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One species of bosons
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Math description of Bose gases: interacting particles

• N bosons in a box

Ω = [−L/2, L/2]3 ⊆ R3.

Ω

ρ = N/L3

v

• Hamiltonian:

HN =
N∑

j=1

−∆j +
∑

1≤i<j≤N
v(xi − xj), acting on L2

s (Ω
N).

• Potential:
v ≥ 0, spherically symmetric (compactly supported).
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Energy density in thermodynamic limit

• GSE:
E(N,Ω) = infσ(HN),

• Energy density in thermodynamic regime

e(ρ) = lim
N,|Ω|→+∞
ρ=N/|Ω|

1

|Ω|
E(N,Ω)

Too difficult to calculate!!
• We study an expansion of the energy density in the dilute regime:

ρa3 � 1 (⇐⇒ a � ρ−1/3).
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Why a precise expansion?

• Precise calculation of the GSE: comparison with experiments from physics;

• Spectral Analysis of HN : excitation spectrum, operator bounds;

• Information about BEC:

Figur: The image shows BEC at, 400, 200, and 50 nK, https://cerncourier.com/a/bose-einstein-condensation-revisited/

• Testing Universality: how many terms depend only on a, scattering length of v?
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Scattering length

• Pairwise potential v > 0 ⇒ Energy is related to the 2−body problem

inf

{∫
R3

(
|∇φ|2 +

1

2
v |φ|2

)
dx

∣∣∣φ ∈ Ḣ1(R3), lim
|x|→∞

φ = 1

}
= 4πa.

• We call a > 0 the scattering length of v .

• There exists a unique minimizer ϕ such that, for supp(v) ⊆ BR (0),

−∆xϕ(x) +
1

2
v(x)ϕ(x) = 0,

ϕ(x) = 1−
a
|x |

, |x | > R .

v(x)

ϕ(x)

1

|x |

• Important quantities:

g(x) := v(x)ϕ(x), ω(x) := 1− ϕ(x) ⇒ ĝ(0) = 8πa.
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Historical development for expansions in TD limit

1st 2nd 3rd free

UP [1] [3,4,5,6] [8] [9]

LOW [2] [7] ? [10,11]

e(ρ) ' 4πρ2a, 1st order, TD regime,

[1] Dyson 1957: upper bound by trial state using Jastrow factors
[2] Lieb, Yngvason, 1998: lower bound, obtained by localization in small boxes
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Historical development for expansions in TD limit

1st 2nd 3rd free

UP [1] [3,4,5,6] [8] [9]

LOW [2] [7] ? [10,11]

e(ρ) ≤ 4πρ2a +O(ρ2a
√

ρa3), 2nd order, TD regime,

[3] Erdos, Schlein, Yau 2008: upper bound for weak coupling, using quasi-free
states,

[4] Basti, Cenatiempo, Giuliani, Olgiati, Pasqualetti, Schlein 2023: hardcore,
upper bound, not right constant
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Historical development for expansions in TD limit

1st 2nd 3rd free

UP [1] [3,4,5,6] [8] [9]

LOW [2] [7] ? [10,11]

e(ρ) ' 4πρ2a
(
1 +

128

15
√
π
(ρa3)1/2

)
[5] Yau, Yin 2009: upper bound using the soft pairs contribution in cubic

interactions,
[6] Basti, Cenatiempo, Schlein, 2021: upper bound for larger class of

potentials and better errors.
[7] Fournais, Solovej, 2020 + 2021 lower bound 2nd order, hardcore included.
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Historical development for expansions in TD limit

1st 2nd 3rd free

UP [1] [3,4,5,6] [8] [9]

LOW [2] [7] ? [10,11]

e(ρ) ≤ 4πρ2a
(
1 +

128

15
√
π
(ρa3)1/2 + 8

(4

3
π −

√
3
)
ρa3 log(12πρa3)

)
[8] Brooks, Oldenburg, Saint Aubin, Schlein 2025: third order correction,

upper bound, v ∈ L2.
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Historical development for expansions in TD limit

1st 2nd 3rd free

UP [1] [3,4,5,6] [8] [9]

LOW [2] [7] ? [10,11]

fT (ρ) ' 4πρ2a
(
1 +

128

15
√
π
(ρa3)1/2

)
+

T5/2

(2π)3

∫
R3

log
(
1− e−

√
p4+16π

T aρp2)
dp

[9] Haberberger, Hainzl, Nam, Seiringer, Triay, 2024: lower bound, v ∈ L1;
[10] Haberberger, Hainzl, Schlein, Triay, 2024: upper bound, v ∈ L2.
[11] Fournais, Girardot, Junge, Morin, O., Triay 2024: lower bound, hardcore.
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Two species of bosons
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Math description of mixture Bose gases: interacting particles

• N = NA + NB bosons in a
volume Ω ⊆ R3.

• NA bosons of type A,
density ρA =

NA
|Ω| ,

• NB bosons of type B,
density ρB =

NB
|Ω| .

vB

vA vAB

• Hamiltonian:

HNA,NB =

NA∑
j=1

−∆xj +

NB∑
k=1

−∆yk +

NA∑
i<j

vA(xi − xj)

+

NB∑
i<j

vB(yi − yj) +

NA∑
j=1

NB∑
k=1

vAB(xj − yk), acting on L2
s (Ω

NAxj )⊗ L2
s (Ω

NByk ).
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Energy density of mixtures in thermodynamic limit

• Potentials:

vA, vB , vAB ≥ 0, non-negative, spherically symmetric (compactly supported),
with scattering lengths aA, aB , aAB > 0.

• Ground state energy (GSE):

E(NA,NB ,Ω) := infσ(HNA,NB ),

• Energy density in thermodynamic regime

e3D(ρA, ρB) = lim
NA,NB ,|Ω|→+∞

ρA=NA/|Ω|,ρB=NB/|Ω|

1

|Ω|
E(NA,NB ,Ω).
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Previous results
• Dynamics: convergence of Bose mixture dynamics to NLS equations

• Michelangeli, Olgiati, 2016, 2017
• Olgiati, 2017
• Anapolitanos, Hott, Hundertmark, 2017
• De Oliveira, Michelangeli, 2019
• Chong, Lee, Sun, 2025

• Energy:
• Michelangeli, Nam, Olgiati, 2019: energy expansion for trapped mixture in Gross-Pitaevskii

(main order) and mean field (second order) regimes
• Larsen 1963, Oles, Sacha 2008, Petrov 2015: Physics papers giving the second order expansion

of the energy in thermodynamic limit

e3D(ρA, ρB) ' 4π
(
ρ
2
AaA + 2ρAρBaAB + ρ

2
BaB

+
16

√
2

15
√
π

∑
±

(
ρAaA + ρBaB ±

√
(ρAaA − ρBaB)2 + 4ρAρBa2

AB

)5/2)
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Assumptions on the potentials

• Assumptions (∗) on potentials :

vA, vB , vAB ∈ L1, positive, spherically symmetric, compactly supported, decreasing,
with scattering lengths aA, aB , aAB > 0.

A :=

(
aA aAB

aAB aB

)
.

• Born approximation of the scattering length

8πa = v̂(0)−
1

(2π)3

∫
R3

dk
v̂(k)2

2k2
+ . . .

• We say that v is a soft potential if there exists C , η > 0 such that

|8πa − v̂(0)| ≤ C(ρa3)ηa
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Main result

Theorem (O. ’25)
There exists C > 0 such that, if the potentials vA, vB , vAB with scattering lengths
aA, aB , aAB > 0 satisfy the Assumptions (∗) and

a2
AB ≤ aAaB (⇐⇒ A ≥ 0) (miscibility)

then for ρā3 ≤ C−1, ρ = ρA + ρB , ā = max{aA, aB , aAB},

|e3D(ρA, ρB)− 4π(ρ2AaA + 2ρAρBaAB + ρ2BaB)| ≤ Cρā(ρā3)1/2
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then for ρā3 ≤ C−1, ρ = ρA + ρB , ā = max{aA, aB , aAB},

|e3D(ρA, ρB)− 4π(ρ2AaA + 2ρAρBaAB + ρ2BaB) | ≤ Cρ2ā(ρā3)1/2

( NA
2

)
,
( NB

2

)
pairs, each pair with zero energy 8πaA|Ω|−1, 8πaB |Ω|−1 respectively

NA · NB pairs with zero energy 8πaAB |Ω|−1
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Main result
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a2
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then for ρā3 ≤ C−1, ρ = ρA + ρB , ā = max{aA, aB , aAB},

|e3D(ρA, ρB)− 4π(ρ2AaA + 2ρAρBaAB + ρ2BaB)| ≤ Cρ2ā(ρā3)1/2

from an effective quadratic Hamiltonian + errors∑
k 6=0

c∗
k Akck +

1

2
(c∗

k Bkc∗
−k + ckBkc−k)
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Main result

Corollary (Right constant, soft potentials case)
If, furthermore, I assume there exists η > 0 such that

|v̂A(0)− 8πaA|+ |v̂B(0)− 8πaB | ≤ C(ρā3)η ā, |v̂AB(0)− 8πaAB | ≤ C(ρā3)3η ā,

then

e3D(ρA, ρB) = 4π(ρ2AaA + 2ρAρBaAB + ρ2BaB)

+(ρ2Aa2
A + 2ρAρBa2

AB + ρ2Ba2
B)

5/4JAB +O
(
(ρā)5/2(ρā3)η

)
,

where JAB = O(1),

JAB :=
1

2(2π)3

∫
R3

dk
(√

k4 + 2µ+k2 +
√

k4 + 2µ−k2 −
1

2k2
− 2k2 − (µ+ + µ−)

)
,

with

µ± :=
1

2

(√
1 + ξAB ±

√
1− ξAB

)
, ξAB :=

2ρAρB(aAaB − a2
AB)

ρ2Aa2
A + 2ρAρBaAB + ρ2Ba2

B
.
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then

e3D(ρA, ρB) = 4π(ρ2AaA + 2ρAρBaAB + ρ2BaB)

+(ρ2Aa2
A + 2ρAρBa2

AB + ρ2Ba2
B)

5/4JAB +O
(
(ρā)5/2(ρā3)η

)
,

where JAB = O(1),

JAB :=
1

2(2π)3

∫
R3

dk
(√

k4 + 2µ+k2 +
√

k4 + 2µ−k2 −
1

2k2
− 2k2 − (µ+ + µ−)

)
,

with

µ± :=
1

2

(√
1 + ξAB ±

√
1− ξAB

)
, ξAB :=

2ρAρB(aAaB − a2
AB)

ρ2Aa2
A + 2ρAρBaAB + ρ2Ba2

B
.
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Remarks

• If w.l.o.g. ρB , aB → 0, ρ = ρA, a = aA then

e3D(ρ, 0) = 4πρ2a
(
1 +

128

15
√
π
(ρa3)1/2

)
+ C(ρā)5/2+η ,

we recovered Lee-Huang-Yang expansion.

• Miscibility condition a2
AB ≤ aAaB guarantees the two components are spatially mixed!

For a2
AB > aAaB , other phenomena occur
(dilute liquid-like droplet state

see Petrov 2015)
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+ C(ρā)5/2+η ,

we recovered Lee-Huang-Yang expansion.

• Miscibility condition a2
AB ≤ aAaB guarantees the two components are spatially mixed!

For a2
AB > aAaB , other phenomena occur
(dilute liquid-like droplet state

see Petrov 2015)

U N I V E R S I T Y O F C O P E N H A G E N 26. august 2025 15



Sketch of the Proof:
Upper bound
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Momenta space

We rewrite the Hamiltonian in momenta space (second quantization): Ω∗ := 2π
L Z3

• ak : destroys an A-boson with momentum k;
• a∗

k : creates an A-boson with momentum k.
Analogous definition with bk , b∗

k for bosons of type B.∑
1≤i<j≤NA

vA(xi − xj) =
∑

k,p,q∈Ω∗
v̂A(k)a∗

p+ka∗
q aq+kap

p

q + k

VA

p + k

q
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Upper bound

• Hamiltonian in 2nd quantization on F = FA ⊗ FB

H =
∑

k∈Ω∗
k2(a∗

k ak + b∗
k bk) +

1

2|Ω|
∑

k,p,q∈Ω∗
v̂A(k)a∗

p+ka∗
q aq+kap

+
1

2|Ω|
∑

k,p,q∈Ω∗
v̂B(k)b∗

p+kb∗
q bq+kbp +

1

|Ω|
∑

k,p,q∈Ω∗
v̂AB(k)a∗

p+kb∗
q bq+kap

• Trial state: Quasi-Free state

Ψ = WA ⊗ WB T ΩA ⊗ ΩB ,

• ΩA,ΩB vacuum vectors for FA,FB , respectively;
• WA = e

√
NA
0 (a∗o −a0)

, WB = e
√

NB
0 (b∗o −b0) depend on parameters

NA
0 , NB

0 > 0
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Weyl and Bogoliubov transformations

• Weyl operator actions

W ∗
A ⊗ W ∗

B a#
0 WA ⊗ WB = a#

0 +
√

NA
0 ,

W ∗
A ⊗ W ∗

B b#
0 WA ⊗ WB = b#

0 +
√

NB
0 ⇒ NA

0 ,NB
0 have to be chosen

• Bogoliubov transformation

T = e
1
2

∑
k 6=0 c∗k ·Sk c∗−k+h.c.,

on c#
k =

(
a#

k
b#

k

)
has the following action

T∗ckT = τkck + σkc∗
−k

where τk = cosh
(
1
2

Sk
)

and σk = sinh
(
1
2

Sk
)

⇒ Sk has to be chosen
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Number on the state
Introducing

γk := σ2
k = 〈c∗

k ⊗ ck〉Ψ, αk := τkσk = 〈ck ⊗ c−k〉Ψ,

with
γk =

(
γAA

k γAB
k

γBA
k γBB

k

)
, αk =

(
αAA

k αAB
k

αBA
k αBB

k

)
.

We choose the parameters NA
0 ,NB

0 such that

NA = NA
0 +

∑
k 6=0

γAA
k , NB = NB

0 +
∑
k 6=0

γBB
k ,

which gives the right numbers

〈Ψ,NAΨ〉 = NA, 〈Ψ,NBΨ〉 = NB .
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Calculation of the quadratic form

We have

〈Ψ,HΨ〉 =
1

2|Ω|
(N2

Av̂A(0) + 2NANB v̂AB(0) + N2
B v̂B(0)) + F (α, γ)

where

F (α, γ) :=
∑
k 6=0

(
k2 +

N0,A

|Ω|
v̂A(k)

)
γAA

k +
(

k2 +
N0,B

|Ω|
v̂B(k)

)
γBB

k

+
∑
k 6=0

N0,A

|Ω|
v̂A(k)αAA

k +
N0,A

|Ω|
v̂B(k)αBB

k

+
∑
k 6=0

2

√
N0,AN0,B

|Ω|
v̂AB(k)(γAB

k + αAB
k ) +D(α, α) +D(γ, γ)

Problem to get correct 2nd order constant: change v̂(k) 7→ ĝ(k)

Solved by soft potentials (needed only same rate) η

.
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Renormalized quadratic form

〈Ψ,HΨ〉 '
1

2|Ω|
(N2

AĝA(0) + 2NANB ĝAB(0) + N2
B ĝB(0)) +KBog

Recall that γk = 〈c∗
k ⊗ ck〉Ψ, αk = 〈ck ⊗ c−k〉Ψ,

KBog =
〈
Ψ,

∑
k 6=0

c∗
k · Akck +

1

2

(
ck · Bkck + h.c.

)
Ψ
〉

=
〈
Ψ,

∑
k 6=0

d∗
k · DkdkΨ

〉
− (desired 2nd order and constant)

where dk := ck + βkc∗
−k and Dk ≥ 0. We choose Ψ so that

dkΨ = 0 ⇔ Sk = log((1 + βk)
−1(1− βk)).

Sk  σk , τk  α, γ  Ψ
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Sketch of the Proof:
Lower bound
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Strategy for the Lower Bound

• We only need vAB soft for right LHY constant
(weak potential satisfies the assumptions).

• vA, vB can just be L1.
• Neumann localization in small boxes: quad E(Ω) → E(Λ), Ω =

⋃
j Λj .

Ω

Λ1 Λ2 Λ3

Λ4 Λ5 Λ6

Λ7 Λ8 Λ9

Ω = [−L/2, L/2]3 =
⋃M

j=1 Λj

Λ = [−`/2, `/2]3

En,m(Λ) = GSE for Hn,m on Λ with Neumann b.c.

• In Λ we can prove BEC! 〈nA
+ + nB

+〉Ψ � n + m
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1
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En,m(Λ) + err.

En,m(Λ) = GSE for Hn,m on Λ with Neumann b.c.

• In Λ we can prove BEC! 〈nA
+ + nB

+〉Ψ � n + m

U N I V E R S I T Y O F C O P E N H A G E N 26. august 2025 24



Renormalization of the potentials

We introduce the projectors PA = 1
|Λ| |1A〉〈1A| ⊗ 1B , QA = (1− PA)⊗ 1B ,

PB = 1A ⊗ 1
|Λ| |1B〉〈1B |, QB = 1A ⊗ (1− PB),

∑
i<j

vi,j =
∑
i<j

(Pi + Qi )(Pj + Qj)(gi,j − vi,jωi,j)(Pj + Qj)(Pi + Qi )

= Qren
0 +Qren

1 +Qren
2 +Qren

3 +Qren
4 , ĝ(0) = 8πa < v̂(0)

Qren
0 :=

1

2

∑
i 6=j

Pi Pj (g + gω)(xi − xj )Pj Pi ,

Qren
1 :=

∑
i 6=j

(
Qi Pj (g + gω)(xi − xj )Pj Pi + h.c.

)
,

Qren
2 :=

∑
i 6=j

Pi Qj (g + gω)(xi − xj )Pj Qi +
∑
i 6=j

Pi Qj (g + gω)(xi − xj )Qj Pi

+
1

2

∑
i 6=j

Pi Pj g(xi − xj )Qj Qi + h.c.,

Qren
3 :=

∑
i 6=j

Pi Qj g(xi − xj )Qj Qi + h.c.,

Qren
4 :=

1

2

∑
i 6=j

Π
∗
ij v(xi − xj )Πij ≥ 0 , Πij := Qj Qi + ω(xi − xj )

(
Pj Pi + Pj Qi + Qj Pi

)
.
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Renormalization of the potentials
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|Λ| |1A〉〈1A| ⊗ 1B , QA = (1− PA)⊗ 1B ,

PB = 1A ⊗ 1
|Λ| |1B〉〈1B |, QB = 1A ⊗ (1− PB),∑

i<j
vi,j =

∑
i<j

(Pi + Qi )(Pj + Qj)(gi,j − vi,jωi,j)(Pj + Qj)(Pi + Qi )

= Qren
0 +Qren

1 +Qren
2 +Qren

3 +Qren
4 , ĝ(0) = 8πa < v̂(0)
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0 :=

1

2
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i 6=j
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∑
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4 , ĝ(0) = 8πa < v̂(0)

Qren
0 :=

1

2

∑
i 6=j

Pi Pj (g + gω)(xi − xj )Pj Pi ,

Qren
1 :=

∑
i 6=j

(
Qi Pj (g + gω)(xi − xj )Pj Pi + h.c.

)
,

Qren
2 :=

∑
i 6=j

Pi Qj (g + gω)(xi − xj )Pj Qi +
∑
i 6=j

Pi Qj (g + gω)(xi − xj )Qj Pi

+
1

2

∑
i 6=j

Pi Pj g(xi − xj )Qj Qi + h.c.,

Qren
3 :=

∑
i 6=j

Pi Qj g(xi − xj )Qj Qi + h.c.,

Qren
4 :=

1

2

∑
i 6=j

Π
∗
ij v(xi − xj )Πij ≥ 0 , Πij := Qj Qi + ω(xi − xj )

(
Pj Pi + Pj Qi + Qj Pi

)
.

U N I V E R S I T Y O F C O P E N H A G E N 26. august 2025 25



Symmetrization of the potentials

1

2

∑
i 6=j

Pi Pjg(xi − xj)QjQi
(∗)−−→

1

2

∑
i 6=j

Pi Pjgsym(xi , xj)QjQi

x

Λ

P(1,0)x

P(1,1)xP(0,1)x gsym(x , y) =
∑

z∈Z3

g(Pzx − y)

We need to control error in (∗) via

gv (y) ≤ v(x), for |y | ≥ |x |
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Diagonalization and soft pairs

• Diagonalization of matrix Bogoliubov Hamiltonian

Q2 → KBog =
∑
k 6=0

c∗
k · Akck +

1

2

(
ck · Bkck + h.c.

)

• Bound of the cubic term → we need softness for the right constant

Q3 +Kdiag → O((ρa)5/2(ρā3)−2η |Λ|(v̂AB(0)− 8πaAB))

= O((ρā)5/2(ρā3)−2η |Λ|δAB).

More difficult than one species! This term was not there

Point is contraction of indices
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Q3 +Kdiag → O((ρa)5/2(ρā3)−2η |Λ|(v̂AB(0)− 8πaAB))
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Future perspectives

• Derive the result of the Corollary (LHY-type right constant) without smallness
assumption on the potential

(ρ2Aa2
A + 2ρAρBa2

AB + ρ2Ba2
B)

5/4JAB

JAB =
1

2(2π)3

∫
R3

dk
(√

k4 + 2µ+k2 +
√

k4 + 2µ−k2 −
1

2k2
− 2k2 − (µ+ + µ−)

)

• Study what happens without miscibility condition, in the case

a2
AB > aAaB .

• Check if there are sensible changes for M > 2 components of the gas

A =


a11 a12 . . . a1,M
a2,1 a2,2 . . . a2,M

...
...

. . .
...

aM,1 aM,2 . . . aM,M


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Thanks for your attention!
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