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Introduction



Introduction

e Today I will talk about breakdown of continuous scale invariance.

e Here continuous scale invariance refers to the invariance under a

transformation like
z e (1)
where t is an arbitrary constant.
e In quantum mechanics, this invariance can be broken in several ways.

e A well-known breaking pattern is the breakdown of continuous scale
invariance to discrete scale invariance:

x> ez, where t€t.Z={0,%xt., 2, ---} 2)

Here t. is a model-dependent parameter. In this case, one can show that
S-matrix possesses a geometric sequence of bound-state poles at

En — EO eQnt* (3)

e A typical realization of this infinite bound-state tower is the Efimov effect
of three particles in three dimensions [Efimov *70].

2/14



Introduction

e Today I will discuss yet another breaking pattern of continuous scale
invariance: discrete complex scale invariance (discrete phase invariance):

ze'x, where t€it.Z={0,*it,, +i2t,, -} (4)

In this case, one can show that S-matrix possesses circularly distributed
simple poles at

En _ EO ei2nt* (5)

e In the rest of the talk, I will introduce several few-body models that
enjoy this invariance.
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Discrete complex scale invariance: A
toy example



Discrete complex scale invariance: A toy example

e A typical example of scale-invariant models in quantum mechanics is the
inverse-square-potential problem on the half line.

e Consider the Hamiltonian

2
H:—%+%7 AER (6)
e Under the scale transformation r — e r, this Hamiltonian transforms as
Hw—e ?H (7)
e Let ¢g be an energy eigenfunction satisfying
Hyp(r) = EYp(r) (8)
Under the scale transformation 7 — e’ r, this equation transforms as
e *" Hyp(e'r) = Eyp(e'r) 9)
or, equivalently,
Hyp(e'r) = e Evp(e'r) (10)

e This implies the following scaling law of eigenfunction:

ezt g(1) o< wE(et T) (11) 5/14



Discrete complex scale invariance: A toy example

e Next consider the asymptotic behavior of ¥ g (r):
Ye(r) — e VBT +S(E) VBT a5 1o oo (12)
where S(FE) is the S-matrix (reflection amplitude off the boundary r = 0).
e Substituting this into the scaling law 1.2t 5(r) x ¥g(e’ ), we get
S(e* E) = S(E) (13)
This is the scaling law of S-matrix.

e In the following, I will discuss the breakdown of continuous scale
invariance and its consequences from the viewpoint of the scaling law.
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Discrete complex scale invariance: A toy example
2 A

>\*
H=-2 12
dr2+r2 =

ool o=

wlw | >

ST

e Let us first consider the case A < A.. In this case, the S-matrix turns out
to satisfy the following discrete scaling law:

S(e**** E) = S(E), where t.= ﬁ (14)
e Suppose that the S-matrix possesses a simple pole at F = FEy:
S(E) = ECTSBEO +0(1) as E— Eo (15)
e Then, combining these we get
S(E) = S(e*™* E) = % +0(1) as " E—Ey (16)
or, equivalently,
S(E) = % +0(1) as E — Ege > (17)

from which we find the following bound-state energies [Case ’50]:

: 2
En = Boe """ = Eoexp (‘%) &
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Discrete complex scale invariance: A toy example
2 A

>\*
H=-2 12
dr2+r2 =

ool o=

wlw | >

ST

e Let us next consider the case A € (A, Awx). In this case, the S-matrix

turns out to satisfy the following scaling law:
S(e?" E) = S(E), where t, = L 19
(2" B) = S(B) e (19)

e Again suppose that the S-matrix has a simple pole at £ = FEj:

const

S(E) = E_E, +0(1) as E — Ep (20)
e Then we have
- i2nt, __ const X R
S(E)=S(e E)= E_ Byt + 0(1) (21)

from which we find the following circularly distributed simple poles:
i 2nm 2nm
E,=Epe 2nt — B cos (7> — i Fp sin (7) 22
0 AV RNV =W (22)
e Note that, since VA — A, < 1, there exists only one bound state (n = 0)

on the physical sheet (0 < arg E,, < 2m).
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Discrete complex scale invariance: A toy example

e The above results can be derived by solving the Schrédinger equation

under the following boundary condition [cf. Meetz ’64]:

lim [wl(r) 4t @ (W') )] =0, v=vA—1€(0,1) (23)

r—=0 | p3 Y dr Tj_l’

where g is a real dimensionful parameter.

e Under this boundary condition, the S-matrix takes the following form:

S(k) = _ b/ —sen(g)(kik/mo) 3 om0
(—ik/ro) 27 — sgn(g) (—ik ko) 1+
where ko (> 0) is a dimensionful constant determined by g and v.
e The above S-matrix satisfies the following properties:
S(k)S(k) =1 (25a)
S(k) = S(—k) (25D)
S k) = S(k) (25¢)
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Few-body examples

e Discrete complex scale invariance is easily realized in the presence of a
codimension-2 flux. A typical example is the one-body Aharonov-Bohm
problem in 2d:

Han= - (w104 (26)
AB = Tom h ’

where V = (9/0x,0/0y). Here A = (A,, A,) is a background gauge field
satisfying 9y Ay — 9y Ay = ®6(x)d(y). In the polar coordinate system (r, 6)
given by (x,y) = (rcos@,rsinf), such a gauge field A can be written as

d
A= —Vod. 2
27TV9 (27)

In this gauge, the Hamiltonian can be written as

hz —-1/2 32 (—'Lag—'—a)Q - 1/4 1/2 q@
T am = = = —. 28
AB = om’” or? + r2 T YT om e

e Under the assumption of rotational invariance, the radial Hamiltonian is

& (nt+a)?-1/4
H=—got

Hence, for |n + a| € (0,1), continous scale invariance can be broken to

, NEZ (29)

discrete complex scale invariance. 10/14



Few-body examples

e The one-body Aharonov-Bohm problem is easily generalized to few-body
problems by considering a codimension-2 flux in configuration space
(domain of many-body wavefunction).

e A well known example is the two-body problem in two dimensions, where
the flux is penetrating through the set of two-body coincidence points:

A:{(£1,$2)€R2 XRQ S 4Bl :J)z} (30)

e A less known example is the three-body problem in one dimension, where
the flux is penetrating through the set of three-body coincidence points:

A ={(z1,z2,23) ERXRXR: 21 =22 =23} (31)

. t @1(t) xa(t) z3(t)

(x1(t), z2(¢), z3(t))

A

x
(a) Configuration-space picture (b) Spacetime picture 11/14



Few-body examples

e Two-body problem in 2d [cf. Jo-Lee *96]

Qm]-

time l . 2
N H=-3 —(V,+i4;) (32)
j=1

A= Lqp
27

0 = arctan <M)

1 — T2

F=dA= ;52(7’1 —r2)(dry — dz2) A (dy1 — dyz2)
s

e Three-body problem in 1d [cf. Ohya 23]

time

\
3 2
1 0
H=-— — +iA; 33

Z QTTL]' (&L] 2 ( )

Jj=1
A=-Zdo

2w
< mimams mi(z1 — x3) — ma(za — z;;))
0 = arctan | 4/
mi1 + mo + m3 mima(z1 — x2)

F =dA = ;5(11 — 12)5(262 — 1}3)(d{1}1 Ndxo + dxo A dxrs + dxs A dIl)
us
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Summary

e The 1/r*-potential problem has three distinct “phases”.

2 A
H=——+=%
dr? = r2
Complex
Discrete : : Continuous
= * A
_ 1 13
4 14

e Continuous scale invariant phase: A\ > 3/4.

The S-matrix satisfies the scaling law S(e** E) = S(F), whose solution is
just a constant.

e Discrete scale invariant phase: A < —1/4.
The S-matrix satisfies the scaling law S(e*"** E) = S(F) and possesses a
geometric sequence of bound-state poles at E,, = Fge 2",

e Discrete complex scale invariant phase: A € (—1/4,3/4).
The S-matrix satisfies the scaling law S(e’?"** E) = S(E) and possesses
circularly distributed simple poles at E,, = Eg 2",
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Summary

e Discrete complex scale invariance is easily realized in few-body problems
by introducing a codimension-2 flux in configuration space. Examples are:

(1) One-body Aharonov-Bohm problem in 2d.
(2) Two-body problem in 2d.
(3) Three-body problem in 1d.

:
time \

time

e (2) is essentially equiavalent to the two-anyon problem. (3) is a
generalization of 2d anyons.
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