .

Antisymmetric eigenfunctions

Let E € ad(HﬁDS ,) and #P denote the corresponding
eigenfunction. Let

(;5(1‘1,1‘2) = gf)D(.’El,LL‘Q) for zo >0
(;5(1‘1,1'2) = —¢D(l‘1,l’2) for 29 < 0.
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Embedded eigenvalues of H
Antisymmetric eigenfunctions

Let F € ad(Hgs V) and ¢P denote the corresponding
eigenfunction. Let

(;5(1‘1,1‘2) = gf)D(Il,{L‘Q) for zo >0
(;5(1‘1,1‘2) = —¢D(l‘1,1‘2) for 29 < 0.

Embedded eigenvalues

If E € [Ey, ED) then it gives a rise to the embedded eigenvalues
of HQS,V-

Embedded eigenvalues

\

.
Ey BD 0

Normalized eigenfunctions of Hos v {E;ken, {®% tren -
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Small deformation of 2

[1. Assume Q° C QF (more general case will be discussed), 22 C QF, and the
sets

T::=Q\Q°
are compactly supported.

Q= UT:

T2
fs = f(E: )
Moreover,
[T] -0 for £—0. (3
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Small deformation of 2°

The Hamiltonian with a symmetric waveguide ° —unperturbed
system.

We can express Hgs v in the following way

Hosv =Hqsy —V-xr:, where Hqsy=Hyy -V xrs.

SR

"rs

H
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Resovent

Hamiltonian

Hov=Hsy—-V-xr, T=0Q\%.
Let z be such that

Kv(z) :==I—VxrRs(2)xr € B(L*(Y))
is invertible. Then

Ra(z) = Rs(2) + VRs(2)xr(I1— VxrRs(2)xt) 'xrRs(2).
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Resovent Ry/(2)

We have
Rx(2) = R$:(2) + R%(2)
d fl pl Z101961
RL(2)f (x) = neN = = [ an AP P ) ()
fi(p1)ePr#s
P \/ﬁ/ mfﬁv,n(m)((ﬁvn,h)p

(5)

where f(z1,22) = fi(x1) fa(z2) and 71 is the Fourier transform of

fl and

1

&= 5=

de(B) fr @ dEv(B') f2 - (6)
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Resolvent; analytic continuation

Lemma

There exists an open set Cy, C C_ such that the operator valued function
z — K~ (z) admits an analytic continuation to

Ci. := ((Bv, Evgy1) UCk) \ Dy, where Dy, is a set of finite number of
points. Moreover, K (z) is analytically invertible for z € Cy, i.e.

Ky (2)~! exists and z — Ky (z)~! is analytic.

EV Evﬁk ?V.k-}-l

Lemma
For any k € Ny and interval [« ﬁ] C [Bv.k, Ev k+1], which is disjoint
h
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Resovent; analytic continuation of the resolvent.

Rs(2)l1,q = fRe(2)g : L*(R?) — L*(R?),
where f, g € C5°(R?).
The same holds for fRs(2)xy : L*(Y) — L?(R?) and
xrRx(2)g : L?>(R?) — L%(Y).
RQ(;)
For z € Cy, and any f, g € C5°(IR?) the operator

Ra(2)|f.g = Ru(2)lf.g + [VRs(2)xvKv(2) 'xrRs(2) g, (7)

can be continued to the lower complex half-plane: Al;, = fAg.
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Poles of resolvent. SK'24

Theorem

Assume that E € (Ev.k, Ev k+1) is a simple embedded eigenvalue of
Hqs v. Then the resolvent of Hqs v admits the analytic continuation via
(Bv,i, Ev,k+1) to the lower complex half-plane. Moreover, the analytic
continuation of the resolvent has a pole at

z=E;+A(e) +il'(e), with T(e) <0, (8)

where the real and imaginary components: A(e) and T'(z) take the forms
Ale) = _V/T |95 (@)Pdz + O(TP?), T(e)=0(T?), (9)

fore — 0. We have [, |¢5(x)[*dz = O(|TZ]).

EV EV,k E; EV,k-!—l

\ R
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Ingredients of proof

We have
Kxs(2) =1 = VxrsRas(2)xr: (10)

This allows to decompose for z € S;

Ky (2) =1+ Se(2) + — X1 P xs, (11)

—3.
zE]

where
Se(2) = —V[XTng(Z)XTg + XTgW(Z)XTg] : (12)

Lemma

Assume that ¢ — 0. For z € S;:

14(2) ey acrsy = OUTED. (13)
Moreover: %(Xysng,S (E)xrs ¢s> . = O(|T2)?/?)
S xr: 5, S (E])Xxx: 95 = O(1Z%). (14)
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Ingredients of proof

For z € S; we conclude that ker Kvs(z) # () if and only if

Vv

— Fs
zE]

Ker |1+ (1+5:(2) xrs x| 20 (15)

Lemma

Assume that ES € (Evi, Evit1) is a simple embedded eigenvalue
of Hqs v. For € sufficiently small, there exists z € S; such that
ker Kvs(z) # 0 if and only if z is a solution of

z—E;+Vn(z,e) =0, (16)
where

n(ze) = (xxe0, 1+ S:(2)) " xre5 ) 2y -
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Ingredients of proof

2= B4V (xns6), (L4 8:02) " xed]) L, =0
The operator I + S.(z) is invertible and the inverse
(T4 8:(2)) "t =T— S.(2) + S=(2)* + ... (17)
2= B4V (xrsd)xnsd]) L (18)
- V()@fs% SE(Z)XTg%)Lz(Tg) +..=0. (19)
R(ooreds Se(Bxeeds) ) = O 9 (emsdss Se(Bxesds) ) = O(T2P
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The Fermi golden rule

o I'(z) preserves the Fermi golden rule

d(xr: 95, Eas (A)X1:07) L2(73)

I(e) = —nV? o).
(¢) =~V = y FOUTE)
(20)
@ The resonance width
Ty =-232
@ The resonance lifetime )
T = E
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Generalization

T =\ o

- _—

The Hamiltonian takes the form

Hqs = Hos — Vixas\os + Vxas\as -
z=FEj + A(e) +il'(e),
where T'(e) = O(|Y$]?) and A(e) and
20 = (v [ s5@Pdesv [ jes@)Pas) + o(x).
T: Tt

A(e) feels ‘the sign of the deformation’ and it reflexes the
behaviour of the first perturbation term.
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The flat layer
Y= {(xl,xg,xg) C(x1,29) ERXR, 23 € [—d/2,d/2]}-

Let Q2 stand for a compact deformation of X, i.e. the boundaries
004 are defined as the graphs of smooth functions f1 : RxR — R
that are non-constant, however, for sufficiently large values of

p=\/x3 + x5, we have fi(z1,72) = £d/2. The layer is given by

Q= {(z1,22,y(x1,22)) : (r1,22) E RXR, (21)
f—(xhx?) < y(l'lvm?) < f-i-(l‘laa"?)} .
(22)

Resonances in various quantum waveguides systems
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Resonances induced by tunelling

Vx)

Vo=0

Hen() = =50+ Ven(x) Hel(x) =~ A+ Vi ()
Hen (0)y(x) = Epy(x) Hu()yr(x) = Eryr(x)

-
x

channel barrier trap

Figure: https://www.iue.tuwien.ac.at/phd/goes/dissse33.html
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Model: strip with distant well

) |

Figure: Strip and distant well, wire.

PINGTE

Distance p := mingex yeq |z — y/ .

Ey
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Model: strip with distant well

The Hamiltonian

Straight strip
Vo = —axs(z), where a>0. (24)
"Perturbation’ localized on a distant well

Vs = —fBxa(z), where 3>0. (25)
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Generalization: Kato class trap

Caslf) = [ 95 do [ ael @ do=5 [ LS @) duta)
(26)
where f € W12(R?).

o[, : Wh3(R?) — L2(R?, ;1) continuous embedding.

e 1, Kato class measure, for example p(B) = lin(B N ), where
lin(-) stands for the linear measure and B € R? - Borel set. Then
the perturbation corresponds to —30(z — )

e P. Exner, SK, JoP A 2004,
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H, o strip only

Straight strip. Translational decomposition

H, 0 can be decomposed:

2
Hoyp=—55Q®I+1®h,. (27)
dx]
transwersal
direction
" ] E NN
'd Q
. o

o {Ey1 < ...< Ey N, } discrete eigenvalues of hy;
e The spectrum of H, o covers

U(Ha,O) = Uess(Ha,O) = [Ea s OO) N El;a . (28)
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Well without strip

Hamiltonian Hy g, has the eigenvalues {5 < ... < gﬁ%Nﬂ}' with a
corresponding eigenfunction {wg., }nen;,-

.

\ 7

Figure: Distant well.
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Resonances, SK, K. Slipko, 2024

Assume that Hj g has an eigenvalue £3 € (Eq;j, Eqa;j+1). Then
the resonances resides

z2=E3+ANp)+iV¥(p) =E+ 0O

A

A

T a(z)
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Ingredients of the strategy: Resolvent of H, s

Ro3(2) = Rao(2)+BRa0(2)xe(I— BxaRa0(2)xa) ' xaRao(2),
(30)
Kaq(z) =1 - BxaRao(2)xa

e Analytic extension of xqRa0(2)xq, 2 = Ka(z), 2 = Kaq(2)~
(Fredholm Theorem).

1
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Zeros of Birman—Schwinger operator

z satisfies ker[I — BxaRa0(2)xa] # 0 if and only if

ker[l — BxaR(z)xa — Gaps(2)] # 0, (31)

where

Gop(z) = BaxaR(z)xs(I—axsR(2)xs) 'xuR(z)xa « L*(Q) = L*(Q).

(32)

—V2T.p
e
|Ga,p(2)lls < C1 P (33)

where C is a positive constant which depends on z; T, := Sz > 0
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Lemma: spectral equation from operator to scalar eq.

27 Epin

ker[I — BxaR(z)xa — Gap(2)] # 0 (34)

Spectral equation

(34) is equivalent to

1 _
z—=Epn + 8 (wb’;n ,Gap(2)[I = An(2)Ga,p(2)] lwﬁ;n)LQ(Q) =

(35)
W = BXowpmn

Ap(2) is analytic in S,,.

Sylwia Kondej (joint work with K. Slipko) University of Zi{ Resonances in various quantum waveguides systems



Pole of the resolent. SK, Slipko'24

Theorem

Assume that Hy 3 has a simple, discrete eigenvalue

Esin € (Fayj ;s Fasj+1). Then the second sheet analytic continuation
of R 3(2) and has a unique pole z, € S, i.e.

ker[I — BxqaRa,0(zn)xal # 0, with the asymptotics

—V/2Es:nlp
(— )

zn(p) = Egn + O (36)
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Strategy of proof

Step 1. Auxiliary statement: the Neumann expansion. We adopt
the notation b := %, which means that b — 0 for p — co.

0(z0) = (W3 s G (2)[1 = An(2)Gap(2) ] wizn)

e Spectral eq.

(37)

L2(Q)

1
z—Egn + EU(Z' b) =0.

We have lim,_,o7(z,b) = 0 for any z € S,, and 7 assuming that
1(z,0) = 0 - continuous extension.
e The Neumann series

[I _ An(z)Ga,ﬁ(Z)]_l =14+ An(Z)Goz,,B(Z) + [An(Z)Gaﬁ(Z) ]2 _;’8
which implies ()

n(z,b) = [(wﬁ;n s Gag(2)wpn)r2@) + (Wein  Ga,p(2) An(2)Ga,p(2)Wem) L2 ()

+(Wpin , Ga,p(2)[An(2)Ga,6(2)]” Wain ) 12(0) + - | =
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Ingredients of proof

Step 2. Unique solution of the spectral equation.
e 0,1n(z;b) analytic w.r.t. z.

e This gives 0,1(2;b)|p—0 = 0, where we understand the symbol
ly=0 as the limiting value for b — 0.
For z = 3., and b = 0 the spectral eq.

2 —Egin + ﬁ_ln(z, b)=0

is satisfied.

e Applying the Implicit Function Theorem we conclude that for b
small enough the spectral eq. equation has a unique solution z,(b)
such that 7(z,(b),b) = 0.
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Ingredients of proof

Step 3. Asymptotics of the solution. \We have

1
wnlp) =& =5 | (@3 G p(2)050) 12(0) + (Wi, G 5(2) An(2)Cl

(Wi s G (2) [ An(2) G ()2 Wi )2y + ] -
(40)

As follows from the above discussion, the dominated term of z,(p)
comes from the term

—B (wpin ; Gap(2)wsm) L2(0)

for z € S,,.
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Fermi's golden rule

The first order Sz (p):
o vz, p1) = #o”}“"'(;‘)mk(;zrg) generalized eigenfunctions of
HO[,O!

® wga., bound state of Hy 3. For the special case of Hamiltonian

the dominated term turns to

2

plz(‘gﬂ;n_Ea;k

’/w@ “op(z,pr)de

2 )
pl:_(gﬁ;n_Ea;k)l/Q ’

Esin € (Fayj, Fuyjy1). Realization of

(41)

wzmeVﬁm o (- pl))

p1=%(Eg—Eq; k)1/2
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Fermi's golden rule: a trap defined by the Kato measure

e The dominated term of the imaginary component of pole takes
the form

2

— 22 || [ @ oute pance)

+ ‘ /Q L (@ (@) o1, p1))dpa(a)| } ’

P1=—(Eg;n—Fa:k)/?
(42)

P1=(Eg;n—Ea;r) /2

where ¢ (z,p1) are the generalized eigenfunctions of Hu o and let us recall
that wg;, stand for the eigenfunctions of Hy g,; the above integrals depend on
the argument p; and the indexes mean that they are determined at the specific
points p1 = £(Epin — Eau) /2.
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Fermi's golden rule

e The imaginary component of pole plays the main rule in the time
evolution of metastable state. It describes the rate of transition
from an energy eigenstate of a quantum system to an energy
continuum as an effect of a weak perturbation.

e From the physical perspective, distantly located trap allows for
controlling scattering processes and quantum transport in the
waveguide, influencing tunneling and dissipative processes.

e The distance between the trap and the waveguide can be
adjusted to impact the system dynamics (crucial for optimizing
such systems).
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Waveguide with semitransparent cavity

unpenetrable wall

1 1 unpenetrable wall
1

=0 1 =dy

Figure: The structure of the waveguide with semi-transparent barriers.

The Hamiltonian of this system can be formally written as

- 0? 0?

Ha = _6_56% — 8_35% +a6(x—]1)+a5(:c—12),
where o > 0 denotes the the strength of the delta potential, and
x = (z1,z2).

Sylwia Kondej (joint work with K. Slipko) University of ZiJ Resonances in various quantum waveguides systems



Boundary conditions

lim f(l’l,l’z): lim f(w17x2):f(07w2)

x1—0— x1—071

lim f(z1,22) = lm_f(z1,22) = f(d1,72)

11—>d1_ :01—>d_1*—
. Of(x1,22) . Of(x1, w2)
lim ZRELT2) gy, G TR)
w1E>%_ Ox1 I1E>%+ 0x1 af(0,$2)7
and 5 8
lim Of (@1, a2) lim Of (1, a2) _ o f(di, z2).
1 —d] Ox1 m1—>d;r o0x1
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Stating the problem: resonances for & — 00.

If 'a = oo then unpenetrable cavity produces eigenvalues:

unpenatrable wal

Essential spectrum:
(&) )
—) ,©
dy/

Existence of resonances for aa — oo.
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Spectral equation

) iexp (i\/mdl
14— & o
iexp (i/(rm/an)2 =54, ) ‘
“ 14— —*
2\/(7Tm/d1)2_6 QW

Ka,n (em,n _5) = det

Determinant:

K1 (emn—0) = p>+p i B 1 +exp (2id1 \/(72177171)72_5)
o \/(%)2—5 4(\/(%)2_5)2 4(,/(Z2)? — oy )
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Zeros of the determinant

fn(p,d) = K%,n(em,n —9)

Note that
fn(p7 O) =0,
We apply the implicit function theorem.

a2 (050)«(055)% — 2(0p05)+ (0p)+(05F)« + (93£) (0, )3
dp? |, (05 f)3
_ 8m2m?2 ((;lerm — 3) (43)
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Resonances

The system governed by H, given by exhibits resonances, which
manifest as the poles of the resolvent. €, , is an eigenvalue of the
system which formally corresponds to & = co. Then the resonance
is located at

T™m\ 2 ™\ 2 .
Zmon(p) = (d_l) +<d_2) + i (p) +ivm(p),  where P? )
44

and p, and v, determine the real and imaginary components of
the with the following asymptotics

Q|+

2 4m3m3

di

1.2
47em
3
dy

p+0Op7), and vpn(p) = — P+ Of).

(45)

/jm,(/)> -
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Conclusions:
@ The energy of the unpenetrable cavity (explicitly when o = oo is defined

by
™m\ 2 ™\ 2
() + (%)
The result shows when a # oo the resonances emerge. The factors
related to a are both real pn,(p) and imaginary vy, (p).

@ We see that the factor u.m, (p), representing the real part of the resolvent's

pole is linearly dependent on p, similarly as in one dimensional system.

4m2m?
i

however, we get the increasing function of a.

The negativity of the term gives us the decreasing function of p,

© The imaginary part represents the resonance width, which is connected
to its lifetime by relation
1 1
T = ~
282m.n(p)  2vm(p)

=0(a?).

© Both um(p) and v (p) do not depend on transversal quantum number.
They depend only on longitudinal quantum number which is related to
the width of di. Therefore, for the increasing longitudinal m the
resonance width is increasing.

Sylwia Kondej (joint work with K. élipko) University of Zi¢ Resonances in various quantum waveguides systems



Dirichlet cavity with small aperture

Figure: Geometry of the waveguide ¥ with a cavity C containing a gap Ie.

dy

dy

4 [ A
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Dirichlet cavity with small aperture

sl =BP) = [(7) o0). (46)

For a closed cavity, i.e., when ¢ = 0, the trapped modes give rise to
discrete energy levels

G+ ()

T —,

Lk & d

which, in fact, represent eigenvalues embedded in the essential
spectrum.
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Conjecture. SK, N. Kurtskhalia'25

Theorem

Assume that e, 1, is a simple eigenvalue of —AP (C). Then there exists a
uniquely determined function e — z(e) such that ker K°(z(¢)) # 0, with the
following asymptotic expansion

z(e) = ek + ple) +iv(e), (47)
where the real-valued functions i(¢) and v(e) satisfy
we) =0 and v(e) = O(?).

Now, suppose that €, 1, has multiplicity N. In this case, there exist N functions
e zj(e), for j =1,...,N, such that ker K°(z;(e)) # 0, with each function
admitting the asymptotic expansion

zj(e) = ek + pj(e) +ivj(e),

where the corresponding functions () and vj(e) behave as O(&?).
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Open question:

© Higher dimensional systems with attractive delta interaction on
loop and o — co. Resonances with resonant width O(a=2)?

@ Properties of the survival probability.
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Thank you
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