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[Xj ,Xk ] = 0, [Pj ,Pk ] = 0, [Xj ,Pk ] = iδjk

• Heisenberg(-Weyl) Lie algebra/group:
hn = Rn × Rn × R, [(q, p, t), (q′, p′, t ′)] = [(0, 0, ⟨p, q′⟩ − ⟨p′, q⟩)]
Hn = (hn, ·), x · y := x + y + 1

2 [x , y ]

• irreducible unitary representation πλ : Hn → U(L2(Rn)) for λ ∈ R \ {0},

πλ(q, p, t)f (x) = eiλ(⟨p,x⟩+
1
2
⟨p,q⟩+t)f (q + x)

; 1
i dπλ(1k , 0, 0)f (x) =

1

i

∂f

∂qk︸ ︷︷ ︸
Pk f

, 1
i dπλ(0, 1j , 0)f (q) = λ qj f (q)︸ ︷︷ ︸

Xj f

Problem on the Canonical Commutation Relations (CCR)

Is the “canonical host group” in some sense unique?
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The unitary dual space of the Heisenberg group Hn

� The CCR (resp., with [·, ·] replaced by a Poisson bracket) arise in
representations (resp., on coadjoint orbits) of many Lie groups.

For the uniqueness problem we need all unitary irreducible representations,
along with the topology on their set of equivalence classes.

• Besides the ∞-dim. representations πλ : Hn → U(L2(Rn)), there are the
1-dim. representations χa,b : Hn → U(1) for (a, b) ∈ Rn × Rn,

χa,b(q, p, t) := ei(a·p+b·q)

• Ĥn = {[πλ] | λ ∈ R \ {0}} ∪ {χa,b | (a, b) ∈ Rn ×Rn} ≃ (R \ {0}) ⊔R2n

endowed with the (non-separated!) topology given by the condition:

If λn −→
n→∞

0 in R \ {0}, then [πλn ] −→n→∞
χa,b in Ĥn for all (a, b) ∈ R2n
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Direct and inverse problems in representation theory

• G is a Lie group (i.e., group with a compatible smooth structure)
Recall: The Lie groups form a full subcategory of topological groups, since every

continuous morphism of Lie groups is smooth.

• Ĝ = equivalence classes [π] of irreducible unitary repres. π : G → U(Hπ)
Recall: G ×Hπ → Hπ, (g , v) 7→ π(g)v is a continuous group action; no nontrivial

invariant subspaces

• Topology of Ĝ is defined by convergence of representation coefficients
cvu := ⟨v , π(·)u⟩ ∈ C(G ,C), u, v ∈ Hπ, on the compact subsets of G .
E.g., if Hπ = Cn, then π(·) = (cjk(·))j,k : G → U(n).

Direct Problem ( G // Ĝ ). Describe Ĝ in terms of G itself.

Inverse Problem ( G Ĝoo ). Can G be recovered from Ĝ?
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• Topology of Ĝ is defined by convergence of representation coefficients
cvu := ⟨v , π(·)u⟩ ∈ C(G ,C), u, v ∈ Hπ, on the compact subsets of G .
E.g., if Hπ = Cn, then π(·) = (cjk(·))j,k : G → U(n).
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Inverse Problem ( G Ĝoo ). Can G be recovered from Ĝ?
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The Inverse Problem ( G Ĝoo ) for commutative groups

If G is commutative, then Ĝ ≃ Hom (G ,U(1)) (again a group) and

G
∼−→ ̂̂

G as topological groups (Pontryagin duality).

If Gn := (Rn,+) then (Rn,+)
∼−→(Ĝn, ·), λ 7→ ei⟨λ,•⟩ hence

Gn ≃ Gm as Lie groups (i.e., n = m)
⇕

Ĝn ≃ Ĝm as locally compact topological spaces�
⇕

C0(Ĝn) ≃ C0(Ĝm) as commutative C ∗-algebras

This suggests that IP for noncommutative Lie groups may be approached
via noncommutative topology, that is, C ∗-algebras.
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C0(Ĝn) ≃ C0(Ĝm) as commutative C ∗-algebras

This suggests that IP for noncommutative Lie groups may be approached
via noncommutative topology, that is, C ∗-algebras.
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The Inverse Problem ( G Ĝoo ) for commutative groups
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Daniel Beltiţă (IMAR) C∗-algebraic rigidity of Heisenberg groups Prague, 27.08.2025 6 / 13



Group C ∗-algebras

• C ∗-algebra A: associative Banach ∗-algebra/C, ∥a∗a∥ = ∥a∥2 for a ∈ A
Equivalently: subalgebra A = A∥·∥ ⊆ B(H) with a ∈ A ⇔ a∗ ∈ A

• Â the set of all equivalence classes [π] of irred. ∗-repres. π : A → B(Hπ)

• G Lie group

• π : G → U(Hπ) repres. ; π : Cc(G ) → B(Hπ), π(f ) =
∫
G

f (x)π(x)dx

Here π(f )π(h) = π(f ∗h) and π(f )∗ = π(f ∗) with f ∗ h, f ∗ ∈ Cc(G) independent on π.

• C ∗(G ) := Cc(G )
∥·∥

, where ∥f ∥ := sup
[π]∈Ĝ

∥π(f )∥ ≤
∫
G

|f (x)|dx

Fact: Ĝ ≃ Ĉ ∗(G ) so the unitary dual Ĝ can be recovered from C ∗(G )
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Equivalently: subalgebra A = A∥·∥ ⊆ B(H) with a ∈ A ⇔ a∗ ∈ A

• Â the set of all equivalence classes [π] of irred. ∗-repres. π : A → B(Hπ)

• G Lie group

• π : G → U(Hπ) repres. ; π : Cc(G ) → B(Hπ), π(f ) =
∫
G

f (x)π(x)dx
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C ∗-rigidity of Lie groups

Given a class of Lie groups G and G0 in G .
G0 is called C ∗-rigid within G if C ∗(G0) ≃ C ∗(G ) ⇔ G0 ≃ G for all G in G

Which groups are C ∗-rigid within the class of 1-connected Lie groups?

(i.e., connected and simply connected)

Example (commutative groups):
Let G0,G be 1-connected Lie groups with G0 commutative,
hence G0 ≃ (Rn,+).

Step 1: C ∗(G0) ≃ C ∗(G ) =⇒ C ∗(G ) commutative =⇒ G commutative

Step 2: C0(Ĝ0) ≃ C0(Ĝ ) =⇒ G0 ≃ G as above, by Brouwer’s theorem

Daniel Beltiţă (IMAR) C∗-algebraic rigidity of Heisenberg groups Prague, 27.08.2025 8 / 13



C ∗-rigidity of Lie groups

Given a class of Lie groups G and G0 in G .
G0 is called C ∗-rigid within G if C ∗(G0) ≃ C ∗(G ) ⇔ G0 ≃ G for all G in G

Which groups are C ∗-rigid within the class of 1-connected Lie groups?

(i.e., connected and simply connected)

Example (commutative groups):
Let G0,G be 1-connected Lie groups with G0 commutative,
hence G0 ≃ (Rn,+).

Step 1: C ∗(G0) ≃ C ∗(G ) =⇒ C ∗(G ) commutative =⇒ G commutative

Step 2: C0(Ĝ0) ≃ C0(Ĝ ) =⇒ G0 ≃ G as above, by Brouwer’s theorem
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Counterexamples

Example 1 (compact groups). For the torus U(1)n we have Zn ∼−→ Û(1)n,
via α 7→ χα, where χα(z) = zα.

; U(1)n ̸≃ U(1)m as Lie groups if n ̸= m, yet Û(1)n ≃ Û(1)m since
Zn ≃ Zm as topological spaces, hence C ∗(U(1)n) ≃ C ∗(U(1)m).

; We stick to 1-connected Lie groups.

Example 2 (1-connected solvable Lie groups). For D ∈ Mn(R) let
GD := Rn ⋊D R with (b1, t1) · (b2, t2) = (b1 + et1Db2, t1 + t2).

Also let nD± be the number of eigenvalues z ∈ σ(D) with ±Re z > 0.

If Dj ∈ Mn(R) and n
Dj

+ + n
Dj

− = n for j = 1, 2, then

▶ GD1 ≃ GD2 as Lie groups iff σ(D1) = r · σ(D2) for some r ∈ R \ {0}
▶ C ∗(GD1) ≃ C ∗(GD2) iff {nD1

+ , nD1
− } = {nD2

+ , nD2
− }.
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via α 7→ χα, where χα(z) = zα.

; U(1)n ̸≃ U(1)m as Lie groups if n ̸= m, yet Û(1)n ≃ Û(1)m since
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Daniel Beltiţă (IMAR) C∗-algebraic rigidity of Heisenberg groups Prague, 27.08.2025 9 / 13



The main result

Theorem

Heisenberg groups are C ∗-rigid within the class of 1-connected Lie groups.

That is, for every 1-connected Lie group,

Hn ≃ G ⇐⇒ C ∗(Hn) ≃ C ∗(G )
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A breakdown of the proof

If G is a Lie group and C ∗(G ) ≃ C ∗(Hn), then

G 1-connected
Step1
=⇒ G solvable

Step2
=⇒ G nilpotent

Step3
=⇒ G ≃ Hn.

Step 1:
(a) Ĝ ≃ Ĥn ; special topological features of Ĝ : finite subsets are closed;
every limit set is either a singleton or R2n

(b) G = G1 × (S ⋊ K ) by structure theory of Lie groups,

where G1 is semisimple, K is compact semisimple, and S is solvable.

; C ∗(Hn) ≃ C ∗(G ) = C ∗(G1)⊗ C ∗(S ⋊ K ) and Ĥn ≃ Ĝ1 × Ŝ ⋊ K

(c) Hn has no irred. representations of finite dim. > 1 ; K = {1}

(d) Every limit set in Ĝ1 is at most countable ; G1 = {1}.

Thus G = S is a solvable Lie group.
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(d) Every limit set in Ĝ1 is at most countable ; G1 = {1}.

Thus G = S is a solvable Lie group.
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A breakdown of the proof

If G is a Lie group and C ∗(G ) ≃ C ∗(Hn), then

G 1-connected
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=⇒ G solvable
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A breakdown of the proof (2)

If G is a Lie group and C ∗(G ) ≃ C ∗(Hn), then G is solvable by Step 1.
Next:

G solvable
Step2
=⇒ G nilpotent

Step3
=⇒ G ≃ Hn.

Step 2: The orbits of the coadjoint action of Hn on the dual of its Lie
algebra are closed and 1-connected.

(a) Ĝ ≃ Ĥn ; The coadjoint orbits of G are closed and 1-connected, too.

(b) The above properties implies that G is nilpotent.

Step 3: Hn is C ∗-rigid within the class of nilpotent Lie groups
(earlier result).

Q.E.D.

Daniel Beltiţă (IMAR) C∗-algebraic rigidity of Heisenberg groups Prague, 27.08.2025 12 / 13



A breakdown of the proof (2)

If G is a Lie group and C ∗(G ) ≃ C ∗(Hn), then G is solvable by Step 1.
Next:

G solvable

Step2
=⇒ G nilpotent

Step3
=⇒ G ≃ Hn.

Step 2: The orbits of the coadjoint action of Hn on the dual of its Lie
algebra are closed and 1-connected.
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Refinement of C ∗(G ) ≃ C ∗(Hn) =⇒ G ≃ Hn

Recall: For any Lie groups G and H, C ∗(G ) ≃ C ∗(H) =⇒ Ĝ ≃ Ĥ

Question: Ĝ ≃ Ĥ
?

=⇒ G ≃ H

Answer: YES if H = Hn.

Note: Ĝ carries less information than C ∗(G ).

E.g., the compact Lie groups SU(2) and SU(3) are 1-connected and

ŜU(2) ≃ ŜU(3) but C ∗(SU(2)) ̸≃ C ∗(SU(3)).
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ŜU(2) ≃ ŜU(3) but C ∗(SU(2)) ̸≃ C ∗(SU(3)).
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Note: Ĝ carries less information than C ∗(G ).

E.g., the compact Lie groups SU(2) and SU(3) are 1-connected and
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