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0" interaction in 1d

J'(0+) = d'(0-), u'(0)=K-(u(0+)—u(0-)), KEeR.
[S. Albeverio et el. Solvable models in quantum mechanics.

With an appendix by Pavel Exner. AMS Chelsea Publ., 2005]

Surface ¢’ interaction

The surface 0’ interaction on the hypersurface ' C R":

<Z‘V’)i =+K - (uF — uT).

Here u™ denote the traces of the wave function on either side of T,

+ . L :
(%4)™ are the corresponding traces of the normal derivative taken with

respect to the unit normal vector field directed from the ‘minus’ side of
" towards the ‘plus’ side, K : I — R.
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0" interaction in 1d

J'(0+) = d'(0-), u'(0)=K-(u(0+)—u(0-)), KEeR.
[S. Albeverio et el. Solvable models in quantum mechanics.

With an appendix by Pavel Exner. AMS Chelsea Publ., 2005]

Surface ¢’ interaction

The surface 0’ interaction on the hypersurface ' C R":

<g‘y’)i =+K - (uF — uT).

Here u* denote the traces of the wave function on either side of T,

B\ 2E . . . .
(54) are the corresponding traces of the normal derivative taken with
respect to the unit normal vector field directed from the ‘minus’ side of
" towards the ‘plus’ side, K : I — R.

[J. Behrndt, M. Langer, V. Lotoreichik, AHP 14 (2013)]

[J. Behrndt, P. Exner, V. Lotoreichik, Rev.Math.Phys. 26 (2014)
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Non-local ¢’-type surface interaction

(Z)i (9 =+ | Klxy)(w() = o (1) ds,

with a non-negative symmetric continuous kernel K(x,y).
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Non-local ¢’-type surface interaction

ou\ =~
(5) 0= [ Kentwto - ) s
with a non-negative symmetric continuous kernel K(x,y).

Remark

Along with the Laplacian with these non-local interface
conditions, we may also consider (not in this talk though!) the
Laplacian subject to non-local Robin-type boundary conditions of

the form

%(X) _ i/r K(x,y)(u(x) — u(y))ds,

Here I is a subset of 99, v is the outward unit normal to 9X2.
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The analysis of Laplacians with abstract non-local boundary conditions
(covering those mentioned above) has been carried out in

[F. Gesztesy,M. Mitrea, J.Differ. Equations 247 (2009)]
[F. Behrndt, M. Langer, V. Lotoreichik, IEOT 77 (2013)]
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The analysis of Laplacians with abstract non-local boundary conditions
(covering those mentioned above) has been carried out in

[F. Gesztesy,M. Mitrea, J.Differ. Equations 247 (2009)]
[F. Behrndt, M. Langer, V. Lotoreichik, IEOT 77 (2013)]

Elliptic operators with non-local boundary conditions frequently serve as
generators of Feller semigroups associated with diffusion processes, see

[W. Feller, Ann.Math. 55 (1952)]

[W. Feller, Trans. Amer. Math. Soc. 77 (1954)]
[A.D. Ventsel, Theory Probab. Appl. 4 (1959)]
and some key follow-ups

[K.-i. Sato, T. Ueno, J.Math.KyotoUniv. 4 (1965)]

[K. Taira, Mem. Am. Math. Soc. 99 (1992)]

[E.I. Galakhov, A.L. Skubachevskii, J.Differ.Egs. 176 (2001)]
[W. Arendt, S. Kunkel, M. Kunze, J.Math. Soc. Japan 70 (2018)]
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While surface interactions are both useful and mathematically
tractable, it is important to remember that they interaction
represents an idealized approximation of a more realistic physical
description.
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Example Approximations of 8’ interactions

While surface interactions are both useful and mathematically
tractable, it is important to remember that they interaction
represents an idealized approximation of a more realistic physical
description. Thus, a central problem in this area is to understand
how such interactions can be approximated by regular models.

Approximation of 1d §’-interactions

One can approximate ¢’-interactions by Schrodinger operators
with a triple of properly scaled J-like regular potentials.
[T. Cheon, T. Shigehara, Phys.Lett. A 43 (1998)]

[P. Exner, H. Neidhardt, V.A. Zagrebnov, CMP 224 (2001)]
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(Geometric) approximation of surface §’-interactions

The Laplacian on Q C R” subject to the ¢’ conditions on the
hypersurface ' C Q can be approximated by the Neumann Laplacian on
the domain O\ [,
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the domain Q\ I'., where I (‘sieve’) is either a subset of I obtained by
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number of holes (resp., passages) tends to infinity, while their diameters
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(Geometric) approximation of surface §’-interactions

The Laplacian on Q C R” subject to the ¢’ conditions on the
hypersurface ' C Q can be approximated by the Neumann Laplacian on
the domain O\ -, where . (‘sieve’) is either a subset of " obtained by
drilling a lot of holes in it (left figure) or an e-neighbourhood of T
punctured by many narrow passages (right figure). As ¢ — 0, the
number of holes (resp., passages) tends to infinity, while their diameters
tend to zero. If the holes (resp., passages) are appropriately scaled, the
limiting behavior yields the desired §’-interaction.

[V.A. Marchenko, G.V. Suzikov, Math. Sb. 69 (1966)]

[T. Del Vecchio, Ann.Mat.Pura Appl. 147 (1987)]

6/18 A. Khrabustovskyi Approximation of non-local interface and-betndary conditions



Introduction
Main results
Example Approximations of 8’ interactions

(Geometric) approximation of surface §’-interactions

The Laplacian on Q C R” subject to the ¢’ conditions on the
hypersurface ' C Q can be approximated by the Neumann Laplacian on
the domain O\ -, where . (‘sieve’) is either a subset of " obtained by
drilling a lot of holes in it (left figure) or an e-neighbourhood of T
punctured by many narrow passages (right figure). As ¢ — 0, the
number of holes (resp., passages) tends to infinity, while their diameters
tend to zero. If the holes (resp., passages) are appropriately scaled, the
limiting behavior yields the desired §’-interaction.

[V.A. Marchenko, G.V. Suzikov, Math. Sb. 69 (1966)]

[T. Del Vecchio, Ann.Mat.Pura Appl. 147 (1987)]

(also, Attauch, Damlamian, Murat, Picard, Cioranescu, K. ...)
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Our goal is to construct approximations of the Laplacian subject to
non-local interface or boundary conditions by Neumann Laplacians.
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non-local interface or boundary conditions by Neumann Laplacians.

The nonlocal nature of the interface conditions suggests to consider a
sieve with passages connecting distant points. Implementing this idea, we
immediately face difficulties:
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non-local interface or boundary conditions by Neumann Laplacians.

The nonlocal nature of the interface conditions suggests to consider a
sieve with passages connecting distant points. Implementing this idea, we
immediately face difficulties:

e for n = 2, intersections between the passages are unavoidable;

e for n > 3, although the intersections can be avoided, we obtain in
general a highly complex sieve geometry;

e if we allow the passages to connect distant points, their lengths do
not vanish in the limit, while to get ¢’-type interactions the
passages must be short.
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Our goal is to construct approximations of the Laplacian subject to
non-local interface or boundary conditions by Neumann Laplacians.

The nonlocal nature of the interface conditions suggests to consider a
sieve with passages connecting distant points. Implementing this idea, we
immediately face difficulties:

e for n = 2, intersections between the passages are unavoidable;

e for n > 3, although the intersections can be avoided, we obtain in
general a highly complex sieve geometry;

e if we allow the passages to connect distant points, their lengths do
not vanish in the limit, while to get ¢’-type interactions the
passages must be short.

To avoid these troubling features, we consider the Neumann Laplacian
not on a domain in R”, but on a Riemannian manifold.
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e () C R” be a bounded Lipschitz domain containing the origin.
o [ ={x=(x,....,x")eR": x"=0}NQ.
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In L?(€2) we consider the sesquilinear form ) given by
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Here K : T x T — R is a continuous function, K(x,y) = K(y,x) > 0,
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e () C R” be a bounded Lipschitz domain containing the origin.
o [ ={x=(x,....,x")eR": x"=0}NQ.
o O ={x=(x'...,x") €R": £x" >0} NAQ.
In L?(€2) we consider the sesquilinear form ) given by
dom(h) = HY(Q\T),

hlu,v] = | Vu-Vvdx + | AK(X.y)(U‘(X) —u (y))(vr(x) — v=(y))dscds,
Ja\r JrJr

Here K : T x T — R is a continuous function, K(x,y) = K(y,x) > 0,
ds. stands for the surface element on I (with the subscript indicating the
variable of integration),
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Here K : T x T — R is a continuous function, K(x,y) = K(y,x) > 0,
ds. stands for the surface element on I (with the subscript indicating the
variable of integration), u" and v~ are the traces of u being taken from
QT and Q, respectively.
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e () C R” be a bounded Lipschitz domain containing the origin.
o [ ={x=(x,....,x")eR": x"=0}NQ.
o O ={x=(x'...,x") €R": £x" >0} NAQ.

In L?(€2) we consider the sesquilinear form ) given by
dom(h) = HY(Q\T),
hlu, v] = / Vu-Vvdx + / / K(x,y)(ut(x) — u=(y))(vt(x) — v—(y))dscds,
\r JrJr

Here K : T x T — R is a continuous function, K(x,y) = K(y,x) > 0,
ds. stands for the surface element on I (with the subscript indicating the
variable of integration), u" and v~ are the traces of u being taken from
QT and Q, respectively.

We denote by 77" the self-adjoint positive operator associated with §.
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Note that v = (7 + Id) *f with f € L2(Q) is the weak solution
to the following boundary value problem:

—Au+u=f in QF,
% =10 on 0%,
du*

o i./r‘ K(x,y)(u=(x) —ut(y))ds, onT.
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Note that v = (7 + Id) *f with f € L2(Q) is the weak solution
to the following boundary value problem:

—Au+u=f in QF,
ou

o 0 on 0%,
du*

i/‘K(x.y)(u(x)u (y))ds, onT.
Jr

ox"

Our goal is to approximate the resolvent (7 + Id)~! of the
operator J# by the resolvent (% + 1d)~! of the Neumann

Laplacian # on an appropriately constructed Riemannian
manifold M..
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top face
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bottom face
D~
J,€
M-
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O+

M+
"
ie
top face
T/'.j,a
bottom face
D~
J,€
M-
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Manifold M.

Example

o M* =QF+e, I

=lxep, e =(0,...,1).
O+
r o {D° CT* i€} be two families of pairwise
disjoint relatively open sets; L. is a finite set.
O
M+
&
top face
T/'.j,a
bottom face
D
J,€
M-
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o M* =QF+e, I

=lxep, e =(0,...,1).
O+
r o {D° CT* i€} be two families of pairwise
disjoint relatively open sets; L. is a finite set.
Q-
e D ={xecR"!: (x,£1) € D,“—LE}
M+
D"
top face
T/'.j,a
bottom face
€
=
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Qt
r
0
M+
D},
top face
T/'.j,a
bottom face
€
M-

o V¥ =QFte, " =T+e, e :=(0,...,1).

{D" cT* i€} be two families of pairwise
disjoint relatively open sets; L. is a finite set.

DI ={xeR": (x,+1) € Dlie}

There is a bijective map /. : [. — [ such that

D;. = D;_ provided j = £.(i).

1,
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o V¥ =QFte, " =T+e, e :=(0,...,1).

O+
r ° {D/A‘; cI*, i el.} be two families of pairwise
disjoint relatively open sets; L. is a finite set.
& e D ={xecR"!: (x,£1) € Dlie}
e There is a bijective map (. : . — I. such that
M D;. = D;_ provided j = £.(i).
D;. ' '
o For (i,j)ell. = {(ij): j=/0(i)} we set
top face
h: hi . hi: hi
iJ .. =Dt _ e IHE | A _Mije INR
i TI»J-—Df,sX[ 2 7 2 } _ngx{ 2 2 }
bottom face
D
=
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o V¥ =QFte, " =T+e, e :=(0,...,1).
O+
{D,A‘; cI*, i el.} be two families of pairwise
disjoint relatively open sets; L. is a finite set.

—
[ ]

DI ={xeR": (x,+1) € Dlie}

There is a bijective map /. : [. — [ such that

D;. = D;_ provided j = £.(i).

D/:*:E 1,
o For (i,j)ell. = {(ij): j=/0(i)} we set
hije hije| o~ - hije hije
: =D; . x|—

top face

Tije T,'J'_—r = D;rEX |:—

27 2 27 2

bottom face

e For (i,j) € L., we glue T; ;. to MT (resp.,
_ M~) by identifying the top face of T;; . and
Dy

D;
. (resp., the bottom face of T; ;. and Dj_j).
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; \ /

M :Mf\;\/wiu<“(f-j); ) T/J‘_ )/ ~

/
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= L o ) e o c g
M. =Mt UM~ U (Ugger. Tie) [ ~

We equip the manifold M. with a metric assuming that is coincides with
the Euclidean metric on each set M*, M~, T; ..
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M = Mﬁ HM7 U <H(/j);\ le >/ =

We equip the manifold M. with a metric assuming that is coincides with
the Euclidean metric on each set M*, M~, T; ..

Having the metric, we introduce the spaces L*(/M.) and H'(M.);
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M.=M"UM" U <\,/‘(,'_j)g\_ T:}j” >/ ~

We equip the manifold M. with a metric assuming that is coincides with
the Euclidean metric on each set M*, M~, T; ..

Having the metric, we introduce the spaces [?(/V.) and H'(M.); the
latter consists u : M. — C such that u [y« € H}(M*) and

ulr,.€ HYTij:) (V(i,j) € L), moreover, the traces from both sides
of S, ~ D/_ and S;_ ~ D;_ coincide.
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We equip the manifold M. with a metric assuming that is coincides with
the Euclidean metric on each set M*, M~, T; ..

Having the metric, we introduce the spaces [?(/V.) and H'(M.); the
latter consists u : M. — C such that u [y« € H}(M*) and

ulr,.€ HYTij:) (V(i,j) € L), moreover, the traces from both sides
of S, ~ D/_ and S;_ ~ D;_ coincide.

By 7. we denote the Neumann Laplacian on M,,

A. Khrabustovskyi Approximation of non-local interface and-beundary conditions



Introduction
Main results Manifold M,
Example

11/18

M. = M+ UM~ (u CTi )/N

We equip the manifold M. with a metric assuming that is coincides with
the Euclidean metric on each set M*, M~, T; ..
Having the metric, we introduce the spaces L*(/V.) and H*(M.); the
latter consists u : M. — C such that u [y« € H}(M*) and

ulr,.€ HYTij:) (V(i,j) € L), moreover, the traces from both sides
of S, ~ D/_ and S;_ ~ D;_ coincide.

By 7. we denote the Neumann Laplacian on M., i.e. the operator
acting in L?(M.) being associated with the form f_,

dom(h.) = H'(M.), b.[u,v] = (Vu, Vv)i2(m)
ou 8v ou 8v Jdu 8v
/,W Z Oxk (9xk / Z Oxk 8xk ZE]L / ; Oxk ax"
k=1 (i) e
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Let d and x;_ be the radius and the center of the smallest ball

#(d. x;") containing the set Di.

i
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Example Assumption on the manifold M,

Let d~ and x;" be the radius and the center of the smallest ball

Z(d*, x") containing the set DfE.

i i

We assume that the following conditions (C1)—(C8) hold:
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Introduction
Main results
Example Assumption on the manifold M,

Let d~ and x;" be the radius and the center of the smallest ball
#(d" ., x;") containing the set D7

i i

We assume that the following conditions (C1)—(C8) hold:
(C1) The inradii 3#; of Dfa satisfy
IC>1Viel Ve>0: df < Cdf.
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Introduction
Main results
Example Assumption on the manifold M,

Let d~ and x;" be the radius and the center of the smallest ball
Z(d", %) containing the set DfE.
We assume that the following conditions (C1)—(C8) hold:
(C1) The inradii 3#; of Dfa satisfy

IC>1Viel Ve>0: df < Cdf.
(C2) The smallest non-zero eigenvalues /\(Di) of the Neumann

Laplacian on D?EE satisfy

AC>0Viel.Ve>0: C(df)™ < AD:).
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Introduction
Main results
Example Assumption on the manifold M,

Let d~ and x;" be the radius and the center of the smallest ball
Z(d", %) containing the set DfE.
We assume that the following conditions (C1)—(C8) hold:
(C1) The inradii 3#; of Dfa satisfy
IC>1Viel Ve>0: df < Cdf.
(C2) The smallest non-zero eigenvalues /\(Di) of the Neumann
Laplacian on Di[g satisfy

AC>0Viel.Ve>0: C(df)™ < AD:).

Furthermore, there exist the numbers /),-‘.:, i € I, such that
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Introduction
Main results
Example Assumption on the manifold M,

Let d~ and x;" be the radius and the center of the smallest ball
#(d" ., x;") containing the set D7

We assume that the following conditions (C1)—(C8) hold:
(C1) The inradii 3#; of Dfa satisfy
IC>1Viel Ve>0: df < Cdf.

(C2) The smallest non-zero eigenvalues /\(Di) of the Neumann
Laplacian on Di[g satisfy

AC>0Viel.Ve>0: C(df)™ < AD:).

Furthermore, there exist the numbers /),-‘.:, i € I, such that

(C3) supjer. pfg —0as -0,
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Introduction
Main results
Example Assumption on the manifold M,

Let d~ and x;" be the radius and the center of the smallest ball
Z(d", %) containing the set D?,EE.
We assume that the following conditions (C1)—(C8) hold:
(C1) The inradii d- of DY satisfy
IC>1Viel Ve>0: df < Cdf.
(C2) The smallest non-zero eigenvalues /\(Di) of the Neumann
Laplacian on Di[g satisfy
AC>0Viel.Ve>0: C(df)™ < AD:).

Furthermore, there exist the numbers /)l-‘.:, i € I, such that

(C3) supjer. pfe —0as -0,
(C4) %n—l(pfe’xli) N ‘%n—l(piﬁa’xlfs) =0, Vi,k €L, i#k,
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Example Assumption on the manifold M,

Let d~ and x;" be the radius and the center of the smallest ball
Z(d", %) containing the set D?,EE.
We assume that the following conditions (C1)—(C8) hold:
(C1) The inradii d- of DY satisfy
IC>1Viel Ve>0: df < Cdf.
(C2) The smallest non-zero eigenvalues /\(Di) of the Neumann
Laplacian on Di[g satisfy
AC>0Viel.Ve>0: C(df)™ < AD:).

Furthermore, there exist the numbers /)l-‘.:, i € I, such that

(C3) supjer. pfe —0as -0,
(C4) %n—l(pfe’xli) N ‘%n—l(piﬁa’xlfs) =0, Vi,k €L, i#k,
(C5) supier, (p2)"*(d2)* " — 0 as £ »0as n > 3, and

SUPjer, /’i In d,i —+0as e—+0asn=2.
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Example Assumption on the manifold M,

(C6) Sup(,-J)eLs hf7j75 — O as € — O
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Example Assumption on the manifold M,

(C6) sup(; jyerL. hije =0 as e = 0.

ij)
(C7) Ve >0VY(i,j) €L, :

ihjse ihjse

DF. I}k = D} Ik, < Cmin {(57.)" % (o)1}
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(C6)
(C7)

13/18

SUP(; j)eL. hije—+0 as € = 0.

Ve > 0 V(i,j) € L

DF. I}k = D} Ik, < Cmin {(57.)" % (o)1}

For each v € C(I' x T') one has

1,7

Z D} | (X, x ) — K(x,y)v(x,y)dscds, as € =0,

(i.j)ELe T
where X’TE = ( I+€, 0) and X (xj_7570).

A. Khrabustovskyi Approximation of non-local interface and-beundary conditions



Introduction
Main results
Example Assumption on the manifold M,

Since 7 and 7 act in different Hilbert spaces L2(M.) and L2(Q), we
need a suitable operator 7. : L?(M.) — L?(%).
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Introduction
Main results
Example Assumption on the manifold M,

Since 7 and 7 act in different Hilbert spaces L2(M.) and L2(Q), we
need a suitable operator 7. : L?(M.) — L?(2). We choose it by

fixt ..., x""Lx"+1), x

fixt ..., x""1x"—1), x

(x,...,x") € QF,
(x4 ..., x") eQ .

(/sf)(xl, o ’anlyxn) _
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Since 7 and 7 act in different Hilbert spaces L2(M.) and L2(Q), we
need a suitable operator 7. : L?(M.) — L?(2). We choose it by

bl fixh .. x"Ux"+ 1), x=(x,...,x") € QF,
(ZA)(xH . x 1,X)_{

fixt . .o, x"Lx"—1), x=(x}....,x") €.

The dependence of this operator on ¢ is merely formal — it ‘drags’ f from
Mt UM~ to Q" UQ™, while the values of f on T;j . do not affect #.f.
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Introduction
Main results
Example Assumption on the manifold M,

Since 7 and 7 act in different Hilbert spaces L2(M.) and L2(Q), we
need a suitable operator 7. : L?(M.) — L?(2). We choose it by

bl fixh ..., x""Lx"+1), x=(x},...,x") € QF,
(/Ef)(xl,...,x 1,X)_{

fixt . .o, x"Lx"—1), x=(x}....,x") €.

The dependence of this operator on ¢ is merely formal — it ‘drags’ f from
Mt UM~ to Q" UQ™, while the values of f on T;j . do not affect #.f.

Theorem 1

Let {£. € L?(M.)}. be a family of functions satisfying

!@o(% 1lEer, =00 ol = Fin %(Q) as e =0 (x)
1,J)€le

with some f € L?(Q).
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Introduction
Main results
Example Assumption on the manifold M,

Since S and 7 act in different Hilbert spaces L?(M.) and L%(Q), we

need a suitable operator 7. : L?(M.) — L?(2). We choose it by

P | N R
fixt . .o, x"Lx"—1), x=(x}....,x") €.

The dependence of this operator on ¢ is merely formal — it ‘drags’ f from
Mt UM~ to Q" UQ™, while the values of f on T;j . do not affect #.f.

Theorem 1

Let {£. € L?(M.)}. be a family of functions satisfying

!@o(% 1lEer, =00 ol = Fin %(Q) as e =0 (x)
1,J)€le

with some f € L?(Q). Then, the following holds:

I (A +1d) e = (A +1d)  in HY(Q\T) as € — 0.
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Example Assumption on the manifold M,

Since the manifold M. is compact, the spectrum of the operator JZ is
purely discrete.
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Introduction
Main results
Example Assumption on the manifold M,

Since the manifold M. is compact, the spectrum of the operator JZ is
purely discrete. We denote by { A, ., k € N} the sequence of eigenvalues
of the operator 77 ordered in ascending order and counted with
multiplicities.
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Introduction
Main results
Example Assumption on the manifold M,

Since the manifold M. is compact, the spectrum of the operator JZ is
purely discrete. We denote by { A, ., k € N} the sequence of eigenvalues
of the operator 77 ordered in ascending order and counted with
multiplicities. We denote by {u, ., k € N} the associated sequence of
eigenfunctions such that (uk ., usc)2(m.) = Oke-
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Since the manifold M. is compact, the spectrum of the operator JZ is
purely discrete. We denote by { A, ., k € N} the sequence of eigenvalues
of the operator 7 ordered in ascending order and counted with
multiplicities. We denote by {u, ., k € N} the associated sequence of
eigenfunctions such that (uk.c, usc)2(m.) = Oke. Similarly, by

{ Ak, k € N} we denote the sequence of elgenvalues of the operator 7.
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Introduction
Main results
Example Assumption on the manifold M,

Since the manifold M. is compact, the spectrum of the operator JZ is
purely discrete. We denote by {\, .. k € N} the sequence of eigenvalues
of the operator 7 ordered in ascending order and counted with
multiplicities. We denote by {u, ., k € N} the associated sequence of
eigenfunctions such that (u.., us g)Lz = Oke. Similarly, by

{Ax, k€ N} we denote the sequence of elgenvalues of the operator 7.

Theorem 2
One has for each kK € N:

/\k.; %/\k as ¢ — 0.
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Introduction
Main results
Example Assumption on the manifold M,

Since the manifold M. is compact, the spectrum of the operator JZ is
purely discrete. We denote by {\, .. k € N} the sequence of eigenvalues
of the operator 7 ordered in ascending order and counted with
multiplicities. We denote by {u, ., k € N} the associated sequence of
eigenfunctions such that (u.., us g)Lz = Oke. Similarly, by

{Ax, k€ N} we denote the sequence of elgenvalues of the operator 7.

Theorem 2
One has for each kK € N:

/\k.; %/\k as ¢ — 0.

If the eigenvalue \; satisfies \;_1 < A\j = X1 =" = Aim1 < Aiym
(i.e., Aj has multiplicity m) and v is an eigenfunction associated to \;,
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Introduction
Main results
Example Assumption on the manifold M,

Since the manifold M. is compact, the spectrum of the operator JZ is
purely discrete. We denote by {\, .. k € N} the sequence of eigenvalues
of the operator 7 ordered in ascending order and counted with
multiplicities. We denote by {u, ., k € N} the associated sequence of

eigenfunctions such that (u.., us g)Lz = Ox¢. Similarly, by
{Ax, k€ N} we denote the sequence of elgenvalues of the operator 7.

Theorem 2
One has for each kK € N:

/\k.; %/\k as ¢ — 0.

If the eigenvalue \; satisfies \;_1 < A\j = X1 =" = Aim1 < Aiym
(i.e., Aj has multiplicity m) and v is an eigenfunction associated to \;,
then there exists u. € span{ux ., k =j,...,j+ m — 1} such that

| Zeus — ul|2) — 0.
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Main results Manifold M
Example Assumption on the manifold M,

Let {f. € H}(M.)}. be a family of functions satisfying the assumptions
(%) from Theorem 1, moreover

I fellprm.y < C.
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Theorem 3

Let {f. € H}(M.)}. be a family of functions satisfying the assumptions
(%) from Theorem 1, moreover

Ifelltem.) < C.
Then the following holds:

VT >0: ||m0tn35x | Z<(exp(—s#2t)f.) — exp(—H# t)fHL,(Q) = 0.
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e The sets ™ (left) and I~ (right).
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e The sets ™ (left) and I~ (right).
e The big cubes have a side length ¢.
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Example

e The sets ™ (left) and I~ (right).
e The big cubes have a side length ¢.

e The small cubes have a side length Ce2.
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The sets '™ (left) and I~ (right).

The big cubes have a side length ¢.

The small cubes have a side length Ce2.

The sets D& are placed in the centers of the small cubes.
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Example

e The sets ™ (left) and I~ (right).

e The big cubes have a side length ¢.

e The small cubes have a side length Ce2.

e The sets D,-’iE are placed in the centers of the small cubes.

e The dotted lines represent pairs of small cubes such that the sets

D;". and D; . located within these cubes, are connected by Tj..

17 /18 A. Khrabustovskyi Approximation of non-local interface and-betndary conditions



Introduction
Main results
Example

Thank you for the attention !
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