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The Gross-Neveu (GN) Model

Exactly solvable (completely integrable) for any value of N. For             factorisable S-matrix. Rich spectrum of bound states and topological kinks.   

An important application in condensed matter physics: it is the continuum limit of the Lagrangian describing electron dynamics in the SSH  
(Heeger-Su-Scrieffer) model of conducting polymer chains (polyacetylene)   (after integrating phonon fluctuations out). 

N species of Dirac fermions 

Originally formulated in 1+1 dimensions: a renormalizable, asymptotically free four-Fermi interaction. 

For                 mimicking QCD phenomenology in 3+1 dim: asymptotic freedom, dynamical (discrete chiral) symmetry breaking,  
dynamical mass generation  (At N=1 it is just the Thirring model, which is conformal (no mass gap).) 

(break each Dirac fermion into a sum of two real Majorana fermions)Obvious SU(N) symmetry, but actually has a much higher O(2N) symmetry 
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 a , N := 1, 2, . . . , N
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N � 2

A related model is Nambu-Jona-Lasinio’s (NJL) in 1+1 dimensions, defined by the action 

Dynamical generation of extended objects in a „111…-dimensional chiral field theory:
Nonperturbative Dirac operator resolvent analysis
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We analyze the (111)-dimensional Nambu–Jona-Lasinio ~NJL! model nonperturbatively. In addition to its
simple ground-state saddle points, the effective action of this model has a rich collection of nontrivial saddle
points in which the composite fields s(x)5^c̄c& and p(x)5^c̄ig5c& form static space-dependent configu-
rations because of nontrivial dynamics. These configurations may be viewed as one-dimensional chiral
‘‘bags.’’ We start our analysis of such configurations by asking what kind of initially static $s(x),p(x)%
background configurations will remain so under fermionic back reaction. By simply looking at the asymptotic
spatial behavior of the expectation value of the fermion number current we show, independently of the large-
N limit, that a necessary condition for this situation to occur is that $s(x),p(x)% give rise to a reflectionless
Dirac operator. We provide an explicit formula for the diagonal resolvent of the Dirac operator in a reflec-
tionless $s(x),p(x)% background which produces a prescribed number of bound states. We analyze in detail
the cases of a single as well as two bound states. We explicitly check that these reflectionless backgrounds may
be tuned such that the large-N saddle-point condition is satisfied. Thus, in the case of the NJL model,
reflectionlessness is also sufficient to assure the time independence of the background. In our view, these facts
make our work conceptually simpler than the previous work of Shei and of Dashen, Hasslacher, and Neveu
which were based on the inverse scattering formalism. Our method of finding such nontrivial static configu-
rations may be applied to other (111)-dimensional field theories. @S0556-2821~97!00620-6#

PACS number~s!: 11.10.Lm, 11.10.Kk, 11.15.Pg, 71.27.1a

I. INTRODUCTION

Over the last 30 years or so, physicists have gradually
learned about the behavior of quantum field theory in the
nonperturbative regime. In (111)-dimensional spacetime,
some models are exactly soluble @1#. Another important ap-
proach involves the large-N expansion @2#. In particular, in
the mid-1970s. Dashen, Hasslacher, and Neveu @3# used the
inverse scattering method @4# to determine the spectrum of
the Gross-Neveu model @5#. Recently, one of us developed
an alternative method, based on the Gel’fand–Dikii equation
@6#, to study the same problem @7# as well as other problems
@8#. As will be explained below, we feel that this method has
certain advantages over the inverse scattering method.

In this paper we study the (111)-dimensional
Nambu–Jona-Lasinio1 ~NJL! model @9# which is a renormal-
izable field theory defined by the action @5,10#
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describing N self-interacting massless Dirac fermions
ca (a51, . . . ,N). This action is invariant under SU(N) f
^ U~1!^U~1!A : namely, under

ca!Uabcb , UPSU~N ! f ,

ca!eiaca ,

and

ca!eig5bca . ~1.2!

We rewrite Eq. ~1.1! as

S5E d2xH c̄@ i]”2~s1ipg5!#c2
1

2g2 ~s21p2!J ,

~1.3!

where s(x) and p(x) are the scalar and pseudoscalar auxil-
iary fields, respectively,2 which are both of mass dimension
one. These fields are singlets under SU(N) f ^ U(1), but
transform as a vector under the axial transformation in Eq.
~1.2!: namely,

s1ig5p!e22ig5b~s1ig5p!. ~1.4!

Thus, the partition function associated with Eq. ~1.3! is

*Electronic address: joshua@itp.ucsb.edu
1This model is also dubbed in the literature as the ‘‘chiral Gross-

Neveu model’’ as well as the ‘‘multiflavor Thirring model.’’

2From this point to the end of this paper flavor indices are sup-
pressed. Thus ic̄]”c should be understood as i(a51

N c̄ac” ca . Simi-
larly c̄Gc stands for (a51

N c̄aGca , where G51,g5 .
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The real world is 3+1 dimensional  

Does a four-fermi model like GN (or NJL) make sense in 3+1 dimensions?



Four-Fermi interaction in 3+1 Dimensions

Fermi’s historic phenomenological model for beta decay (1933)
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GF

effective point-wise interaction
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non-renormalizable perturbatively
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The UV completion of Fermi’s effective field theory of the weak interactions is the Electroweak   UV completion:

sector of the Standard Model of particle physics:
with accurate predictive power at high energy 

a low-energy effective field theory, useless at high energies (no predictive power)

it is a local, consistent (anomaly free) renormalizable gauge theory
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4-Fermi interaction appears point-like on length scales >>
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The EW gauge theory is not the only possible UV completion of four-Fermi interactions in 3+1d

sensitivity to fine details of the bare hamiltonian (the particular manner in which the UV cutoff is set) 

The Gross-Neveu model at large-N is renormalizable non-perturbatively.

There is a non-perturbative UV fixed point (asymptotic safety)

Want a more robust UV completion, valid also for finite N and not sensitive to details of the bare 
hamiltonian 
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e.g., B. Rosenstein, B.J. Warr & S.H. Park 1991 
J. Zinn-Justin 1991

Lifshitz-type deformation offers such UV completion. This is achieved by adding higher spatial derivatives to the kinetic term,  
thus improving the UV behavior of propagators.  

This comes at a price: breaking Lorentz invariance at short distances. However, Lorentz symmetry emerges effectively at low energies.  

(Insisting on preserving Lorentz invariance would require also higher temporal derivatives, which would introduce unwanted ghosts.) 

A clear and thorough paper to this effect is DMW: 
Asymptotically free four-Fermi theory in 4 dimensions at the z ! 3 Lifshitz-like fixed point

Avinash Dhar,1,* Gautam Mandal,1,† and Spenta R. Wadia1,2,‡

1Department of Theoretical Physics, Tata Institute of Fundamental Research, Mumbai 400 005, India
2International Centre for Theoretical Sciences, Tata Institute of Fundamental Research, Mumbai 400 005, India

(Received 17 July 2009; published 17 November 2009)

We show that a Nambu-Jona-Lasinio type four-fermion coupling at the z ! 3 Lifshitz-like fixed point

in 3þ 1 dimensions is asymptotically free and generates a mass scale dynamically. This result is

nonperturbative in the limit of a large number of fermion species. The theory is ultraviolet complete

and at low energies exhibits Lorentz invariance as an emergent spacetime symmetry. Many of our results

generalize to z ! d in odd d spatial dimensions; z ! d ! 1 corresponds to the Gross-Neveu model. The

above mechanism of mass generation has potential applications to the fermion mass problem and to

dynamical electroweak symmetry breaking. We present a scenario in which a composite Higgs field arises

from a condensate of these fermions, which then couples to quarks and leptons of the standard model.

Such a scenario could eliminate the need for the Higgs potential and the associated hierarchy problem. We

also show that the axial anomaly formula at z ! 3 coincides with the usual one in the relativistic domain.

DOI: 10.1103/PhysRevD.80.105018 PACS numbers: 11.10.#z, 11.30.Cp, 12.60.Fr, 12.60.Rc

I. INTRODUCTION AND SUMMARY

A fundamental problem of particle physics is the ques-
tion of mass generation of elementary particles in 3þ 1
dimensions. Early attempts in this direction were made in
[1,2] based on an analogy with the theory of superconduc-
tivity. In the standard model (SM) this problem is ad-
dressed by introducing the Higgs mechanism and
Yukawa couplings. The technicolor models were invented
to generate particle masses dynamically. However these
have not been phenomenologically viable for a number of
reasons (see, e.g., [3,4]).

In this paper we make an observation which has a
bearing on this question. We show that if we are willing
to give up Lorentz invariance in the ultraviolet then it is
possible to have a renormalizable model involving a
Nambu-Jona-Lasinio type [2] four-fermi interaction in 3þ
1 dimensions. In fact, it turns out that this model is asymp-
totically free and has dynamical mass generation.1

Moreover, the relativistic Dirac theory emerges at low
energies. Our calculations are nonperturbative in the limit
of a large number of fermion species.

The idea that a relativistic theory at low energies may
have a Lorentz noninvariant uv completion has been sug-
gested recently in [6,7], where the theory at high energy is
characterized by an anisotropic scaling exponent z which
describes a different scaling of space and time: x ! bx,
t ! bzt. Quantum critical systems with anisotropic scaling

are known in condensed matter physics (see, e.g., [8–10]).
Recently these theories have been discussed in the context
of AdS/(non)-CFT duality; see, e.g. [11–14]. The idea of
relinquishing relativistic invariance at high energies has
also appeared in cosmology, e.g. as an explanation of
ultrahigh energy cosmic rays above the Greisen-Zatsepin-
Kuzmin cutoff [15]. In a somewhat different approach to
the subject, Lorentz symmetry breaking has also been used
as a regulator for quantum field theories; see [16] for a
recent reference; see also [17]. Currently there is a lot of
interest in the application of such ideas to gravity; however,
in this paper we will only focus on nongravitational
theories.
The plan of this paper is as follows. In Sec. II we present

the four-fermi model with z!3 scaling in 3 spatial dimen-
sions. The fermions carry a species index i which takes N
different values. We use the large N limit and compute the
nonperturbative ground state characterized by a fermion
condensate. A mass scale is dynamically generated and the
four-fermi coupling, in this vacuum, exhibits asymptotic
freedom. This result can be extended to z ! d in any odd d
spatial dimensions. Calculations in this section are similar
to those of the Gross-Neveu model [18], which can be
regarded as the z ! d ! 1 case. In Sec. III we consider
1=N fluctuations around the condensate and show that the
phase of the condensate appears as a Nambu-Goldstone
boson. When the broken symmetry is gauged, the Nambu-
Goldstone boson is ‘‘eaten up’’ by the dynamical gauge
field, as in the usual Higgs mechanism. In Sec. IV we add a
relevant coupling to the z!3 model and discuss how a
Lorentz-invariant theory emerges at low energies. In
Sec. V we discuss the structure of axial anomalies in this
theory and compute the anomaly coefficient. In Sec. VI we
briefly discuss the application of this mechanism to dy-
namical electroweak symmetry breaking. We conclude in

*adhar@theory.tifr.res.in
†mandal@theory.tifr.res.in
‡wadia@theory.tifr.res.in
1It is important to note that in 4D theories involving relativistic

fermions, it is impossible to achieve asymptotic freedom without
dynamical gauge fields [5]. We are able to circumvent this
theorem here by working with a Lorentz noninvariant theory.
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DMW construct a renormalizable Lifshitz deformation of the 3+1 dimensional Nambu-Jona-Lasinio (NJL) model. 

It is an asymptotically free UV completion of the original Lorentz-invariant 3+1d NJL effective field theory, describing the phenomenology of chiral 
symmetry breaking in terms of the composite scalar field                      and the pseudo scalar “pion” field                         .   
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h�i 6= 0The      field develops a non-vanishing VEV                  , indicating the dynamical breakdown of the continuous                    axial symmetry,  
and the massless pion appears as the associated Goldstone boson. 
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spinors:

In this talk:  a renormalizable Lifshitz deformation of the (simpler) 3+1 dimensional Gross-Neveu model. 
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kinetic term:

M a bare coupling of mass-dimension 1 (a bare mass scale)

are each 2-component SU(2) spinors (SU(2) here being the double-cover of the spatial rotation group SO(3)) 

Lifshitz scaling- by comparing the first and last terms in the kinetic term (inverse propagator) we see that space and time scale differently: 
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 1i, 2i

In a Lorentz invariant theory they would comprise together a four-component Dirac spinor.

i:=1,2,… N is a U(N) index

The usual 4x4 Dirac matrices in 3+1 dimensions
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(Lifshitz scaling exponent z=3)
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x ! bx , t ! b3t

The bare model is manifestly Lorentz non-invariant! 

<latexit sha1_base64="KIAChEfHQOxf+AcdVRMZtIiJqG4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+4FNKJvtpF26uwm7m0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZelHKmjed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmKDZowhPVjohGziQ2DDMc26lCIiKOrWh4N/NbI1SaJfLRjFMMBelLFjNKjJWeghHSQLO+IN1yxat6c7irxM9JBXLUu+WvoJfQTKA0lBOtO76XmnBClGGU47QUZBpTQoekjx1LJRGow8n84ql7ZpWeGyfKljTuXP09MSFC67GIbKcgZqCXvZn4n9fJTHwTTphMM4OSLhbFGXdN4s7ed3tMITV8bAmhitlbXTogilBjQyrZEPzll1dJ86LqX1UvHy4rtds8jiKcwCmcgw/XUIN7qEMDKEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/rKeQ7g==</latexit>

~�Pauli

it is a relevant coupling, needed for having emergent Lorentz invariance at low energies



pack together the two two-component spinors into a 4-component spinor 

kinetic term:

bare 4-Fermi coupling

<latexit sha1_base64="PMcMlr4LsmqKu3R1dm2/lEEO2D4="></latexit>

 i =

✓
 1i

 2i

◆
(it would become a Dirac spinor in the low-energy Lorentz invariant limit)

<latexit sha1_base64="QEQ3CINS8GZPXnl3sDQVpaMDlcc="></latexit>

L2 =  ̄i

⇥
�0i@t + (i~� ·r)(r2 �M2)

⇤
 i

<latexit sha1_base64="Hm4BX0mK+zLA0wupy/rH/pE0QTc="></latexit>

 ̄i = ( †
1i, 

†
2i)�

0 =  †
i �

0

interaction term
<latexit sha1_base64="IT5uXQB/GseRUwM4aYNQRRns3As="></latexit>

L4 =
g2

2
( †

1i 1i �  †
2i 2i)

2 =
g2

2
( ̄i i)

2
<latexit sha1_base64="+D9JjFZwzq5YXcI7pUsbDRznWIg=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisaD+gXUs2zW5Ds8mSZIWy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY38z8zhNVmknxYCYJ9WMcCRYygo2V7qPH2qBccavuHGiVeDmpQI7moPzVH0qSxlQYwrHWPc9NjJ9hZRjhdFrqp5ommIxxRHuWChxT7WfzU6fozCpDFEplSxg0V39PZDjWehIHtjPGZqSXvZn4n9dLTXjlZ0wkqaGCLBaFKUdGotnfaMgUJYZPLMFEMXsrIiOsMDE2nZINwVt+eZW0a1Xvolq/q1ca13kcRTiBUzgHDy6hAbfQhBYQiOAZXuHN4c6L8+58LFoLTj5zDH/gfP4A9KiNmA==</latexit>

g2



mass dimensions

z=3 Lifshitz scaling and power counting:

<latexit sha1_base64="clDrhVrfDuMlCOa4WlxQJGoy9yY="></latexit>

[@x] = 1, [@t] = [(~� ·r)r2] = 3, [M2] = 2, [dtd3x] = �6 ) [ ] =
6� 3

2
=

3

2
<latexit sha1_base64="4Z5vjpmmCpVeNod+AW4KTq4cTB4=">AAACCXicbVDLSsNAFJ34rPUVdelmsAhuLEkt1Y1QdOOygn1AE8tkOmmHTh7M3AglZOvGX3HjQhG3/oE7/8Zpm4W2HrhwOOde7r3HiwVXYFnfxtLyyuraemGjuLm1vbNr7u23VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZG1xO//cCk4lF4B+OYuQEZhNznlICWeibuDu4rLr7EtdOqAzxgyvEloelZllYyLVs9s2SVrSnwIrFzUkI5Gj3zy+lHNAlYCFQQpbq2FYObEgmcCpYVnUSxmNARGbCupiHRO910+kmGj7XSx34kdYWAp+rviZQESo0DT3cGBIZq3puI/3ndBPwLN+VhnAAL6WyRnwgMEZ7EgvtcMgpirAmhkutbMR0SnQTo8Io6BHv+5UXSqpTtWrl6Wy3Vr/I4CugQHaETZKNzVEc3qIGaiKJH9Ixe0ZvxZLwY78bHrHXJyGcO0B8Ynz9IVJgv</latexit>

[g2] = 6� 4⇥ 3

2
= 0 Marginal! 

in fact, this coupling flows to zero under the RG - the model is asymptotically free and thus provides a UV completion 
of the GN model in 3+1 dimensions 



this symmetry is broken dynamically at the quantum level, a fact underlining the physics of the model

includes both special unitary rotations and abelian phase

chiral

these transformations leave the bilinear combinations invariant

Symmetries:

rotational invariance
<latexit sha1_base64="oVuec+0OmAFBlUvJ5/QqdBBjmIU="></latexit>

 1i ! V  1i,  2i ! V  2i, V 2 SU(2) (same V)

unitary symmetry <latexit sha1_base64="yof8e7wfHhTZQoBztNQ2ZDKgF5U="></latexit> 1i ! Uij 1j ,  2i ! Uij 2j , U 2 U(N) = SU(N)⌦ U(1) (same U)

<latexit sha1_base64="HLggt9FUBiEMLRPbLbFJedCYWzg=">AAACRXicbVDNS8MwHE3n15xfVY9egkPwIKMdQz0OvXic4D5gnSVN0y4sTWuSCqPsn/Pi3Zv/gRcPinjVbCuinQ8CL++9Xz6elzAqlWU9G6Wl5ZXVtfJ6ZWNza3vH3N3ryDgVmLRxzGLR85AkjHLSVlQx0ksEQZHHSNcbXU797j0Rksb8Ro0TMohQyGlAMVJack3HSSR1M5tObh0fhSERP8KJc5ciH8739WKgXggsnKADrlm1atYMcJHYOamCHC3XfHL8GKcR4QozJGXfthI1yJBQFDMyqTipJAnCIxSSvqYcRUQOslkLE3ikFR8GsdCLKzhTf09kKJJyHHk6GSE1lEVvKv7n9VMVnA8yypNUEY7nFwUpgyqG00qhTwXBio01QVhQ/VaIh0ggrHTxFV2CXfzyIunUa/ZprXHdqDYv8jrK4AAcgmNggzPQBFegBdoAgwfwAt7Au/FovBofxuc8WjLymX3wB8bXN1q+s/c=</latexit>

 †
1i 1i,  †

2i 2i,  †
1i 2i

rendering  <latexit sha1_base64="L0UiUDKddba34niU4GakG9O22KE=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIsgCGWmlOpGKLpx4aKCfUA7lEyaaUMzmSHJCGXoB7jxV9y4UMStH+DOvzFtR9TWA4GTc84luceLOFPatj+tzNLyyupadj23sbm1vZPf3WuoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xteTvzmHZWKheJWjyLqBrgvmM8I1kbq5gtJh2COrscInaNv3i2hk59L2aTsoj0FWiROSgqQotbNf3R6IYkDKjThWKm2Y0faTbDUjHA6znViRSNMhrhP24YKHFDlJtNlxujIKD3kh9IcodFU/T2R4ECpUeCZZID1QM17E/E/rx1r/8xNmIhiTQWZPeTHHOkQTZpBPSYp0XxkCCaSmb8iMsASE236y5kSnPmVF0mjVHQqxfJNuVC9SOvIwgEcwjE4cApVuIIa1IHAPTzCM7xYD9aT9Wq9zaIZK53Zhz+w3r8A/JCZDg==</latexit>L = L2 + L4  invariant as a whole

<latexit sha1_base64="mE1JTDDmdd4TYvQ/Wn/7HtdHL0Y=">AAAB8XicbVDLSgMxFL3js9ZX1aWbaBFclZlS1GXRjcsK9kHboWTSTBuaSYYkI5Shf+HGhSJu/Rt3/o2ZdhbaekLgcM693HtPEHOmjet+O2vrG5tb24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB1M7jK//USVZlI8mmlM/QiPBAsZwcZK3W7/LHvdQXVQKrsVdw60SryclCFHY1D66g8lSSIqDOFY657nxsZPsTKMcDor9hNNY0wmeER7lgocUe2n841n6MIqQxRKZb8waK7+7khxpPU0CmxlhM1YL3uZ+J/XS0x446dMxImhgiwGhQlHRqLsfDRkihLDp5ZgopjdFZExVpgYG1LRhuAtn7xKWtWKd1WpPdTK9ds8jgKcwjlcggfXUId7aEATCAh4hld4c7Tz4rw7H4vSNSfvOYE/cD5/ALFyj6M=</latexit>

ZZ2Discrete <latexit sha1_base64="LIPtg3JnTbAc4K9ScFZQ84K1/Ag=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mQmd11ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSPWMNwI1k4UQxkI1gpGt1O/9cSU5nH0YMYJ8yUOIh5yisZK7e4ApcTeRa9ccavuDGSZeDmpQI56r/zV7cc0lSwyVKDWHc9NjJ+hMpwKNil1U80SpCMcsI6lEUqm/Wx274ScWKVPwljZigyZqb8nMpRaj2VgOyWaoV70puJ/Xic14bWf8ShJDYvofFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiISjYEb/HlZdI8q3qX1fP780rtJo+jCEdwDKfgwRXU4A7q0AAKAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AuTOPxg==</latexit>�5-symmetry:
<latexit sha1_base64="SBOvm4s2lVUChf7scub9F7cBLdM=">AAACOXicbVDLSgMxFM34rPU16tJNsAgutMxIfSyLblxWsA/oDMOdNG1Dk5kxySil9Lfc+BfuBDcuFHHrD5i2s6itBwKHc87l5p4w4Uxpx3m1FhaXlldWc2v59Y3NrW17Z7em4lQSWiUxj2UjBEU5i2hVM81pI5EURMhpPexdj/z6A5WKxdGd7ifUF9CJWJsR0EYK7IqXKBYwT7JOV4OU8SP2OiAEBGcT59i7T6GFvRDkfPRkSs6mArvgFJ0x8DxxM1JAGSqB/eK1YpIKGmnCQamm6yTaH4DUjHA6zHupogmQHnRo09AIBFX+YHz5EB8apYXbsTQv0nisTk8MQCjVF6FJCtBdNeuNxP+8Zqrbl/6ARUmqaUQmi9opxzrGoxpxi0lKNO8bAkQy81dMuiCBaFN23pTgzp48T2qnRfe8WLotFcpXWR05tI8O0BFy0QUqoxtUQVVE0BN6Qx/o03q23q0v63sSXbCymT30B9bPL7PYrqY=</latexit>

 i ! �5 i,  ̄i ! � ̄i�5

<latexit sha1_base64="p306wKpEYCP2tWfp28kkkKXEm60="></latexit>

L2 ! (� ̄i�5)
⇥
�0i@t + (i~� ·r)(r2 �M2)

⇤
�5 i = (�1)2 ̄i

⇥
�0i@t + (i~� ·r)(r2 �M2)

⇤
�25 i = L2

<latexit sha1_base64="K1sAM3xIcI183nosv/u5c+hGu8Q="></latexit>

L4 ! (� ̄i�5�5 i)
2 = ( ̄i i)

2 = L4



Effective potential and asymptotic freedom

Hubbard-Stratanovich auxiliary field

EOM for 

<latexit sha1_base64="8Hy2ukB9pWzhfUfhejDkytguq3M="></latexit>

L =  ̄i

⇥
�0i@t + (i~� ·r)(r2 �M2)

⇤
 i +

g2

2
( ̄i i)

2

<latexit sha1_base64="PKrEr8zTga79JFKdh1Gjbt/ATCM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREinosevFYwX5AE8pmO2mX7iZhd1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwtr6xuVXcLu3s7u0f2IdHLRWnkkKTxjyWnYAo4CyCpmaaQyeRQETAoR2M7mZ+ewxSsTh61JMEfEEGEQsZJdpIPdv2FBsIUtEX3hgofjrv2WWn6syBV4mbkzLK0ejZX14/pqmASFNOlOq6TqL9jEjNKIdpyUsVJISOyAC6hkZEgPKz+eVTfGaUPg5jaSrSeK7+nsiIUGoiAtMpiB6qZW8m/ud1Ux3e+BmLklRDRBeLwpRjHeNZDLjPJFDNJ4YQKpm5FdMhkYRqE1bJhOAuv7xKWpdV96pae6iV67d5HEV0gk5RBbnoGtXRPWqgJqJojJ7RK3qzMuvFerc+Fq0FK585Rn9gff4AcKWS5A==</latexit>

�(t, ~x)

<latexit sha1_base64="Nb6Pp0j9NPQEZ1DKvNszgyrXoPE="></latexit>

L̃ =  ̄i

⇥
�0i@t + (i~� ·r)(r2 �M2)� �

⇤
 i �

1

2g2
�2

<latexit sha1_base64="PKrEr8zTga79JFKdh1Gjbt/ATCM=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpREinosevFYwX5AE8pmO2mX7iZhd1Msof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwtr6xuVXcLu3s7u0f2IdHLRWnkkKTxjyWnYAo4CyCpmaaQyeRQETAoR2M7mZ+ewxSsTh61JMEfEEGEQsZJdpIPdv2FBsIUtEX3hgofjrv2WWn6syBV4mbkzLK0ejZX14/pqmASFNOlOq6TqL9jEjNKIdpyUsVJISOyAC6hkZEgPKz+eVTfGaUPg5jaSrSeK7+nsiIUGoiAtMpiB6qZW8m/ud1Ux3e+BmLklRDRBeLwpRjHeNZDLjPJFDNJ4YQKpm5FdMhkYRqE1bJhOAuv7xKWpdV96pae6iV67d5HEV0gk5RBbnoGtXRPWqgJqJojJ7RK3qzMuvFerc+Fq0FK585Rn9gff4AcKWS5A==</latexit>

�(t, ~x)
<latexit sha1_base64="TTmOK6R8WZYDwAm+L+owCpaswWg=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgxjJTiroRim5cVrAP6IxDJs1MQ5PMkGSEUrpy46+4caGIW7/BnX9j2s5CWw/cy+Gce0nuCVNGlXacb6uwtLyyulZcL21sbm3v2Lt7LZVkEpMmTlgiOyFShFFBmppqRjqpJIiHjLTDwfXEbz8QqWgi7vQwJT5HsaARxUgbKbAPPUVjjuAlPI3vq16IpJcqGtBZD+yyU3GmgIvEzUkZ5GgE9pfXS3DGidCYIaW6rpNqf4SkppiRccnLFEkRHqCYdA0ViBPlj6ZnjOGxUXowSqQpoeFU/b0xQlypIQ/NJEe6r+a9ifif1810dOGPqEgzTQSePRRlDOoETjKBPSoJ1mxoCMKSmr9C3EcSYW2SK5kQ3PmTF0mrWnHPKrXbWrl+lcdRBAfgCJwAF5yDOrgBDdAEGDyCZ/AK3qwn68V6tz5mowUr39kHf2B9/gAuJ5hV</latexit>

� = �g2 ̄i i

mass dimensions
<latexit sha1_base64="D4d4sFJE2/7ss4MR76k3dZ6yLcI=">AAACEHicbVA9SwNBEN3zM8avU0ubxSBahTsT1CYQtLGMYD7g7gxzm02yZG/v2N0TQshPsPGv2FgoYmtp579xL0mhiQ8GHu/NMDMvTDhT2nG+raXlldW19dxGfnNre2fX3ttvqDiVhNZJzGPZCkFRzgSta6Y5bSWSQhRy2gwH15nffKBSsVjc6WFCgwh6gnUZAW2ktn3i+Yr1IghwBXt+AlIz4G0dVDxfQMjhvpQ5Jdy2C07RmQAvEndGCmiGWtv+8jsxSSMqNOGglOc6iQ5G2QLC6Tjvp4omQAbQo56hAiKqgtHkoTE+NkoHd2NpSmg8UX9PjCBSahiFpjMC3VfzXib+53mp7l4GIyaSVFNBpou6Kcc6xlk6uMMkJZoPDQEimbkVkz5IINpkmDchuPMvL5LGWdE9L5Zvy4Xq1SyOHDpER+gUuegCVdENqqE6IugRPaNX9GY9WS/Wu/UxbV2yZjMH6A+szx8nDJtg</latexit>

[�] = [@t] = [r3] = 3

it is the chiral condensate. under the discrete chiral symmetry
<latexit sha1_base64="LIPtg3JnTbAc4K9ScFZQ84K1/Ag=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mQmd11ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSPWMNwI1k4UQxkI1gpGt1O/9cSU5nH0YMYJ8yUOIh5yisZK7e4ApcTeRa9ccavuDGSZeDmpQI56r/zV7cc0lSwyVKDWHc9NjJ+hMpwKNil1U80SpCMcsI6lEUqm/Wx274ScWKVPwljZigyZqb8nMpRaj2VgOyWaoV70puJ/Xic14bWf8ShJDYvofFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiISjYEb/HlZdI8q3qX1fP780rtJo+jCEdwDKfgwRXU4A7q0AAKAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AuTOPxg==</latexit>�5

<latexit sha1_base64="fC/uF0pa1kSTSiWOPwhnb7OpuII=">AAACN3icbVDLTgIxFO3gC/GFunTTSExwIZkxRF0S3bgymMgjYSaTO6VAQ6czth0NIfyVG3/DnW5caIxb/8ACsxDwJG1Ozjk37T1BzJnStv1qZZaWV1bXsuu5jc2t7Z387l5dRYkktEYiHslmAIpyJmhNM81pM5YUwoDTRtC/GvuNByoVi8SdHsTUC6ErWIcR0Eby8zeuYt0QXMm6PQ1SRo/4JJXuE2jjohuAdGPFfJbeM8k589jPF+ySPQFeJE5KCihF1c+/uO2IJCEVmnBQquXYsfaGIDUjnI5ybqJoDKQPXdoyVEBIlTec7D3CR0Zp404kzREaT9S/E0MIlRqEgUmGoHtq3huL/3mtRHcuvCETcaKpINOHOgnHOsLjEnGbSUo0HxgCRDLzV0x6IIFoU3XOlODMr7xI6qcl56xUvi0XKpdpHVl0gA5RETnoHFXQNaqiGiLoCb2hD/RpPVvv1pf1PY1mrHRmH83A+vkFDvet2A==</latexit>

� ! �� ( ̄i i ! � ̄i i)

is the order parameter the discrete  thus, <latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�
<latexit sha1_base64="LIPtg3JnTbAc4K9ScFZQ84K1/Ag=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mQmd11ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSPWMNwI1k4UQxkI1gpGt1O/9cSU5nH0YMYJ8yUOIh5yisZK7e4ApcTeRa9ccavuDGSZeDmpQI56r/zV7cc0lSwyVKDWHc9NjJ+hMpwKNil1U80SpCMcsI6lEUqm/Wx274ScWKVPwljZigyZqb8nMpRaj2VgOyWaoV70puJ/Xic14bWf8ShJDYvofFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiISjYEb/HlZdI8q3qX1fP780rtJo+jCEdwDKfgwRXU4A7q0AAKAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AuTOPxg==</latexit>�5 symmetry breaking



Path integral quantization

thus

note for later reference that 

inverse propagator

then

perform Gaussian integration over the N complex quadratic Fermi fields to obtain

Tr over both Dirac and Hilbert space indices

Study the model in the ’t Hooft Limit:

(the would-be Dirac operator in the low energy Lorentz limit)
<latexit sha1_base64="pbmtcLzF4HmjzCpKhDbwEjjRe0U="></latexit>

D[�] = �0i@t + (i~� ·r)(r2 �M2)� �

<latexit sha1_base64="7QgdQwh1oOfjayD4j4ayzO6rA9E="></latexit>

L̃ =  ̄iD[�] i �
1

2g2
�2

<latexit sha1_base64="v/qPk+kswtz7Fed16/K9LLLRCgc=">AAACH3icbZDLSgMxFIYzXmu9VV26CRbBTcuM1OpGKOrCZQV7gc5QzqRpG5rMDElGKEPfxI2v4saFIuKub2PaDkVbDwR+/u8cTs7vR5wpbdtja2V1bX1jM7OV3d7Z3dvPHRzWVRhLQmsk5KFs+qAoZwGtaaY5bUaSgvA5bfiD2wlvPFGpWBg86mFEPQG9gHUZAW2sdq7s9kAIaF/gxCXA8d2o5SrWE+DNwTUuzFkhhe1c3i7a08LLwklFHqVVbee+3U5IYkEDTTgo1XLsSHsJSM0Ip6OsGysaARlAj7aMDEBQ5SXT+0b41Dgd3A2leYHGU/f3RAJCqaHwTacA3VeLbGL+x1qx7l55CQuiWNOAzBZ1Y451iCdh4Q6TlGg+NAKIZOavmPRBAtEm0qwJwVk8eVnUz4tOuVh6KOUrN2kcGXSMTtAZctAlqqB7VEU1RNAzekXv6MN6sd6sT+tr1rpipTNH6E9Z4x8ZlKHH</latexit>

�5D[�]�5 = �D[��]

<latexit sha1_base64="exRbOWtol4yX3JO0erO5ZAGRRsg="></latexit>

Z =

Z
D ̄iD iD�ei

R
L̃d3xdt

<latexit sha1_base64="WfT5jIdsvio6PxZRh5arAX5CI4Q="></latexit>

Z =

Z
D� (detD)Ne

�i
R

�2

2g2
d3xdt

Thus
<latexit sha1_base64="rZljuT2dAE5CqZGdjGn8p79JUso="></latexit>

Z =

Z
D� e

�i
R

�2

2g2
d3xdt+NTr logD[�]

=

Z
D� eiNSeff [�]

where

<latexit sha1_base64="E5909OTdwtcGVNJluiojD4ak0Xw="></latexit>

Se↵ [�] = �
Z

�2

2Ng2
d3xdt� iTr logD[�]

<latexit sha1_base64="9U4L1tYIQMKxZEoTgG8WHZKH9p4="></latexit>

N ! 1, g2 ⇠ 1

N
! 0, � = Ng2 = finite



Ground State: translational invariance in  

Wick rotation

<latexit sha1_base64="mS/uWZk6DMlQOatgB6ft/81jU44=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8SNiVoB6DXjxGMA9IljA76U2GzM6uM73BEPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSKFQdf9dlZW19Y3NnNb+e2d3b39wsFh3cSp5lDjsYx1M2AGpFBQQ4ESmokGFgUSGsHgduo3hqCNiNUDjhLwI9ZTIhScoZWaeN4eAqdPnULRLbkz0GXiZaRIMlQ7ha92N+ZpBAq5ZMa0PDdBf8w0Ci5hkm+nBhLGB6wHLUsVi8D449m9E3pqlS4NY21LIZ2pvyfGLDJmFAW2M2LYN4veVPzPa6UYXvtjoZIUQfH5ojCVFGM6fZ52hQaOcmQJ41rYWynvM8042ojyNgRv8eVlUr8oeZel8n25WLnJ4siRY3JCzohHrkiF3JEqqRFOJHkmr+TNeXRenHfnY9664mQzR+QPnM8fhi2PpQ==</latexit>

t, ~x
<latexit sha1_base64="r3c7mFniuNgHFlf6YLfpRs9vNUg=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyGRom6EohuXFewDmlAm00k7dB5hZiKUUPBX3LhQxK3f4c6/cdpmoa0HLhzOuZd774lTRrXx/W+ntLK6tr5R3qxsbe/s7rn7By0tM4VJE0smVSdGmjAqSNNQw0gnVQTxmJF2PLqd+u1HojSV4sGMUxJxNBA0oRgZK/Xco1DTAUfwGuah4hBLoY036blV3/NngMskKEgVFGj03K+wL3HGiTCYIa27gZ+aKEfKUMzIpBJmmqQIj9CAdC0ViBMd5bPzJ/DUKn2YSGVLGDhTf0/kiGs95rHt5MgM9aI3Ff/zuplJrqKcijQzROD5oiRj0Eg4zQL2qSLYsLElCCtqb4V4iBTCxiZWsSEEiy8vk9a5F1x4tftatX5TxFEGx+AEnIEAXII6uAMN0AQY5OAZvII358l5cd6dj3lrySlmDsEfOJ8/U8SVGA==</latexit>

� = const.

<latexit sha1_base64="9r6Kw7og4/iVm/PaPDJMWogEtEg="></latexit>

Tr logD[�] =
L3T

(2⇡)4

Z
d!d~k tr(�0! � (~k2 +M2)~k · ~� � �) tr over Dirac indices only

<latexit sha1_base64="vlmtnb1Dj9K9I7fV+ut/AYn3kDQ="></latexit>

@

@�
Tr logD[�] = � L3T

(2⇡)4

Z
d!d~k tr

1

�0! � (~k2 +M2)~k · ~� � �
<latexit sha1_base64="fLE2rFU94oIly88zrcUWQ3T/HWY="></latexit>

= � L3T

(2⇡)4

Z
d!d~k tr

�0! � (~k2 +M2)~k · ~� + �

[�0! � (~k2 +M2)~k · ~� � �][�0! � (~k2 +M2)~k · ~� + �]

<latexit sha1_base64="wR1fV04zqPG3AnJSgaBVQwyfKGg="></latexit>

= � L3T

(2⇡)4

Z
d!d~k

4�

!2 + i✏� (~k2 +M2)2~k2 � �2

where the Feynman      prescription is displayed explicitly  
<latexit sha1_base64="UighdMlCu22irOkw6nYJSm1cqXE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9sh5NDONK9ssVv+rPgVZJkJMK5Gj0y1+9gSKpoNISjo3pBn5iwwxrywin01IvNTTBZIyHtOuoxIKaMJsfPEVnThmgWGlX0qK5+nsiw8KYiYhcp8B2ZJa9mfif101tfB1mTCappZIsFsUpR1ah2fdowDQllk8cwUQzdysiI6wxsS6jkgshWH55lbQuqsFltXZfq9Rv8jiKcAKncA4BXEEd7qABTSAg4Ble4c3T3ov37n0sWgtePnMMf+B9/gAXLJCc</latexit>

i✏
<latexit sha1_base64="7RdV0GWT8ynRsZtdVWhhYmlpZVk="></latexit> 1Z

�1

d! = i

1Z

�1

d!E , ! = i!E



where we have also performed the angular integration over

Thus obtain

We thus obtain

where we have introduced 
plane

and extended integration over u symmetrically throughout the entire real axis.
The last integral can be done immediately, by transforming to polar coordinates in the

which would clutter the discussion and would require going beyond the limited time frame of this talk. In order to 
demonstrate asymptotic freedom it is enough to set

<latexit sha1_base64="tF5Jygkt5GW6c0PuNtXyaUm1J9Y="></latexit>

@

@�
Tr logD[�] =

iL3T

⇡3

1Z

�1

d!E

Z 1

0
k2dk

�

!2
E + (k2 +M2)2k2 + �2

<latexit sha1_base64="P+YhvcOEGCFA9s5xn0aV42m+TyE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS748oktwPIzKe9qs1t+7OQVaJV5AaFGj2q1/+IGFZzBUySY3peW6KQU41Cib5tOJnhqeUjemQ9yxVNOYmyOc3T8mZVQYkSrQthWSu/p7IaWzMJA5tZ0xxZJa9mfif18swuglyodIMuWKLRVEmCSZkFgAZCM0ZyokllGlhbyVsRDVlaGOq2BC85ZdXSfui7l3VLx8ua43bIo4ynMApnIMH19CAe2hCCxik8Ayv8OZkzovz7nwsWktOMXMMf+B8/gCDeZFb</latexit>

k̂

with
<latexit sha1_base64="BLWvMNXwHZiS1kw3hvWyR00EmOQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRixehgv2ANpTNdtIu3Wzi7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5YMYJ+hEdSB5yRo2VWnddiY/E7ZUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTH8nfa6QGTG2hDLF7a2EDamizNiESjYEb/HlZdI8q3oX1fP780rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AfPCPBg==</latexit>

M 6= 0 we could carry the integration through, obtaining a rather complicated incomplete elliptic integral,

<latexit sha1_base64="FmG2R+198cJgn+OMuQmi6KnX7l8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OJFqGDaQhvKZjtpl242YXcjlNLf4MWDIl79Qd78N27bHLT1wcDjvRlm5oWp4Nq47rdTWFldW98obpa2tnd298r7Bw2dZIqhzxKRqFZINQou0TfcCGylCmkcCmyGw9up33xCpXkiH80oxSCmfckjzqixkn9PronbLVfcqjsDWSZeTiqQo94tf3V6CctilIYJqnXbc1MTjKkynAmclDqZxpSyIe1j21JJY9TBeHbshJxYpUeiRNmShszU3xNjGms9ikPbGVMz0IveVPzPa2cmugrGXKaZQcnmi6JMEJOQ6eekxxUyI0aWUKa4vZWwAVWUGZtPyYbgLb68TBpnVe+iev5wXqnd5HEU4QiO4RQ8uIQa3EEdfGDA4Rle4c2Rzovz7nzMWwtOPnMIf+B8/gBEF42v</latexit>

M = 0 in which case we obtain
<latexit sha1_base64="HAGiBUXgeEMnKHEzyXAa3OspE88="></latexit>

@

@�
Tr logD[�] =

iL3T

⇡3

1Z

�1

d!E

Z 1

0
k2dk

�

!2
E + (k2)3 + �2

=
iL3T

3⇡3

1Z

�1

d!E

Z 1

0
du

�

!2
E + u2 + �2

<latexit sha1_base64="JgtrQovOecttat4U4m4EEPzBkdM="></latexit>

=
iL3T

6⇡3

1Z

�1

d!E

1Z

�1

du
�

!2
E + u2 + �2

<latexit sha1_base64="ijytlH0nAd5gC2Bmki18RKGqFUQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVol6EohePFewHtGvJptk2bJJdkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL0g408Z1v53Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmwppxJ2jTMcNpJFMUi4LQdRLdTv/1ElWaxfDDjhPoCDyULGcHGSu0UXaPo8bxfrrhVdwa0TLycVCBHo1/+6g1ikgoqDeFY667nJsbPsDKMcDop9VJNE0wiPKRdSyUWVPvZ7NwJOrHKAIWxsiUNmqm/JzIstB6LwHYKbEZ60ZuK/3nd1IRXfsZkkhoqyXxRmHJkYjT9HQ2YosTwsSWYKGZvRWSEFSbGJlSyIXiLLy+T1lnVu6jW7muV+k0eRxGO4BhOwYNLqMMdNKAJBCJ4hld4cxLnxXl3PuatBSefOYQ/cD5/AAOXjrc=</latexit>

u = k3
<latexit sha1_base64="K593ZRJwwpe97S15097QXSadY/8=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbArQT0GRfAYwTwwWcLspJMMmccyMyuEJX/hxYMiXv0bb/6Nk2QPmljQUFR1090VxZwZ6/vfXm5ldW19I79Z2Nre2d0r7h80jEo0hTpVXOlWRAxwJqFumeXQijUQEXFoRqObqd98Am2Ykg92HEMoyECyPqPEOumxowQMSPf2LOkWS37ZnwEvkyAjJZSh1i1+dXqKJgKkpZwY0w782IYp0ZZRDpNCJzEQEzoiA2g7KokAE6aziyf4xCk93FfalbR4pv6eSIkwZiwi1ymIHZpFbyr+57UT278KUybjxIKk80X9hGOr8PR93GMaqOVjRwjVzN2K6ZBoQq0LqeBCCBZfXiaN83JwUa7cV0rV6yyOPDpCx+gUBegSVdEdqqE6okiiZ/SK3jzjvXjv3se8NedlM4foD7zPHyCQkJI=</latexit>!E � u

It diverges logarithmically, so we introduce a UV cutoff
<latexit sha1_base64="czBxziAoqChpX+oAJwD/LQCrNYs=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsS1DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6R1UfUuq7WHWqV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8Ok49m</latexit>

⇤ (recall                                  ) 
<latexit sha1_base64="4zUTSWarNFSceOdBE7EBSiWU1g4=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwVUlVFRakChYGhiLRh5SkleO4rVU7iWwHqYr6CSz8CgsDCLEysvE3OG0GaLmSpeNz7rn2PX7MqFSW9W0UVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRNdHkjAakpaiipFuLAjiPiMdf3yd6Z0HIiSNwns1iYnH0TCkA4qR0lTfPHVcSYcc9aoevISOe6utAerVs1vqCg45knLaq/fNslWxZgWXgZ2DMsir2Te/3CDCCSehwkzPcGwrVl6KhKKYkWnJTSSJER6jIXE0DBEn0ktnC03hiWYCOIiEPqGCM/a3I0Vcygn3dSdHaiQXtYz8T3MSNbjwUhrGiSIhnj80SBhUEczSgQEVBCs20QBhQfVfIR4hgbDSGZZ0CPbiysugXa3Y9UrtrlZuXOVxFMEROAZnwAbnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PeWvByD2H4E8Znz8pSptt</latexit>

[�2] = [⇤6] = mass6

<latexit sha1_base64="iUijftBe6NC1OGkUpfi/6QCNA5c="></latexit>

@

@�
Tr logD[�] =

iL3T

6⇡2
log

✓
�2 + ⇤6

�2

◆
' iL3T

6⇡2
log

✓
⇤6

�2

◆



two degenerate minima

Discrete chiral symmetry is broken dynamically, leading to generation of a fermion mass gap

Plugging this back to the effective action we thus obtain

symmetric double-well shape

with effective potential 

We can integrate this expression over <latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>� and obtain

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="O1Em8Y+cKHw4jkOPob+eMavKeE8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF48RzAM2S5id9CZD5rHMzAphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFKWfG+v63V1pb39jcKm9Xdnb39g+qh0dtozJNoUUVV7obEwOcSWhZZjl0Uw1ExBw68fhu5neeQBum5KOdpBAJMpQsYZRYJ4Xtft7TAkOSTPvVml/358CrJChIDRVo9qtfvYGimQBpKSfGhIGf2ign2jLKYVrpZQZSQsdkCKGjkggwUT4/eYrPnDLAidKupMVz9fdEToQxExG7TkHsyCx7M/E/L8xschPlTKaZBUkXi5KMY6vw7H88YBqo5RNHCNXM3YrpiGhCrUup4kIIll9eJe2LenBVv3y4rDVuizjK6ASdonMUoGvUQPeoiVqIIoWe0St686z34r17H4vWklfMHKM/8D5/ACAikSo=</latexit>

Ve↵

<latexit sha1_base64="i9e6fJbkklaUIuSTBd0tmfkGS3I="></latexit>

Tr logD[�] =
iL3T

12⇡2


�2 � �2 log

✓
�2

⇤6

◆�
+ const.

<latexit sha1_base64="AWpVwTzlBEHanCEPCq6FeM4MrOg="></latexit>

Se↵ [�] = �L3T


�2

2Ng2
� 1

12⇡2
(�2 � �2 log

�2

⇤6
)

�
⌘ �L3TVe↵ [�]

<latexit sha1_base64="Bzgh2XEId3yzkV/4hauaTzgF7Qs="></latexit>

Ve↵ [�] =
�2

2Ng2
� 1

12⇡2
(�2 � �2 log

�2

⇤6
)

<latexit sha1_base64="ayqorvcN/D1sCccRBFA0sI5spx4=">AAACEHicbVDLSgMxFM3UV62vqks3wSK6KjNa1I1QdOOygn1AZyyZ9LYNTTJjkhHK0E9w46+4caGIW5fu/BvTx0JbD1w4Oedecu8JY860cd1vJ7OwuLS8kl3Nra1vbG7lt3dqOkoUhSqNeKQaIdHAmYSqYYZDI1ZARMihHvavRn79AZRmkbw1gxgCQbqSdRglxkqt/KEfC58T2eXga9YVxFfjB77A1sHi7sSXcI/dVr7gFt0x8DzxpqSApqi08l9+O6KJAGkoJ1o3PTc2QUqUYZTDMOcnGmJC+6QLTUslEaCDdHzQEB9YpY07kbIlDR6rvydSIrQeiNB2CmJ6etYbif95zcR0zoOUyTgxIOnko07CsYnwKB3cZgqo4QNLCFXM7oppjyhCjc0wZ0PwZk+eJ7XjondaLN2UCuXLaRxZtIf20RHy0Bkqo2tUQVVE0SN6Rq/ozXlyXpx352PSmnGmM7voD5zPH5jNnEg=</latexit>

±h�i = ±m3 6= 0
<latexit sha1_base64="qDoxTsgttPvph6kxXMZVBc3wP9k=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRUTdC0Y3LCvYB06Fk0kwbmmSGJFMoQ//EjQtF3Pon7vwb03YW2nrgwuGce5N7T5Rypo3nfTultfWNza3ydmVnd2//wD08aukkU4Q2ScIT1YmwppxJ2jTMcNpJFcUi4rQdje5nfntMlWaJfDKTlIYCDySLGcHGSj3XDUSIblHeVQIJrPW051a9mjcHWiV+QapQoNFzv7r9hGSCSkO4fSHwvdSEOVaGEU6nlW6maYrJCA9oYKnEguown28+RWdW6aM4UbakQXP190SOhdYTEdlOgc1QL3sz8T8vyEx8E+ZMppmhkiw+ijOOTIJmMaA+U5QYPrEEE8XsrogMscLE2LAqNgR/+eRV0rqo+Ve1y8fLav2uiKMMJ3AK5+DDNdThARrQBAJjeIZXeHNy58V5dz4WrSWnmDmGP3A+fwCRJJL9</latexit>

[m] = mass



Asymptotic Freedom

Thus, comparing its values at the scale of the bare cutoff and at some lower energy scale 

which is asymptotic freedom!we conclude that

Under the change of the cutoff we find 
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must be RG invariant: its values at two different energy scales must be the same. 

The gap equation determines the RG invariant dynamically generated mass m
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Emergent Lorentz invariance at low energies

it can be shown that the dispersion relation of fermion fluctuations around the ground state       condensate

is
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thus, in the momentum range <latexit sha1_base64="EJYnIgK0fjsGNEXctYcll0QSKaA=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiFy9CBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DplGppqxBlVC6HRLDBJesYbkVrJ1oRuJQsFY4upn6rSemDVfywY4TFsRkIHnEKbFOao66QuC7XrniVb0Z8DLxc1KBHPVe+avbVzSNmbRUEGM6vpfYICPacirYpNRNDUsIHZEB6zgqScxMkM2uneATp/RxpLQrafFM/T2RkdiYcRy6zpjYoVn0puJ/Xie10VWQcZmklkk6XxSlAluFp6/jPteMWjF2hFDN3a2YDokm1LqASi4Ef/HlZdI8q/oX1fP780rtOo+jCEdwDKfgwyXU4Bbq0AAKj/AMr/CGFHpB7+hj3lpA+cwh/AH6/AEL/o7L</latexit>k ⌧ M we obtain
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which after proper rescaling of energy and momentum becomes the usual Lorentz invariant dispersion relation.



The symmetric double well shape of the effective potential, like in the 1+1 dimensional case, indicates the existence of 
topological solitons: domain wall kinks, which interpolate from one vacuum on one side of the universe, to the other 
vacuum on the other side, as one travels along one of the coordinate axes. 

Domain Wall kinks

This is work in progress…



Thanks for your attention!


