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Curse of dimensionality

YES,

., dv
i ﬁE(t) = HV(t)

W(t) = e "Ht/hy(0)



Curse of dimensionality

YES, BUT
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Effective equations

» Look for effective equations, depending on fewer degrees of freedom
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Effective equations

» Look for effective equations, depending on fewer degrees of freedom

» Price to pay: effective equations are typically nonlinear

Derive Hartree-Fock equations as effective equations for the many-body Schrédinger dy-
namics of fermions in a magnetic field

» From the Dirac-Frenkel variational principle
» Through a more refined semiclassical + many-body analysis (Fock-space methods)
» Discuss their “effectiveness” (scaling of the error w.r.t. time and number of fermions)
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1-body picture: Landau in a box

Landau Hamiltonian

_ 1 D T\ 2
Hy= o (—|hV—EA(x)) in L2(A)
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1-body picture: Landau in a box

Landau Hamiltonian

_ 1 L T L 2
Hy = 5= (—uhV—CA(x)) in  L2(A)

» N = [—L1/2,L1/2] X [—L2/2,L2/2]
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Landau Hamiltonian

_ 1 R 2
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» A(x1, x2) = (0, B x1) magnetic potential in the Landau gauge, gB > 0
~ uniform magnetic field (0, 0, B)
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1-body picture: Landau in a box

Landau Hamiltonian

_ 1 L T L 2
Hy = > (—uhV—CA(x)) in  L2(A)

m

> /l: [—L1/2, L1/2] X [—L2/2, L2/2]
» A(x1, x2) = (0, B x1) magnetic potential in the Landau gauge, gB > 0
~ uniform magnetic field (0, 0, B)

» magnetic flux quantization condition (MPBC):

bg =BlLilo, = Mdy, MEeN, CDO:hc/q
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1-body picture: Landau in a box

Landau Hamiltonian

_ 1 L T L 2
Hy = 5= (—uhV—CA(x)) in  L2(A)

> /l: [—L1/2, L1/2] X [—L2/2, L2/2]
» A(x1, x2) = (0, B x1) magnetic potential in the Landau gauge, gB > 0
~ uniform magnetic field (0, 0, B)
» magnetic flux quantization condition (MPBC):
(DB:BLlLQ:M(Do, M e N, CDO:hc/q
allows to impose magnetic periodic boundary conditions
o(—L1/2,x) = e 12™Mxe/l2 ([ 1 /2 x5)

p(x1, —L2/2) = p(x1, L2/2)
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1-body picture: Landau in a box

Landau Hamiltonian

_ 1 L T L 2
Hy = 5= (—uhV—CA(x)) in  L2(A)

With MPBC, Hq is self-adjoint on the magnetic Sobolev space
={y € L*(N): Hip € L*(N)} .

The spectrum of H; cons:sts of Landau Ievels
E—h—zb(Zn—l—l) neN, bi=98
" 2m ' ' " hc

and each Landau level has finite degeneracy M:
ker (H1 — E, 1) = Span{@nm: m e Z/MZ} .
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N-body picture: Fermions

» N-particle Hilbert space:

N ti
(Vtimes) 12

L2(N®N = [2(N) @ L2(A)
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N ti
(Vtimes) 12

L2(N®N = [2(N) @ L2(A)

» N-fermion Hilbert space:

(N times)

Hy = L2AN)N = L2(A) A AL2(N) € L2(N)®N

totally antisymmetric wave functions
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N-body picture: Fermions

» N-particle Hilbert space:

N ti
(Vtimes) 12

L2(N®N = [2(N) @ L2(A)

» N-fermion Hilbert space:
(N times)

Hy = L2AN)N = L2(A) A AL2(N) € L2(N)®N

totally antisymmetric wave functions
» H is generated by Slater determinants: given {11, ..., ¥n} C L2(A) o.n. orbitals

\V()_(’l ..... )_{N) = (1[)1 VANV "/’N)()_(l ..... )?N) = \/]ﬁ det ["/’/()_(J)] 1<i, j<N € Hp
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N-body picture: Interacting fermions in a magnetic field

N-body Landau Hamiltonian
Z H()—i— Z (Xi; %) in Hpy

1<i<N 1<i<j<N
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N-body picture: Interacting fermions in a magnetic field

N-body Landau Hamiltonian

Hv=5 HO+ S V(%) in Ha

1<i<N 1<i<j<N

> Hgi) = H7 acting on the i-th particle: non-interacting fermions
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> Hgi) = H7 acting on the i-th particle: non-interacting fermions
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N-body picture: Interacting fermions in a magnetic field

N-body Landau Hamiltonian
Hy = Z H()+ Z (Xi; %) in Hpy

1<i<N 1<i<j<N

> H;i) = H7 acting on the i-th particle: non-interacting fermions

» V(X;y) = V(y;X) bounded function on A x A: 2-body interactions among fermions

Interactions introduce correlations: even if W(0) is a Slater determinant, W(t) =
A e~ ANt/ (0) will not be a Slater determinant
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Dirac-Frenkel variational principle

Effective equations

Project linear dynamics onto the nonlinear
manifold of Slater determinants

M:={u=ap1 A Nopy:
acU(1), (pi.@) =6}

and study the effective (nonlinear) dynamics
of the orbitals

1
w — 77HN u(t)

~ u(t) = argmin
i

WET ()M
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Hartree-Fock effective equations

Theorem (see e.g. Lubich’s book)

The solution u(t) = a(t) ¢1(t) A --- A ppn(t) € M to the Dirac-Frenkel principle has
> a(t) = e 1€ t/7 2(0), with £ .= (u(0), Hy u(0)) = (W(0), Hy W(0))
» {pi(t),..., @n(t)} solutions of the Hartree-Fock equations

i hpe(t) = Hipo(t) + Ko(t ZX{@/ pp(t), Le{1,..., N}, (HFE)
UL
where the Hartree-Fock potential K, and the exchange potentials X, , are

Ke(t, %) Z/dvay)w(ty» Le{l. N},

U+L

Xee(t,%) 1= [ d7V(%7) pelE R ou(t, 7). 8 €L, N
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Hartree-Fock effective equations

Theorem (Cazenave, Esteban)

The system (HFE) is (at least locally) well-posed: There exist a time interval 0 < t < t for
which a solution ¢, € C*([0, £], L*(A)) N C([0, £], H3(A\)) of the Hartree-Fock equations
exists. Orthonormality of the @,(t)’s is preserved throughout the entire time interval.
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Effectiveness of the HFE

Theorem (Ferrero, M. arXiv:2406.15041)

Let u(0) = p1(0) A--- Apn(0) € M and u(t) be the corresponding solution to the Dirac-
Frenkel principle. Let also W(t) := e~ "#nt/hy(0). Then

1
IW(t) = ut)llgy < VN(N = 1) V]| jooaxn t-
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Let u(0) = p1(0) A--- Apn(0) € M and u(t) be the corresponding solution to the Dirac-
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1
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» Proof relies on decomposition
Hy=HP oH o on("

where ’H(,\f) is spanned by Slater determinants in which s of the orbitals in u(t) have
been swapped with functions orthogonal to all of them
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Effectiveness of the HFE

Theorem (Ferrero, M. arXiv:2406.15041)

Let u(0) = p1(0) A--- Apn(0) € M and u(t) be the corresponding solution to the Dirac-
Frenkel principle. Let also W(t) := e~ "#nt/hy(0). Then

1
IW(t) = ut)llgy < VN(N = 1) V]| jooaxn t-

» Proof relies on decomposition
_ 14(0) (1) (N)
where ’H(,\f) is spanned by Slater determinants in which s of the orbitals in u(t) have
been swapped with functions orthogonal to all of them
» Error comes only from HS&): 2-body correlations break Slater determinant structure
» Estimate is linear in time, in number of particles, and in strength of the interaction
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Semiclassical mean-field scaling

» Hartree-Fock theory is believed to be relevant for fermions in the semiclassical +
mean-field scaling:

h— hett = AN7Y2 V(X y) — Ver(X: 7)== N"LV(X: y)

in which both kinetic and interaction energy are O(/N?) and semiclassical times are of
O(N—I/Z)
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Hartree-Fock theory is believed to be relevant for fermions in the semiclassical +
mean-field scaling:

h— hett = AN7Y2 V(X y) — Ver(X: 7)== N"LV(X: y)

in which both kinetic and interaction energy are O(/N?) and semiclassical times are of
O(N—I/Z)
Our estimate becomes in this scaling

1 1
W) = u(®)llgyyy < 7 VNIV = 1) [Vetll ooy £ = 5 VN = 1[IV]1oo(p2) ¢
€]

hence meaningful for times t < N~1/2 much smaller than semiclassical scale



Semiclassical mean-field scaling

» Hartree-Fock theory is believed to be relevant for fermions in the semiclassical +

mean-field scaling:
h— het = AN"'2 V(% 7) — Ver(X: 7) = N1 V(R 7)

in which both kinetic and interaction energy are O(/N?) and semiclassical times are of
O(N—I/Z)

» Our estimate becomes in this scaling

1 1
W) = u(®)llgyyy < 7 VNIV = 1) [Vetll ooy £ = 5 VN = 1[IV]1oo(p2) ¢
€]

hence meaningful for times t < N~1/2 much smaller than semiclassical scale

» Estimate is not expected to survive the thermodynamic limit (N — oo, A — R?)
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Hartree-Fock theory in the infinite-volume limit
» To treat the case A — R?, it is best to switch to reduced 1-body density matrices:
W)~ yD(8), () ~ w(t)
with

yO(t:%,7) =N /d)?g---d)?,\, V(t; %, %, ..., Xn) V(E Y, %, ... Xn)

Wt % 7)== > ut:X) et 7)
1<t<N
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Hartree-Fock theory in the infinite-volume limit
» To treat the case A — R?, it is best to switch to reduced 1-body density matrices:
W(t)~yN(t),  u(t)~ w(t)

» 7y((t), w(t) are rank-N projections on L?(R?), satisfying respectively the von Neu-
mann equation

(1)
.ﬁeﬁdzt (t) = [HN,fy(l)(t)}

and the Hartree-Fock equation for density matrices

|ﬁeffd () [Hur(w) , w(t)] (HFEdm)
where' Hye(w) = H1 + V * p,(t ) Xu(t) with
pu(t; X) = N tw(t; x,X), Xo(t;%,y) =N 1w(t; %, y)V(X-Y).




Effectiveness of the infinite-volume Hartree-Fock
equations

Theorem (Benedikter, Boccato, M., Nguyen arXiv:2503.16001)

Let V(X) be an even function such that

Then
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Effectiveness of the infinite-volume Hartree-Fock
equations

Theorem (Benedikter, Boccato, M., Nguyen arXiv:2503.16001)

[ ®(e) - w(e)

< C N4 gae?!
tr

» Proof is based on commutator estimates to propagate the semiclassical structure of
the HF projections:

1 o
sup — Hw(t),e'p'x}
PER? 1+ |p]

<C(t) het N, ||[w(t), Pg]|l,, < C(t) hett N

tr —

tr
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Effectiveness of the infinite-volume Hartree-Fock
equations

Theorem (Benedikter, Boccato, M., Nguyen arXiv:2503.16001)

[ ®(e) - w(e)

ot

<C N1/4 ec1e
tr

» Proof is based on commutator estimates to propagate the semiclassical structure of
the HF projections:

< C(t) hest N, || w(t), Pgl|,, < C(t) et N

tr

sup — Hw(t),eiﬁ'ﬂ
PER? 1+ |p]

» Passing to the Fock space, one can justify (HFEdm) and conclude the error bound by a
double Gronwall estimate
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Effectiveness of the infinite-volume Hartree-Fock
equations

Theorem (Benedikter, Boccato, M., Nguyen arXiv:2503.16001)

[ ®(e) - w(e)

ot

<C N1/4 ec1e
tr

» Proof is based on commutator estimates to propagate the semiclassical structure of
the HF projections:

sup A <Ct) e N, ||[w(t), Pg]|l,, < C(t) hest N

— || |w(t), eiﬁ'x}

PER2 1+ |p] ’ [

» Passing to the Fock space, one can justify (HFEdm) and conclude the error bound by a
double Gronwall estimate

» Estimate has much better scaling in N: N*/* vs N/2 ~ meaningful for larger times
t ~ log(log N'/#) comparable to semiclassical

tr
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Effective dynamics for interacting
magnetic fermions

Thank you for listening!
Any questions?
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