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Dirac Materials

Whose lattice structure allows us to treat electrons as Dirac particles

(iγµ∂µ −m)ψ (x) = Ω[ψ]

Effective mass

Confining Properties

Graphene

Qbits
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General 2D Dirac Equation:

Consider a 2D Dirac equation in polar coordinates:(
γ0E + iγr∂r +

i

r
γθ∂θ −m

)
ψ(r , θ) = I(r , θ)ψ(r , θ)

Where the general structure of a central potential is:

I(r , θ) =
[
B(r)1 + A0(r)γ

0 + Ar (r)γ
r + Aθ(r)γ

θ
]

ψ(r , θ) = β(θ)Φ(r); β(θ) =

(
e ilθ 0

0 e i(l+1)θ

)
Φ(r) =

(
ϕ1(r)

iϕ2(r)

)
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Distributional Approach

Effective Radial Problem:[
γ0E + iγ1∂r +

i

2r
γ1 − 1

r

(
l +

1

2

)
γ2 −m

]
Φ(r) = D[Φ](r)

Distributional approach considerations:

Point interaction:

D[Φ] =
(
B1 + A0γ

0 + Arγ
1 + Aθγ

2
) Φ(R−)+Φ(R+)

2 δ(r − R)

Distributional state structure:

Φ(r) = Φi (r)H(R − r) + Φo(r)H(r − R)

Current conservation j r (R−) = j r (R+)
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Bound State Equations

−dϕ1,α
dr

+
l

r
ϕ1,α = (E +m) ϕ2,α,

dϕ2,α
dr

+
l + 1

r
ϕ2,α = (E −m) ϕ1,α,

α = i , o

Inside Region

0 ≤ r < R

Φi (r) ∝
( √

m + EIl(qr)

−i
√
m − EIl+1(qr)

)
Outside Region

R < r <∞

Φo(r) ∝
( √

m + E Kl(qR)

i
√
m − E Kl+1(qR)

)

Current conservation

Φo

(
R+
)
= ΛΦi

(
R−) , Λ = e iφ

(
a ib

−ic d

)
, ad − bc = 1
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Localized states

Bound states properties

Highly Localized at R

Qbit candidate

q =
√
m2 − E 2

√
m − EIl(qr)

Allowed energy values
0.5 1.0 1.5 2.0

0.05

0.10

0.15

Il Kl

Secular Equation:

Φo

(
R+
)
= ΛΦi

(
R−) , Λ = e iφ

(
a ib

−ic d

)
, ad − bc = 1
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Next Steps

Hidden Potential dependence Λ = Λ(B,A0,Ar ,Aθ)

Φo

(
R+
)
= ΛΦi

(
R−) , Λ = e iφ

(
a ib

−ic d

)
, ad − bc = 1

Bound states

Real energy values −m < E < m

Scattering states

Real energy values |E | > m
Unbounded states with associated phase shift
Jµ(p r)− (tan δµ) Yµ(p r)

Resonance values

Complex energy values |Re(E )| > m
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δ Potential

A0 = B; Ar = Aθ = 0

Scalar and Electrostatic
equal mixing

Λδ =

(
1 0

−2iA0 1

)
A0 ∈ (−∞, −l

2mR ]

Single state

A0 =
−1

2R(E +m)Il (qR)Kl (qR)
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δ Case Resonances

1
A0

Dependence

Impermeable barrier
A0 = ±∞

Connection with δ′

system

Energy in terms of A0
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2R(E +m)Il (qR)Kl (qR)
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δ′ Potential

A0 = −B; Ar = Aθ = 0

Scalar and Electrostatic
inverse mixing

Λδ′ =

(
1 −2iA0

0 1

)
A0 ∈ [− l+1

2mR ,∞)

Single state

A0 =
1

2R(m − E )Il+1 (qR)Kl+1 (qR)
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δ′ Resonances

1
A0

Dependence

Connection with δ
A0,E , J Inversion
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Pure Electrostatic Potential

B = Ar = Aθ = 0

ΛA0 =

(
cosβ i sinβ
i sinβ cosβ

)

cosβ =
A2
0−4

A2
0+4

sinβ = 4A0

A2
0+4

tanβ = l
mR = − l+1

mR

A2
0 − 4

4A0
= R(E −m)Il+1 (qR)Kl+1 (qR) + R(E +m)Il (qR)Kl (qR)
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Pure Electrostatic Resonances

A2
0−4
4A0

Dependence

Hidden symmetry
A0 → −4

A0

Always permeable barrier
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Purely Magnetic Potential

A0 = B = 0

Λ =

(
a 0
0 1

a

)
Permeable barrier
Ar = 0 Aθ = ±2

a(Ar ,Aθ) = a(0,Aθ′)

No bound states
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a2 =
A2
r + (Aθ + 2)2

A2
r + (Aθ − 2)2

= − Il+1 (qR) Kl (qR)

Il (qR) Kl+1 (qR)
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Scalar Potential

A0 = Ar = Aθ = 0

ΛB =

(
coshβ i sinhβ
−i sinhβ coshβ

)

tanβ = −4B
4+B2 = |l |

mR = l+1
mR

Up to 2 bound states

4 + B2

4B
= R(E −m)Il+1 (qR)Kl+1 (qR)− R(E +m)Il (qR)Kl (qR)
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Scalar Resonances

4+B2

4B Dependence

Hidden symmetry
B → 4

B

Impermeable barrier for
B = ±2
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Conclusions

The following table summarizes the confining properties of the problem:

Potential State Capture Requirement

Pure Magnetic

δ shell A0 = B ✓ A0 ≤ 0

δ′ shell A0 = −B ✓ A0 ≥ 0

Pure Electrostatic ✓ A2
0−4
4A0

≥ 0

Pure Scalar ✓ B2+4
B ≥ 0
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