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One species of bosons
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Math description of Bose gases: interacting particles

® N bosons in a box Q

Q=[-L/2,L/2]® CR3. \
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Math description of Bose gases: interacting particles

® N bosons in a box Q

Q=[-L/2,L/2]® CR3. \

® Hamiltonian:

Hy = Z —Aj+ Z v(x; — xj), acting on L2(QM).
1<i<j<N

® Potential:
v >0, spherically symmetric (compactly supported).
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Energy density in thermodynamic limit

® GSE:
E(N,Q) =info(Hp),
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Energy density in thermodynamic limit

® GSE:
E(N,Q) =info(Hp),

® Energy density in thermodynamic regime

e(p) LEw0

= lim
N, |2 —+oo |
p=N/|9|
Too difficult to calculate!!
® We study an expansion of the energy density in the dilute regime:

pa® <1 (= a<p V3.
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Why a precise expansion?

® Precise calculation of the GSE: comparison with experiments from physics;
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Why a precise expansion?

® Precise calculation of the GSE: comparison with experiments from physics;
® Spectral Analysis of Hpy: excitation spectrum, operator bounds;

® [nformation about BEC:

Figur: The image shows BEC at, 400, 200, and 50 nK, https://cerncourier.com/a/bose-einstein-condensation-revisited,/

® Testing Universality: how many terms depend only on a, scattering length of v?
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Scattering length

® Pairwise potential v >0 = Energy is related to the 2—body problem

inf{/ (\v¢|2 + %v|¢|2)dx ’ b H'(R3), Im ¢= 1} = 4ra.
R3

[x|— o0

® We call the scattering length of v.
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Scattering length

® Pairwise potential v >0 = Energy is related to the 2—body problem

inf{/ (\v¢|2 + %v|¢|2)dx ’ b H'(R3), Im ¢= 1} = 4ra.
R3

[x|— o0

® We call the scattering length of v.

® There exists a unique minimizer ¢ such that, for supp(v) C Bg(0),

~Ap(x) + 5 v(x)e(x) =0, I f

a
v(X)=1*m7 x| > R.

® Important quantities:
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Historical development for expansions in TD limit

1st

2nd

3rd

free

up

(1]

[3.4,5,6]

(8]

(9]

LOW

2]

7]

?

[10,11]

e(p) ~ 4mp?a,

1st order, TD regime,
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[1] Dyson 1957: upper bound by trial state using Jastrow factors

[2] Lieb, Yngvason, 1998: lower bound, obtained by localization in small boxes
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Historical development for expansions in TD limit

1st 2nd 3rd free

up [1] | [3.4,5,6] | [8] [9]

LOW | [2] 7] 7 | [10,11]

e(p) < 4np?a+ O(p2ar/pad), 2nd order, TD regime,

[3] Erdos, Schlein, Yau 2008: upper bound for weak coupling, using quasi-free
states,

[4] Basti, Cenatiempo, Giuliani, Olgiati, Pasqualetti, Schlein 2023: hardcore,
upper bound, not right constant
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Historical development for expansions in TD limit

1st 2nd 3rd free

up [1] | [3.4,5,6] | [8] [9]

LOW | [2] 7] 7 | [10,11]

128
e(p) 4”023(1 + W(pa?))l/?)

[5] Yau, Yin 2009: upper bound using the soft pairs contribution in cubic
interactions,

[6] Basti, Cenatiempo, Schlein, 2021: upper bound for larger class of
potentials and better errors.

[7] Fournais, Solovej, 2020 + 2021 lower bound 2nd order, hardcore included.
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Historical development for expansions in TD limit

1st 2nd 3rd free

up [1] | [3.4,5,6] | [8] [9]

LOW | [2] 7] 7 | [10,11]

4
e(p) < amp?a(1 4 o (pa)/? 4 8(Gm

NG 3 \/g),oa3 |og(127rpa3)>

[8] Brooks, Oldenburg, Saint Aubin, Schlein 2025: third order correction,
upper bound, v € L2.
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Historical development for expansions in TD limit

1st 2nd 3rd free

up [1] | [3.4,5,6] | [8] [9]

LOW | [2] 7] 7 | [10,11]

128
15\

/ T
(pa3)1/2) + T5/2 /}R3 log (1 _ en/p4+16?app2)dp

fr(p) ~ 47rp2a(1 + B

[9] Haberberger, Hainzl, Nam, Seiringer, Triay, 2024: lower bound, v € L
[10] Haberberger, Hainzl, Schlein, Triay, 2024: upper bound, v € L2,
[11] Fournais, Girardot, Junge, Morin, O., Triay 2024: lower bound, hardcore.

7
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Two species of bosons
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Math description of mixture Bose gases: interacting particles

® N = Nj+ Ng bosons in a
volume © C R3.

VB
° [ ]
Na k?osons of tA);Ee A, \).
density pa = T
[
® Npg bosons of type B, °
density pg = ‘Nﬁ""". VA e
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Math description of mixture Bose gases: interacting particles

® N = Nj+ Ng bosons in a
volume © C R3. .
2]

® N\, bosons of type A, '\).

. N
density pg = ﬁ,

® Npg bosons of type B,
density pg = ‘Nﬁ""". VA e

® Hamiltonian:

Na Ng Na
Huang =D =B+ D> =Dy + D valxi — x)
j=1 k=1 i<j
Np Na Np
+3 e —y) + D> vas(xj — yi), acting on L2(244) ® L2(Q)?).
i<j J=1 k=1



UNIVERSITY OF COPENHAGEN 26. august 2025 10

Energy density of mixtures in thermodynamic limit

® Potentials:

va, vg,vag > 0, non-negative, spherically symmetric (compactly supported),

with scattering lengths ap, ag, aag > 0.
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Energy density of mixtures in thermodynamic limit

® Potentials:

va, vg,vag > 0, non-negative, spherically symmetric (compactly supported),

with scattering lengths ap, ag, aag > 0.

® Ground state energy (GSE):

E(Na, Ng,Q) :=infa(Hn, ng),
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Energy density of mixtures in thermodynamic limit

® Potentials:

va, vg,vag > 0, non-negative, spherically symmetric (compactly supported),

with scattering lengths ap, ag, aag > 0.

® Ground state energy (GSE):

E(Na, Ng,Q) :=infa(Hn, ng),

® Energy density in thermodynamic regime

1

lim ——E(N4, Ng, 2).
Na,Ng, [ =+c0 |Q ( )
pa=Na/122],p=Ng /|2

esp(pa, pB) =

10
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Previous results

® Dynamics: convergence of Bose mixture dynamics to NLS equations
® Michelangeli, Olgiati, 2016, 2017
® Olgiati, 2017
® Anapolitanos, Hott, Hundertmark, 2017
® De Oliveira, Michelangeli, 2019
® Chong, Lee, Sun, 2025
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Previous results

® Dynamics: convergence of Bose mixture dynamics to NLS equations
® Michelangeli, Olgiati, 2016, 2017
® Olgiati, 2017
® Anapolitanos, Hott, Hundertmark, 2017
® De Oliveira, Michelangeli, 2019
® Chong, Lee, Sun, 2025

® Energy:
® Michelangeli, Nam, Olgiati, 2019: energy expansion for trapped mixture in Gross-Pitaevskii
(main order) and mean field (second order) regimes
® |arsen 1963, Oles, Sacha 2008, Petrov 2015: Physics papers giving the second order expansion
of the energy in thermodynamic limit

esp(pa, pg) =~ 4w <Pf\aA + 2pappas + ppas

N 16vV2
157

> (PAaA + ppag + \/(pAaA — pBag)? +4pappajg )5/2)
+
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Assumptions on the potentials

® Assumptions () on potentials :

va, Vg, vag € LY, positive, spherically symmetric, compactly supported, decreasing,

with scattering lengths ap, ag, aag > 0.

a a
of — A AB )
aAB 4B
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Assumptions on the potentials

® Assumptions () on potentials :

va, Vg, vag € LY, positive, spherically symmetric, compactly supported, decreasing,

with scattering lengths ap, ag, aag > 0.

a a
of — A AB )
aAB 4B

® Born approximation of the scattering length

_ 1 v(k)?
87ra:v(0)—(27r)3 /R3dk 2(k2 +...

® We say that v is a soft potential if there exists C,n > 0 such that

|87a — V(0)| < C(pa®)"a
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Main result

Theorem (O. '25)

There exists C > 0 such that, if the potentials va, vg, vag with scattering lengths
aa, ag, aag > 0 satisfy the Assumptions (%) and

a3 < apas (<= o >0) (miscibility)
then for pa® < C™Y, p = pa + pg, a = max{aa, ag, aas},

lesn(pa, pg) — A (pAaa + 2papsaas + ppag)| < Cpa(pa®)t/?

13
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Main result

Theorem (O. '25)

There exists C > 0 such that, if the potentials va, vg, vag with scattering lengths
aa, ag, aag > 0 satisfy the Assumptions (%) and

a3 < apas (<= o >0) (miscibility)
then for pa® < C™Y, p = pa + pg, a = max{aa, ag, aas},

lesp(pa, ps) — 4m(paaa + 2papsaas + pgas) | < Cp?a(pa®)'/?

( A;A ), ( A;B ) pairs, each pair with zero energy 87raA\Q|*],87raB|Q|’1 respectively

Ny - Ng pairs with zero energy 87raAB|Q\*1
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Main result

Theorem (O. '25)

There exists C > 0 such that, if the potentials va, vg, vag with scattering lengths
aa, ag, aag > 0 satisfy the Assumptions (%) and

a3 < apas (<= o >0) (miscibility)
then for pa® < C™Y, p = pa + pg, a = max{aa, ag, aas},

lesn(pa, p) — Am(paan + 2papsaas + pgag)| < Cp*a(pa’)'/?

from an effective quadratic Hamiltonian + errors

* 1 * *
Z cp Akck + §(CkBkC,k + ckBre_i)
k20

13
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Main result

Corollary (Right constant, soft potentials case)
If, furthermore, | assume there exists > 0 such that

‘VA(O) — 87raA| + |VB(0) — 87raB| < C(pég)ng, |VAB(0) — 87raAB| < C(pég)gné,
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Main result

Corollary (Right constant, soft potentials case)

If, furthermore, | assume there exists > 0 such that
[Va(0) — 8maa| + [Vg(0) — 8mag| < C(pa*)7a,  |Vag(0) — 8maag| < C(pa*)*7a,
then
esp(pa, pB) = 4m(paaa + 2papBaas + pPgas)

+(p3a5 + 20apB355 + PEaR)Y/ s + O((p3)*/%(pa°)"),

14
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Main result

Corollary (Right constant, soft potentials case)

If, furthermore, | assume there exists > 0 such that
[Va(0) — 8maa| + [Vg(0) — 8mag| < C(pa*)7a,  |Vag(0) — 8maag| < C(pa*)*7a,
then
esp(pa, pB) = 4m(paaa + 2papBaas + pPgas)
+(paax + 2pap8ais + PEa3)" *Jas + O((p3)* % (p3°)"),

where Jag = O(1),

Jag = /RS dk (K 2004 k2 K+ 20 k2 - Loy +1-))s

2(27)3 2k2

with

1 2pape(anag — azg)
pr == (V1+éap V1 —ag), b= 5= AB-_
2 Paax +2papgass + pgag
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Remarks

® If w.lo.g. pg,ag — 0, p = pa, a = a, then
128
_ 2 3y1/2 =\5/2+n
e3p(p,0) = 4mp a(1+ 15ﬁ(pa ) )+ C(pa) ;

we recovered Lee-Huang-Yang expansion.

26. august 2025
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® Miscibility condition 33\3 < apap guarantees the two components are spatially mixed!
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Remarks

® If w.lo.g. pg,ag — 0, p = pa, a = a, then
128 -
_ 2 3y1/2 =\5/2+n
esp(p,0) = 4mp a(1+ 15\/;(,03 ) )+ C(pa) ;

we recovered Lee-Huang-Yang expansion.

® Miscibility condition 33\3 < apap guarantees the two components are spatially mixed!

. . . For 3/243 > apap, other phenomena occur
(dilute liquid-like droplet state
¢ J see Petrov 2015)
L]
L] L]
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Sketch of the Proof:
Upper bound
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Momenta space

We rewrite the Hamiltonian in momenta space (second quantization): Q* := ZT“Z?’
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We rewrite the Hamiltonian in momenta space (second quantization): Q* := ZT“Z?’
® 3,: destroys an A-boson with momentum k;
® a;: creates an A-boson with momentum k.

Analogous definition with by, b} for bosons of type B.
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Momenta space

We rewrite the Hamiltonian in momenta space (second quantization): Q* := ZT“Z?’
® 3,: destroys an A-boson with momentum k;
® a;: creates an A-boson with momentum k.

Analogous definition with by, b} for bosons of type B.

S ovalki—x) = > Va(k)ay, a5 agrkap

1<i<j<Na k.p,geQ*
p p+k

Va

q+k q

17
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Upper bound

® Hamiltonian in 2nd quantization on % = %4 ® g

* * 1 -~
7‘[ = Z k2(ak3k -+ bk bk) + m Z VA(k)a;+ka;aq+kap
keQ* k,p,qe2*
1 -~ * * -~ * *
+ m Z VB(k)bp+kbq bgtkbp + Z VAB(k)ap+kbq bg+kap

k,p,qeQ* 12| k,p,qeQ*

18
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Upper bound

® Hamiltonian in 2nd quantization on % = %4 ® g

* * 1 -
H= > K(afax+bibi)+ 5= > Valk)ap,,agagikap
2|9
keQ* k,p,qe2*
1 ~ * * o~ * *
+ m Z VB(k)bp+kbq bg+kbp + ﬁ Z VAB(k)ap+kbq bg+kap
k,p,qeQ* k,p,qeQ*

® Trial state: Quasi-Free state

‘\I/:WA®WBTQA®QB,‘

® Qa, Qp vacuum vectors for F4, Fp, respectively;
INA (2% INB (b¥ —
o Wy = VMoo =20 pyp = Vo (b —bo) depend on parameters

NS NE >0

18
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Weyl and Bogoliubov transformations

® Weyl operator actions

Wi ®@ W5 afh Wa @ Wg = aft + /N2,

Wj ® W b Wy ® Wg = bl + NE = ’ N§', N& have to be chosen
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Weyl and Bogoliubov transformations

® Weyl operator actions

Wi ®@ W5 afh Wa @ Wg = aft + /N2,

Wj ® W b Wy ® Wg = bl + NE = ’ N§', N& have to be chosen

® Bogoliubov transformation

1 F-Skc*  +h.c.
T = e2 Zk;ﬁo ¢ -Ske” +h.c ,
a#
on cf = b% has the following action

T*CkT = TxCk + O'kcik

where 7, = cosh (%Sk) and o, = sinh (%Sk) =

19
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Wj ® W b Wy ® Wg = bl + NE = ’ N§', N& have to be chosen

® Bogoliubov transformation

1 F-Skc*  +h.c.
T = e2 Zk;ﬁo ¢ -Ske” +h.c ,
a#
on cf = b% has the following action

T*CkT = TxCk + O'kcik

where 7, = cosh (%Sk) and o, = sinh (%Sk) = ‘ Sk has to be chosen

19
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Number on the state

Introducing
— 2 % — _
Yk =0k = (¢ ® Ck)w, ak = Tkok = (ck ® C_k)w,

AA AB AA AB
’Y ’Y [0 (0%
= ) o = .
Tk (VIE‘A V%B) g (aé*‘ a%’g)

with
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Number on the state

Introducing
— 2 % — _
Yk =0k = (¢ ® Ck)w, ak = Tkok = (ck ® C_k)w,

AA AB AA AB
’Y ’Y [0 (0%
= ) o = .
Tk (VIE‘A leB) g (aé*‘ a%’g)

We choose the parameters N{)‘, NOB such that

Na= NG+ 94, Ng=NE+> 455,
k20 k0

with

which gives the right numbers

(U, Na¥) = Ng, (U, Ng¥) = Np.

20
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Calculation of the quadratic form

We have
1

U HY) =
(v = g

(NZVA(0) + 2NaNgVAg(0) + N3Vs(0)) + F (o, )
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Calculation of the quadratic form

We have
1 N ~ ~
(U, HU) = m(NAVA(O) + 2NANgVAs(0) + NZVE(0)) + F(a, )
where
T 2, No,a AA 2, Nos. BB
F(a,7) = Z <k + WM("))W + (k + WVB(/‘»W
k#£0
No.a AA 0,A BB
Z 12l va(k)og” + il Va(k)o
k#£0

21
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Calculation of the quadratic form

We have
1

2 (N%94(0) + 2NANBVAg(0) + N2Vg(0)) + Z(a, )

(T, H) =

where

N N
Flan)i= 30 (K + 5000 + (K + 5278k 428

k20 12
No.a aa , Noa BB
+/<Z |Q‘V() Kt |Q|V(k)0‘k
20
vV NO,ANO,BA AB AB
+Z2TVA () (7~ + ;") + D(a, @) + D(v,7)
k20

Problem to get correct 2nd order constant: change V(k) — g(k)

Solved by soft potentials (needed only same rate) n

21
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Renormalized quadratic form

1 - - —~
(U, 1) ~ m(NﬁgA(O) + 2NaNpZas(0) + N3Es(0)) + KLB%
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Renormalized quadratic form

1 - - —~
(U, 1) ~ m(NﬁgA(O) + 2NaNpZas(0) + N3Es(0)) + KLB%

Recall that v¢ = (¢f ® ckhw, ok = {ck @ c_k)w,
JcBog — <\If, Z C: - Ager + 1 (Ck - Brck + h.C.)\I’>
k20 2

= <\II, Z di -’Dkdk\Il> — (desired 2nd order and constant)
k#0

where dj := ¢y + Bic*, and Dy > 0.
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Renormalized quadratic form

1 - - —~
(U, 1) ~ m(NﬁgA(O) + 2NaNpZas(0) + N3Es(0)) + KLB%

Recall that v¢ = (¢f ® ckhw, ok = {ck @ c_k)w,
JcBog — <\If, Z C: - Ager + 1 (Ck - Brck + h.C.)\I’>
k20 2

= <\II, Z di -’Dkdk\Il> — (desired 2nd order and constant)
k#0

where dj := cx + Bikc*, and Dy > 0. We choose ¥ so that

d¥ =0 N Sk =log((1 + Bx) 1 (1 — Bk)).

Sk~ ok oy o U



UNIVERSITY OF COPENHAGEN 26. august 2025 23

Sketch of the Proof:

Lower bound
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Strategy for the Lower Bound

® We only need vpp soft for right LHY constant
(weak potential satisfies the assumptions).

® v, vg can just be L1
® Neumann localization in small boxes: quad E(Q) — E(A), Q={J;A;.

24
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Strategy for the Lower Bound

® We only need vpp soft for right LHY constant
(weak potential satisfies the assumptions).

® v, vg can just be L1

26. august 2025

® Neumann localization in small boxes: quad E(Q) — E(A), Q={J;A;.

Q

Ay As Ag

A7 Ag Ao

Aq A As Q=[-L/2,L/2 = Uin1 Aj

A=1[—£/2,£/2)3

(pa) 1P <t<L

En m(A) = GSE for Hym on A with Neumann b.c.

24
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Strategy for the Lower Bound

26. august 2025

® We only need vpp soft for right LHY constant
(weak potential satisfies the assumptions).

® v, vg can just be L1
® Neumann localization in small boxes: quad E(Q) — E(A), Q={J;A;.

Q
A1 Ao Az
Ay As Ag
Ay Ag Ag

Q=[-L/2,1/2° = UYL, A,

A=1[—£/2,0/2)3

® In A we can prove BEC!

1 1
EENAJVB(Q) > ET,)En,m(A) + err.

En m(A) = GSE for Hym on A with Neumann b.c.

(nf +n8)y <n+m

24
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Renormalization of the potentials

PA= | A){lal ® 1, RY=(1-PYH®1p,

We introduce the projectors
pPB %\1B>(1B|, QRE =140 (1 PB),

Il
_.4
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Renormalization of the potentials

PA= | A){lal ® 1, RY=(1-PYH®1p,

We introduce the projectors
PE = %\1B>(1B|, QRE =140 (1 PB),

;_AA

2 vig =D (Pi+ Q)P + Q)(8ij — vijwi) (P + @)(Pi + @)
i<j i<j
Qren Qren + Qren + Qren Qzleny E(O) = 871'3 < /\7(0)

25
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Renormalization of the potentials

We introduce the projectors PA = ﬁllA)(lAl ®1g, R*=(1-PYHR1p,
PE=14® 137l1e)(1el,  QF=14®(1-PP),

2 vig =D (Pi+ Q)P + Q)(8ij — vijwi) (P + @)(Pi + @)

i<j i<j

_ Q[)en + eren + Qrzen n Qéen + Qzlen7 2(0) = 87a < ¥(0)

1
Q" = 5 > PiPi(g + gw) (x; — x))P;P;,

i#j
QPN =S (QiPj(g + gw)(xj — x))PjP; + h.c.),

iZi
QF" = D" PiQjg + 8w)(xi — )P;Q; + > PiQi(g + gw) (x; — x)Q;P;

i#j i#j

1
+ = > PiPig(xi — x)QjQ; + h.c.,

2 i

Qgen = Z PiQjg(xj — x))Q;Q; + h.c.,

i#j

1
Q" o= = SO MEvG — I >0, I = Q0 + wlxi — X)) (PjP,- +PQ; + QjP,) .
i#

25
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Symmetrization of the potentials

1 a1
5ZPing(Xi—Xj)QjQi o, gzpipjgsym(Xf,&)Qij

i#j i#j
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Symmetrization of the potentials

1 () 1
3 > PPig(xi—x)QQ  — B > PiPjgsym(xi, ) Q; Qi
i#j i#j
P(o,l)x. .P(1,1>x goym (X, y) = Z g(P.x —y)

z€7Z3

P1,0)x

We need to control error in (x) via

gu(y) < v(x),  forly| > |x|
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Diagonalization and soft pairs

® Diagonalization of matrix Bogoliubov Hamiltonian

1
Oy — KBog — ZCZ -Akck+§(ck-8kck+h.c.)
k20

27
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Diagonalization and soft pairs

® Diagonalization of matrix Bogoliubov Hamiltonian

1
Oy — KBog — ZCZ -Akck+§(ck-8kck+h.c.)
k20

® Bound of the cubic term
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Diagonalization and soft pairs

® Diagonalization of matrix Bogoliubov Hamiltonian

1
Oy — KBog — ZCZ -Akck+§(ck-8kck+h.c.)
k20

® Bound of the cubic term —  we need softness for the right constant

Qs+ K™ O((pa)*/?(pa®) ~>"|A|(Vas(0) — 87aas))
= 0((pa)*/?(pa®) ~>"|Aldas).

More difficult than one species! This term was not there

Point is contraction of indices

27
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Future perspectives

® Derive the result of the Corollary (LHY-type right constant) without smallness
assumption on the potential

(Paai + 2papsais + PBag) ™ * Jas

1 1
g = —— dk (/ k% + 2 k2 Kt 42u_k2 — — —2k% — _
B = oy /RS (\/ + 244 +\/ +2p 52 (bt +p ))
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Future perspectives

® Derive the result of the Corollary (LHY-type right constant) without smallness
assumption on the potential

(Paai + 2papsais + PBag) ™ * Jas

1 1
g = —— dk (/ k% + 2 k2 Kt 42u_k2 — — —2k% — _
B = oy /RS (\/ + 244 +\/ +2p 52 (bt +p ))

® Study what happens without miscibility condition, in the case
2
ajxg > aaas.
® Check if there are sensible changes for M > 2 components of the gas
ai aiz e A1 M

a1 a2 ... am

am,1 am2  --- aMMm
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Thanks for your attention!



