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Ab-Normalization

⟨Ψ(t0)|Ψ(t0)⟩ = 1
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∂t ⟨Ψ|Ψ⟩ = i ⟨Ψ|
(
H† −H

)
|Ψ⟩ = 0

⇒⟨Ψ(t)|Ψ(t)⟩ = 1, ∀t ∈ R.

• Non-Hermitian (H ̸= H†)

∂t ⟨Ψ|Ψ⟩ = i ⟨Ψ|
(
H† −H

)
|Ψ⟩ ̸= 0

⇒⟨Ψ(t)|Ψ(t)⟩ ̸= 1, in general.

Proposal: |Ψ(t)⟩
CN

≡ |Ψ(t)⟩√
⟨Ψ(t)|Ψ(t)⟩

⇒ questionable results.
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The Hilbert Space Metric

Relax the quantum state inner product:

⟨Ψ1|Ψ2⟩ → ⟨⟨Ψ1 |Ψ2⟩⟩ ≡ ⟨Ψ1|G |Ψ2⟩ ,

where |Ψ2⟩⟩ = |ψ2⟩ and ⟨⟨Ψ1 | ≡ ⟨Ψ1|G.

metric operator

Hilbert space properties:

I) ⟨⟨Ψ1 |Ψ2⟩⟩ = ⟨⟨Ψ2 |Ψ1⟩⟩
II) ⟨⟨Ψ |Ψ⟩⟩ ≥ 0

⇔
Metric properties:

i) G = G†.

ii) G is positive-definite.
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Parallel Transport

Parallel transport: 0 = ∇µv
ν = ∂µv

ν +
∑
ρ

Γν
µρv

ρ.

Define |V ⟩ =

v
1

v2

...

 and Γµ =

Γ1
µ1 Γ1

µ1 · · ·
Γ2

µ1 Γ2
µ2 · · ·

...
...

. . .

.

⇒ Parallel transport: 0 = ∇µ |V ⟩ = ∂µ |V ⟩+ Γµ |V ⟩.
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Parallel Transport

Parallel transport: 0 = ∇µ |V ⟩ = ∂µ |V ⟩+ Γµ |V ⟩.

Let µ = t, |V ⟩ → |Ψ⟩, and Γt → iH, the parallel transport
equation becomes

0 = ∇t |Ψ⟩ = ∂t |Ψ⟩+ iH |Ψ⟩

⇔ i∂t |Ψ⟩ = H |Ψ⟩ .

The Schrödinger equation is probably a geometric equation.

⇒ Determines the geometry of the Hilbert space bundle.
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Connection-Compatible-Metric

∇t |Ψ⟩ ≡ (∂t + iH) |Ψ⟩

= 0.
parallel transport

connection/covariant derivative

Connection-compatible-metric:

0 = ∇t

⟨⟨Ψ1 |Ψ2⟩⟩

= ∂t ⟨Ψ1|G |Ψ2⟩

⇒ ∇tG = ∂tG− iGH + iH†G = 0.

⇒ ∂t ⟨⟨Ψ |Ψ⟩⟩ = ∂t ⟨Ψ|G |Ψ⟩ = 0
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Non-Hermitian Caused Non-triviality

From the metric equation ∂tG = i
(
GH −H†G

)
:

1. The metric is trivial only if the system is Hermitian, i.e.,

G = 1 ⇒ H = H†.

2. Non-Hermitian systems implies non-trivial metric, i.e.,

H ̸= H† ⇒ G ̸= 1.

Most questionable “predictions” do not appear.
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Uncomfor“table”
U n c o m f o r t a b l eT

Parameter Hamiltonian State Evolution

Independent H(t) i∂t |Ψ(t)⟩ = H(t) |Ψ(t)⟩

Dependent H(t, q)
i∂t |Ψ(t, q)⟩ = H(t, q) |Ψ(t, q)⟩

i∂q |Ψ(t, q)⟩ = ?

Berry connection

For H(q) |ϕn(q)⟩ = hn(q) |ϕn(q)⟩,

i∂q |ψn(q)⟩ = An(q) |ψn(q)⟩ ,

where An(q) = i ⟨ϕn(q)| ∂q |ϕn(q)⟩.
[Left-right eigenstates needed for H†(q) ̸= H(q).]
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Emergent Evolution Dimension

EOMs for quantum states and metric operator:{
∂t |Ψ⟩ = −iH |Ψ⟩
∂tG = i

(
GH −H†G

) .

If H = H(q) [or H = H(t, q)]:{
|Ψ⟩ = |Ψ(t, q)⟩
G = G(t, q)

.

From G = G† and G > 0:{
∂q |Ψ⟩ = ?
∂qG = i

(
GK −K†G

) .

? ?

x

y{
∂xf = Lx(f)
∂yf = Ly(f)

γ1

γ2

r⃗1

r⃗2

f [γ1] ̸= f [γ2]

{
|Ψ⟩ = |Ψ[γ]⟩
G = G[γ]

.

✔
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Emergent Evolution Dimension

Assumption:

|Ψ[γ]⟩ is physical if every point on the path γ is

physically allowed.

⇒ 1 = ⟨⟨Ψ[γ] |Ψ[γ]⟩⟩, ∀ γ ⊂ R×M.

time

parameter space
Consequences:

∂q |Ψ⟩ = −iK |Ψ⟩.
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Local Curvature Two-Form

The local curvature two-form:

F =
1

2
(Ftqdt ∧ dq + Fqtdq ∧ dt),

where

Ftq |Ψ⟩ ≡ −i [∇t,∇q] |Ψ⟩ = −Fqt |Ψ⟩

= 0.

|Ψ⟩

dq

dt

dq

dt|Ψ′⟩

|Ψ′⟩ − |Ψ⟩ ∝ Ftq |Ψ⟩

00
⇒

{
F = 0
Ftq = ∂tK − ∂qH − i [K,H] = 0

.

⇒
{

Locally flat
H determines K (up to gauge choices)

.
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Higher Dimensional Parameter Space

Given H = H(t, q1, q2, · · · , qd),{
∇µ |Ψ⟩ = (∂µ + iKµ) |Ψ⟩ = 0
∇µG = ∂µG− iGKµ + iK†

µG = 0
,

where ∂µ =
∂

∂qµ
, q0 = t, and K0 = H.

Fact: 0 = F =
1

2

∑
µν

Fµνdq
µ ∧ dqν
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Berry Potential and Curvature from Projection

For H({q}) |ϕn({q})⟩ = hn({q}) |ϕn({q})⟩,

i∂j |ϕn({q})⟩ = An
j ({q}) |ϕn({q})⟩,

Berry potential

where {q} = {q1, q2, · · · , qd} and ∂j =
∂

∂qj
.

⇒ An
j = i ⟨ϕn| ∂j |ϕn⟩

= ⟨ϕn|Kj |ϕn⟩

=

−iK |ϕn⟩

⇒ An
j = i ⟨⟨ϕn | ∂j |ϕn⟩⟩ = ⟨⟨ϕn |Kj |ϕn⟩⟩

⇒ Berry potential = K projected onto eigenstate.
✔
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Berry Potential and Curvature from Projection

From

{
An

j = ⟨⟨ϕn |Kj |ϕn⟩⟩
Fij = ∂iKj − ∂jKi + i[Ki, Kj] = 0

,

the Berry curvature becomes

Ωn
ij = ∂iAn

j − ∂jAn
i

= ∂i ⟨⟨ϕn |Kj |ϕn⟩⟩ − ∂j ⟨⟨ϕn |Ki |ϕn⟩⟩

= i ⟨⟨ϕn | [Ki, Kj] |ϕn⟩⟩

⇒ Berry curvature = projection of the non-Abelian part of Fij.
✔
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Topological Defects

Solve |Ψ[γ](θ)⟩, where γ ∈ [0, 2π] and |Ψ[γ](0)⟩ = |Ψ0⟩:

1.
d

dθ
|Ψ⟩ = dx

dθ
∂x |Ψ⟩+ dy

dθ
∂y |Ψ⟩

= −i
(
dx

dθ
Kx +

dy

dθ
Ky

)
|Ψ⟩.

2. Let |Ψ[γ](θ)⟩ = U [γ](θ) |Ψ0⟩ with U [γ](0) = 1.

evolution operator along γ
⇒ d

dθ
U = −i

(
dx

dθ
Kx +

dy

dθ
Ky

)
U .

⇒ I = U [γ](2π) ̸= 1.

Fact: I2 = −1 (⇒ I4 = 1).
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dθ
Ky

)
U .

⇒ I = U [γ](2π) ̸= 1.

Fact: I2 = −1 (⇒ I4 = 1).
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