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Question: What happens if one locally perturbs a periodic Schrodinger
operator?

In 1D this was studied extensively since the 1970s (e.g. [Zh71], [Fa89],
[GS93]).

Higher-dimensional fully periodic settings were analyzed later ([DH86],
[FK98], [ADH89]).

Related mechanism: “conspiracy of wells’ — nearby attractive wells can
bind even if each alone is subcritical. ([KS79])

Recently: geometric perturbations of soft waveguides [EV24], and curved
arrays of symmetric wells [Ex24], also produce discrete spectrum.

Our question here: can much weaker local shifts (of finitely many wells)

already produce eigenvalues at the band bottom?
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Formally, we consider

Hyy = =2+ Vi(x), on H*(RY),
j

where the set Y encodes the positions of the centers of the wells.

The wells are: real-valued nonnegative V' € LP(X, g(0)), where p = 2 for
v=2,3and p> v for v > 4 and £, (0) = (—p, p) x Br(0).

The array is constructed by shifting V', i.e.

Vi i x = V(x—yj), with £, p(yi) :== L, r(0) + yi
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Properties of the unperturbed Hy y,

Hv v, is self-adjoint, bounded from below and with
O'(Hv7y0) = Uess(HV,Yo). where [0,00) C U(HV,YO) and infO'(Hvyyo) < 0.

In the negative part there may or may not be gaps, their number is finite
and does not exceed #04isc(Hy ).
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Properties of the perturbed Hy y

Proposition (3.1.)

Hy .y is self-adjoint on H*(R¥) for any local perturbation and
Uess(HV,Y) = UesS(HV,Yo)'
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Properties of the perturbed Hy y

Proposition (3.1.)

Hy .y is self-adjoint on H*(R¥) for any local perturbation and
Uess(HV,Y) = UesS(HV,Yo)'

@ The perturbation is well-defined

@ lts essential spectrum is stable
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Main result
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Main result
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Proof Qutline

Let kg be —m% = inf o(Hvy,) it is then enough to check that there is a
k> Ko s.t. 1 € o(Ky,y(—k?2)) , which happens precisely when
supa(Ky,y(—+3)) > 1.

The goal: Find a trial function ¢ € L?(suppVy) s.t.

(&, Kv,v(—#3)) > [|9]*
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Proof Outline
Trial function construction:

Take the generalized eigenfunction 1y corresponding to the bottom of the
essential spectrum of Hy y,.
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Kv.y, is ¢o = V1/21/J0. We proceed with ¢g (£ + y;) := ¢o(€), where
{¢Ou € E: jeZ L2( (}7))}-
But now ¢g is not yet in L2(suppVy).

2

Molliﬁer: hn(X) = Zi h,,Jsz,R(y‘.)(X), th = ,72’77_"_,2
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Proof Outline
Trial function construction:

Take the generalized eigenfunction 1y corresponding to the bottom of the
essential spectrum of Hy y,. The corresponding gen. eigenfunction for

Kv.y, is ¢o = V1/21/J0. We proceed with ¢g (£ + y;) := ¢o(€), where
{¢Ou € E: jcZ L2( (}7))}-

But now ¢g is not yet in L2(suppVy).
Mollifier: ha(x) = 32 i X5, () (X): i = =2

n2+4i2°

The effect of the mollifier is arbitrarily small:
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Proof Qutline

Trial function construction:

Take the generalized eigenfunction 1y corresponding to the bottom of the
essential spectrum of Hy y,. The corresponding gen. eigenfunction for

Kv.y, is ¢o = Vl/Qwo. We proceed with ¢g (£ + y;) := ¢o(&), where
{¢0J € E: jcZ L2( (}9))}.

But now ¢g is not yet in L2(suppVy).

Mollifier: ha(x) = 32 i X5, () (X): i = =2

n2+4i2°

The effect of the mollifier is arbitrarily small:

(hndo, Kv,vo(—K5)hndo) — || Andol|* = O(n~2) — 0.
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Proof Qutline

Now we have:

(hntbo, Kv,y (—£5)hndo) — ||hndoll* > O,

holds for n large enough. We can add and subtract
(hnoo, Kv,vo(—#3) hntbo) to the LHS and use the lemma to get

nirgo(hn%, Kv,y (—53)hnt0) — (hndo, Kv, v, (— k) hntdo) > 0

Due to the local character of the perturbation and some technicalities we

have
>~ (0, [KUD(=18) — KUD,(~rB)] o)

ijez
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Proof Outline
We have the perturbation shift along the first axis

mi ==y =+

Further the relative shifts of the neighbouring points §; = (yj11 — yj)1 — a
Then

max(ij)—1

nij = Z dr

r=min(i)
This quantity has zero mean
> i =0.
ijez

This suggests to employ Jensen inequality! But, we cannot use the
convexity of the resolvent directly, since the perturbation enters its
argument through Euclidian distance.
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Proof Qutline

Under the non-optimal condition R < py/v — 1, we have strict convexity.

We can thus use, again after some technicalities, the Jensen inequality and
by assumption for at least some i, j, n;; # 0, thus we have positivity.

14 /17



Conclusion

e Studied local perturbations of a straight, equidistant array of disjoint
wells in RV (v>2).

15 /17



Conclusion

e Studied local perturbations of a straight, equidistant array of disjoint
wells in RV (v>2).

@ Main result: any local perturbation creates discrete eigenvalues below
the threshold

15 /17



Conclusion

e Studied local perturbations of a straight, equidistant array of disjoint
wells in RV (v>2).

@ Main result: any local perturbation creates discrete eigenvalues below
the threshold

@ The ratio condition R < py/v — 1 used to preserve convexity.

15 /17



Conclusion

e Studied local perturbations of a straight, equidistant array of disjoint
wells in RV (v>2).

@ Main result: any local perturbation creates discrete eigenvalues below
the threshold

@ The ratio condition R < py/v — 1 used to preserve convexity.

e This condition is sufficient but not necessary (likely proof artifact;
estimates are rough).

15 /17



Conclusion

e Studied local perturbations of a straight, equidistant array of disjoint
wells in RV (v>2).

@ Main result: any local perturbation creates discrete eigenvalues below
the threshold

@ The ratio condition R < py/v — 1 used to preserve convexity.

e This condition is sufficient but not necessary (likely proof artifact;
estimates are rough).

@ Possible goals are to relax aspect-ratio bound(find optimal bound for
convexity); allow decaying (non-compact) shifts
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