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Introduction Subharmonic Comparison Principles
O al

Subharmonic Comparison Principles

o developed to study solutions of Schrodinger equation by Agmon

@ compare subsolution and supersolution of given equation
o Let E€R.
o We call f a supersolution of H at energy E in Q if

o We call g a subsolution of H at energy E in Q if
(¢,(H—E)g) <0, V¢e CX(Q),¢2>0.

f(x),g(x) }

o0 Q X
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Introduction S nonic Comparison Principles
Result
>roof

Agmon'’s Subharmonic Comparison Lemma

Setting of the Problem
@ Let H= —A+ V be a Schrodinger operator defined by the quadratic form

(o, H) == (Vp, Vib) + (@, V)

for ¢, € H'(RY)

@ V is an infinitesimally form small perturbation of (V-, V)

o (p, Vi) = (sgn(V)| V|20, |V|"%) where sgn(t) = t/|t| when t # 0 and
sgn(0) :=0.

Inner Boundary Layer oQ

o Let Q C R? be an open set with boundary dQ

o 9Q is a subset of the closure of Q

o 0K contains the boundary of Q

e O\ 9K has locally positive distance from the boundary 09.
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Introduction S armonic Comparison Principles
Result

Agmon'’s Subharmonic Comparison Lemma

Agmon’s Subharmonic Comparison Lemma

Let Q be an open subset of RY, f a positive supersolution and g a subsolution
of H at energy E in €. Assume that for some A > 1

lim inf L*Z/ gldx=0
=9 QN{L<|x|<AL}

where gy = sup(g, 0) is the positive part of g, and

f>g for (almost) all x € OQ

where O is an inner boundary layer of Q. Then f > g almost everywhere in Q.)

@ in original Agmon result Q is a neighborhood of infinity
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Introduction S nonic Comparison Principles

O Result

Sketch of Proof

Sketch of Proof

Main Ingredients of the Proof

IMS formula

Re(V(E2p), Vo) = (V(Ep), V(£0)) — (0, |VE[ )

where ¢ € H*(RY), £ € Wh*°(RY)
especially

Re(€%p, Hyp) = (Ep, HEQ) — (0, |VE]p)

Positive Part as Subsolution

Let g be a real subsolution of H at energy E in Q then gi := max{g,0} is a
positive subsolution of H at energy E in Q
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Introduction S vic Comparison Principles

Sketch of Proof

o f supersolution, g subsolution of H — E

define u := (g — f)+ which is subsolution of H — E
take ¢ € C§°(RY)
@ u is a subsolution

(€u, (H = E)éu) — (u,|VEPu) = Re(€?u, (H — E)u) = (€%u,(H— E)u) <0
ie. (€u,(H— E)u) < (u,|VEPu) forall € € C5°(Q)

o f is a supersolution, p = ‘5—;’
0 < (i, (H— E)f) = (o°F, (H— E)f) = (€u, (H — E)éu) — (F, [V ($¢) 'F)
ie. (f, |v(5")| F) < (€u, (H — E)¢u) for all € € C5°(Q)

@ the previous gives us
9 (2)[ ) < fu. Ve

@ considering a sequence £, — 1 we get

u=cf in xe€Q

which completes the proof because u =0 in 9 and f >0 everywhere
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New Results

Discrete Setting

Discrete Laplacian

(—A¢)n = > (Yn—tm)=2d¢n— Y tm nel’

mezd mez?
|m—n|=1 |m—n|=1
Discrete Schrédinger Operator
Hy :=—-A+V

where (V4)), := Viabn, n € 74 is real multiplication operator on maximal
domain Dom V := {4 € (*(Z%) | V¥ € *(Z7)}

Subsolutions and Supersolutions

Let Q c Z? and A € R. Functions u, w : Z¢ — R are called subsolution and
supersolution of the equation (Hy — )¢ =0 in Q, if

[(Hy = A)ul, <0 and  [(Hv —A)wl, >0,

for all n € €, respectively.
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Variant
New Results o al Variant
of Proof

Discrete Agmon's Comparison Principle

Discrete Comparison Principle (Jex, Stampach 2025)

Let N € N, XA € R, and w be a strictly positive supersolution of (Hy — A\)y =0
in Z‘é,\,. Suppose further that u is a subsolution of (Hy — A)y =0 in Z‘é,\,
satisfying

d
Iiminf% Z Z|unu,,,5j\ =0

M— oo
M<|n|<aM j=1
for some o > 1. Then, for all n € Zi,\,, one has

un < Cwy,

where C is any positive constant such that

szax{ﬂ ‘ N—1§|n|<N+1}‘
Whn
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New Results

Sketch of Proof

Main Ingredients of the Proof

Summation by Parts Identity

Let ¢,% € Co(Z9). If po =0 for all n € Z such that N —1 < [n| < N +1,

then the identity
D> 6n (Di), = D (Djd)athn

In[>N In[>N

holds for all j € {1,...,d}.

Positive Part as Subsolution

If u is a subsolution of (Hy — A\)y» = 0 in Q C Z%, then uy := max(0, u) is also
a subsolution of (Hy — ) =0 in Q.

4
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New Results

Setting of Problem

Hamiltonian
H=K+V

for suitable multiplication potential V

Non-local part of operator
defined by quadratic form

(o, K¢p) = / K6 y)(e(x) = @(y)) (4 (x) — ¢ (y))dxdy

where K(x,y) > 0 for all x,y.

Subsolutions and Supersolutions

Let « € R. We call u a a-subsolution of H in Q if
(6, (H—a)u) <0, Voe CZ(RQ),0>0.
We call v a a-supersolution of H in Q if
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New Results

Non-Local Comparison Principle

Hypothesis 1

Let u € D(K). We say that u is admissible if there exists a sequence

R—o00

Xr € CZ(R2), x) —— 1 pointwise such that

lim inf K(x,y) (X (%) —X (%))2 uy(x)us(y) =0

R— oo Q2

holds.

Comparison Principle

Let u be a a-subsolution of K+ V in Q and v be positive a-supersolution of
K + V in Q. Furthermore assume that u satisfies Hypothesis 1 and there exists
C,0 e R

u(x) < Cv(x), Vxe{yeQd(y,00)<d}

then

u(x) < Cv(x), VxeQ

.
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New Results

“IMS" formula

Let K be as above, then
Re(&%p, Ko) = (€0, KEp) — Le(0, )
where Le(p,9) = [ K(x,y)(€(x) — E(¥))(E(x) — E(¥))B(x)(y)dxdy.

Sketch of Proof

o write left hand side as

Re(€?p. Kie) = [ K(x.y)Re [€00709) — €0700N)(#(x) — ()] dxdy

@ use the identity for complex numbers
Re(a%c — b2d)(c — d) = |ac — bd|* — (a — b)*Re(cd)

where c,d € Cand a,b € R
o L¢(p,p) being symmetric completes the proof
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New Results

Subsolution - Positive Part

Positive part
Let K be as above and let v be a real valued a-subsolution of H =K + V.
Then 14 is a-subsolution of H.

Sketch of Proof
@ introduce notation

ve = VY +e= Vi te

e—0

@ one can see that 2¢y =t + |¢] and 2hy =1+ he = 20hy

o calculate

2(p, Kipe) = (o, K¥) + (p, Kpe) = <s@ (1 + %) ,Kw> + &

where & = (@, Kibe) — <<p%7 Kw>
@ show that & <0
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New Results

Sketch of Proof

analogous to previous theorems

use IMS

use the fact that positive part of subsolution is again subsolution
define w(x) = (u(x) — Cv(x))+

take

0> <£2W7(K +V- N‘)W> = <£W7(K +V- /J,)§W> - »Cg(W, W)
and for p = '57""

0< (pPv, (K+V = p)v) = (€w, (K + V — p)éw) — L,(v,v)
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