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I TS CTEC T TR LTSN W ST C R IS AET LBl Metric graphs and natural first order operators

Metric graphs and natural first order operators

o Metric star graph Xoo = (Jocg Xoo,e C R? with £ = {1,...,r} edges,
® (Nece Xoo,e = {0} central vertex, Xo e = [0, 00f
e function () and vector field () (o- form)

f = (f )ecE € Mg = Lr(Xo) = Dece La(Xocse), o
° gradlent (exterior derivative) duo: H1(X ) — L2(X ), doof =1

oo)_{fe@H

ecE

(0) =: £(0) indep. of e

——

-

o adjoint (divergence) d* : dom d*, — Ly(Xs), df = —F, Kirchhoff
flux condition for vector fields:
> %(0)=0}

dom d, = { € P H'(Xx.e)

ecE ecE

o first order (“Dirac”) operator

(0 dy _ F\ _ (dof
DOO = doo 0 > s 1.€., Doo (F) = <doo;>
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I TS CTEC T TR LTSN W ST C R IS AET LBl Metric graphs and natural first order operators

Metric graphs and natural first order operators ||

e gradient (exterior derivative) doof = f/,  f continuous
7

e minus divergence di.f = —f/, Y ecefe(0)=0

e first order (“Dirac”) operator (self-adjoint)
_ (9t
— \dwof

0 dt\ .
oo (2 %), e o

for £ = (F,F) € dom D, C Sy = oo @ Hors.

]
d*.d 0
2 oo Hoo
DOO‘( 0 dood;o)’

function component d*.d.f = —f" for f continous, 3, #.(0) = 0,
Kirchhoff or standard metric graph Laplacian.

R

@ justfies name “Dirac” (square is Laplacian)

Olaf Post (Uni Trier) First order operators on thick graphs AAMP XXII 2025-08-28 4/15



IR TS T ST TR LTSN W ST C R IS WS LEll  Thick graphs and natural first order operators

Thick graphs and natural first order operators

e Thick star graph X, = [J.cg Xne U Xno (smooth boundary)
® Xpe=[0,00[ X Yy, Y,=1[0,e4], 0 =0

s € Xx,e longitudinal,

o x=(s,y) € Xne, direction

y € Y,  cross-sectional/transversal
vertex neighbourhood X, o = €,Xp €,-homothetic
functions & = (@ie)eceufo} € A = Deceuioy Lo(Xne), e =Tlx,,
gradient (exterior derivative) dy: HY(X,) — Ly(Xn, C?), dyii = Vii
restrict to irrotational vector fields (closed 1-forms) (no equivalent in
one dimension)

Ay ={ie Lo(Xn, C?) | rot i = dotiy — D1, =0 }

e adjoint (minus divergence) d: domd; — Ly(X,), did=—divd,

domd,’,‘:{ﬁec%z,,

divii € Ly(Xn), i+ 71l x — o} tang. vct. fields
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IR TS T ST TR LTSN W ST C R IS WS LEll  Thick graphs and natural first order operators

Thick graphs and natural first order operators |l
o first order (“Dirac”) operator (self-adjoint)

0 dr\ . 0\
Dy = <dn 0), e Dn<ﬁ>_<dnu

for u = (@1, @) € dom D, C ;= ) ® A,
e Decompose according to graph (functions and vector fields)

=%
I~
N———

%1 = @ %,ey %,e = %,e @ %,e
ecEU{0}

did 0
2 _ n*n
br = ( 0 d,,d,f) ’

function comp. d}d,i = V*V i with Neumann boundary cond.

@ again

@ justfies again name “Dirac” (square is Laplacian)
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IR TS T ST TR LTSN W ST C R IS WS LEll  Thick graphs and natural first order operators

Some norm equalities for Dirac-type operators

o Recall

0 dr\ 0\ (dri
Dy = <dn 0), e Dn<ﬁ>_<dna>

foru:(ﬁ,U)EdomDnCz%’i,:%%,EB%;i,

@ we have

1Dnul|* = l|dnl|* + || dy ]*
1D  i)ul|* = [ Daul® + [lull* = [Idn* + [Id5@l|* + ||| + || ]

o later we need resolvents R := (D, Fi)~! for n € N =NU {co}
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LN TS CTEC ST TN ST W ST R IS W{ET Ul Generalised norm resolvent convergence

Generalised norm resolvent convergence and quasi-unitary
equivalence

How to define R* = (D, Fi)™! = RL = (D Fi)71?
o Need identification operators J,: 54, — . and 6, — 0 such that

[JnRn — RocJnll < n (a)
(e, =L I Rall < 0n (B)  [|(idsr. —Jndi) Rl <8 (b))

We then say that D,, — D, in generalised norm resolvent sense

o if Jy=J,®J, respects functions and vector fields,
(b) <= llu—Jydpul® = || — T3 Jn0 + ||d — J; Juidl?
< 6311(Dn F i)ul®
= 0alldnti])? + || dyal® + [[@]* + ||@]>
for all u = (@, 4) € dom D,
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|\ EY W] | B SH VE [EE I ETT WL IR RS IVIS- LTIl The identification operators on functions

The identification operators on functions

@ Identification operators on functions
(FF)e :=F @ 2pds,  (J:F)o:=0.

@ ajoint is

(Iif o) x,) = Z/ ) (Zn, Te (s, )L, (va) d5 = (F, Jnl)L, (x.0)»

On)ls) = (Gl ) By =2 [ s )y

is a scaled cross-sectional average of . at s
o we have JyJif =f
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|\ EY W] | B SH VE [EE I ETT WL IR RS IVIS- LTIl The identification operators on functions

The identification operators on functions
o We need that id 4, —J%J, is small in some (weighted) operator norm
© M0 - - - 2 N
HU - JnJr?uuﬁz(Xn) = Z/X Hue(s, ) - <Ue(S, ')7 _:H‘_”>_]]‘_”HL2(Y,,) ds + ||u0||Ez(X,,yo)
e:1 00,e

where ug is the contribution of u on the central branching region

e first terms can be estimated as follows (Poincaré type estimate)

r 1 5% r
Z:l A2(Yn) /X |02 ue(s, ~)H52(Yn) ds < 2 Z:l ”vueHEz(X,,’e,Cz)?

A2(Yy) = 72 /€2 second (first non-zero) Neumann ev of Y, = [0, &,]

@ For last term (as for Laplacians in [Pos12])
50112 (x, o) < OE)IVE, 1 c2) + OENER
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The identification operators on vector fields
The identification operators on vector fields
@ Identification operator on vector fields
(Jif)e :=Ffo® Ends,  (J:F)g:=0.

@ As for functions, its ajoint is (scaled cross-sect. average)

(Foi)e(s) = (Ter(s. ), Rnbi(vpy = 02 / o (s, y)dy

n

o Again, j,,j,ffz f. Moreover
. >|< —» - . 2
17353 = 22 (1) = Gt ) 304l g,

+ Hﬁe.z(s ')HLz(Yn)) s+ Il 3,02

where the first two terms can be estimated as before by (ii.>(s.-)[y, = 0)

1 r
102Tea (5. )R iy 35+ 5755 O [ Iadea(s. )
= 00,e ‘ ’ LZ(Yn) /\1D(Yf7) e=1 Xoo,e ° ’ L2(Yn)
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\ ET WCT] | SO VS RS I ETE WL (R R IVIS- U TSIl T he identification operators on vector fields

Gaffney estimates

e For ||dp|I? (Xn0,C2)? need more ideas: recycle scalar estimates!
2 n,0,
Kato's inequality stating roughly that if a scalar estimate
~ 2 2 ~ 112 ~12
lollL, (x, o) < CENVUIL (x,c2) + CENTIL,(x,)
holds then it holds (with same constants) also for vector fields
=2 2 2 2
HUOHLz(Xn,o,(C2) <0(e )HVﬂHLz(x,,,@M) + ﬁ(£)||ﬁ|||_2(x,,,<c2)-
@ estimate ||Vﬁ||EZ(Xn,C2X2) in terms of ||div L7||Ez(xn) + HUHEz(XmCz)

o Key ingredient: X C RY, 9X € C?, tan. vector fields (i - 7i] 55 — 0)

s=2 =112 _ =12 = =
||d|V uHLz(Xn) + ||I’Ot UHL (g)) = ||Vu||L2(Xn,(CdXd) + /8X II@X(U, U) do

2 n,(c
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\ ET WCT] | SO VS RS I ETE WL (R R IVIS- U TSIl T he identification operators on vector fields

Gaffney estimates

e For ||dp||? (Xo0,C2)? need more ideas: recycle scalar estimates!
2 n,0y
Kato's inequality stating roughly that if a scalar estimate
~ 2 2 ~ 112 ~12
lollL, (x, o) < CENVUIL (x,.c2) + CENTIL,(x,)
holds then it holds (with same constants) also for vector fields
HUO||52(XH70,C2) < ﬁ(52)||vm|ﬁz(xn,<c2x2) + ﬁ(E)HBHiz(Xn,Cz)‘

@ estimate ||VU||%2(XMC2X2) in terms of ||div ﬁHEz(Xn) + HﬁHEz(X,,,@)
e d=2rotd=0,d-fifgx =0, X, =e,X1 C R? (e1=1),
scale invariant! llpx, < 0 only on Z, = 90X, N Xy

. L2 02 - o
v 12 3y = V1R, covey + [ Moo 3)dor

170

- 1 . .
> HVUHEz(XLszz) - E(HVUHEZ(XI:(szz)) - 4-:‘1%”””52(Xn)
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[\ ETL WL B SH IVE [EG I ETT WL IR LIS Il The sandwiched resolvent difference

The sandwiched resolvent difference

For ||JoRE — RE J,|| < 4, use equivalent statement
‘(J:f, D,,u>(;g;, — <J7;f, D,,u>t%‘;,

< 0nll(Doe F D) || 2 | (D F 1) ull sz
(I, Do) s, = (Inf Datt) oy = (I3, diid) g, — (IndoF, 8) ;)

+ ((J:f, dnE/>,7“ﬁ - <J;,kd:0f, a>y57)
First difference: (second analogue, second is similar to scalar case)
(T2F, dnl) e, — (T dooF, ) st

=3 [ (R B @ria(s. ) + 0aals sty — FE) o a5 Do ) s

- i( | () triia(s. Ny = E6) o Bl Do) ds

_ /X F(){20, Baiie(s, )iy ds)
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[\ ETL WL B SH IVE [EG I ETT WL IR LIS Il The sandwiched resolvent difference

The sandwiched resolvent difference Il
Treat (J5F, d* i) — (Jidoaof, U)
":f dhil) s, — (I doof, T)

—

/X (E(s><%n,—(alae,1(s,->+azﬁe,z(s,-))> L) = F(8) (@ Tea (s, iy ) ds

== (B0 nalo. Py — ) B Do) 6

—/ fo(5) (2, Daili,e(s, ~)))|_2(yn)ds) (int. by parts)

co,e ~
— Z 7.(0) %,d; - Ado  (f cont, boundary of vertex region!)
OXn,e
= —f(O / 1,0; - Ado
Z .
= ?(0)/ 3,03 - Ado = £(0) 1, div i dx (divergence theorem)
8Xn,0 Xn,0
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Main result: generalised norm resolvent convergence Main results
Main results

Theorem ([EP25], arXiv:2502.19904)

1/2
D, — Ds  (gen. norm res. conv) of order ﬁ(sn/ )
The first order operator D, on functions and irrotational tangential vector fields on a
(smoothened) e,-neighbourhood converges in strong norm resolvent sense to the first

order operator Do on the underlying metric graph of order ﬁ(ai/ 2)

Corollary ([EP25])

We also have D2 — D2 (first component is Neumann Laplacian/standard
(Kirchhotf) Laplacian)

Corollary ([EP25],[PZ24])

We have duausd ((0(Dn) — 1)L, (0(Dao) —i)1) < 6(er'?);
Suitable (sandwiched) operator functions (heat operator, spectral
projections) converge as well in norm.

- v
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Main result: generalised norm resolvent convergence Main results
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E
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Mathematics, vol. 2039, Springer, Heidelberg, 2012.
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e Thank you for your attenion!
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