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The present talk deals with the spectrum of the one-dimensional
Schrödinger operator L(q) generated in L2(�∞,∞) by the di¤erential
expression

l(y) = �y 00 + qy , (1)

where q is 1-periodic integrable on [0, 1] and a real-valued potential.
Without loss of generality, it is assumed thatZ 1

0
q(x)dx = 0. (2)
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It is well known that the spectrum σ(L(q)) of L(q) is the union of the
spectra σ(Lt (q)) of the operators Lt (q) for t 2 (�π,π] generated in
L2[0, 1] by (1) and the boundary conditions

y(1) = e ity(0), y 0(1) = e ity 0(0). (3)

Moreover, σ(L(q)) consists of the closed intervals (called bands of the
spectrum) whose end points are the eigenvalues of Lt (q) for t = 0,π
(see (3)). Therefore, to study the spectrum of the self adjoint operator
L(q) it is enough to investigate the eigenvalues of L0(q) and Lπ(q), which
are called the periodic and antiperiodic eigenvalues, respectively.
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The �rst periodic eigenvalue is denoted by λ0. The other eigenvalues of
L0(q) and the eigenvalues of Lπ(q) are denoted by λn,j and µn,j ,
respectively, for n 2 N, j = 1, 2, where N is the set of positive integers.
Without loss of generality, it is assumed that λn,1 � λn,2 and µn,1 � µn,2,
for n 2 N.
It is known that (see [4, Eastham, 1973]), the spectrum of the Schrödinger
operator L(q) consists of the real intervals

Γ1 := [λ0, µ1,1], Γ2 := [µ1,2,λ1,1], Γ3 := [λ1,2, µ2,1], Γ4 := [µ2,2,λ2,1], . . . .

The bands Γ1, Γ2, . . . of the spectrum σ(L(q)) of L(q) are separated by
the gaps

∆1 := (µ1,1, µ1,2), ∆2 := (λ1,1,λ1,2), ∆3 := (µ2,1, µ2,2), ∆4 := (λ2,1,λ2,2), . . . .
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In this work, we obtain explicit formulas for the large eigenvalues of L0(q)
and Lπ(q) and estimate the small eigenvalues of these operators. We also
give explicit and sharp estimations for the lengths of the bands and gaps in
the spectrum of the operator L(q). Moreover, we take the Kronig-Penney
model as an example and illustrate asymptotic formulas and estimations
with this example.
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In [2, Dernek and Veliev, 2005], the following equalities were established:

(λn,j � (2πn)2 � Am(λn,j ))(Ψn,j (x), e i2πnx )

� (q2n + Bm(λn,j ))(Ψn,j (x), e�i2πnx ) = Rm(λn,j ), (4)

where Ψn,j (x) is an eigenfunction corresponding to the eigenvalue λn,j ,
qk = (q(x), e i2πkx ),

Am(λn,j ) =
m

∑
k=1

ak (λn,j ), Bm(λn,j ) =
m

∑
k=1

bk (λn,j ),

ak (λn,j ) = ∑
n1,n2,...,nk

qn1qn2 ...qnkq�n1�n2�...�nk
k
∏
s=1
(λn,j � (2π(n� n1 � n2 � ...� ns ))2)

,

bk (λn,j ) = ∑
n1,n2,...,nk

qn1qn2 ...qnkq2n�n1�n2�...�nk
k
∏
s=1
(λn,j � (2π(n� n1 � n2 � ...� ns ))2)

,

(Yalova University and Do¼guş University) 29/08 1 / 1



and

Rm(λn,j ) = ∑
n1,n2,...,nm+1

qn1qn2 ...qnmqnm+1(q(x)Ψn,j (x), e i2π(n�n1�...�nm+1)x )
m+1
∏
s=1
(λn,j � (2π(n� n1 � n2 � ...� ns ))2)

.

The summations in these formulas are taken over the indices satisfying the
conditions

ns 6= 0, n1 + n2 + ...+ ns 6= 0, 2n,
for s = 1, 2, ...,m+ 1.
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In [17, Veliev, 2024], the terms a1(λn,j ) and a2(λn,j ) were investigated in
detail and the following estimations were proved:

a1(λn,j ) = a1((2πn)2) + o(n�2) = o(n�1)

and
a2(λn,j ) = a2((2πn)2) + o(n�3 ln n),

where a1((2πn)2) and a2((2πn)2) are obtained from a1(λn,j ) and a2(λn,j )
by changing λn,j to (2πn)2 in the corresponding formulas and q 2 L1[0, 1].
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Similarly, in [13, Shkalikov and Veliev, 2009], the following relations were
obtained:

b1(λn,j ) = b1,n((2πn)2) + o
�
n�2

�
, b2(λn,j ) = o

�
n�2

�
,

b1,n((2πn)2) = 2Q0Q2n � S2n,

where b1((2πn)2) is obtained from b1(λn,j ) by changing λn,j to (2πn)2,
Qk = (Q, e2πikx ) and Sk = (S , e2πikx ) are the Fourier coe¢ cients of the
following functions:

Q(x) =
Z x

0
q(t) dt, S(x) = Q2(x).
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To obtain explicit formulas for the large eigenvalues, we use the following
lemmas.

Lemma
If q 2 L1[0, 1], then the following formula holds:

a1((2πn)2) =
jq2n j2

�16π2n2
+D(2n),

where

D(k) =:
i
2πk

Z 1

0
q(x)(Q(x , k)�Qk ,0))e�i2πkx dx ,

Q(x , k) =
Z x

0
q(t)e i2πkt dt � q�kx , Qk ,0 =

Z 1

0
Q(x , k)dx .
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Now we consider a2((2πn)2). We obtain that

a2((2πn)2) =
1

16π2n2
(I1 + I2 + I3 + I4),

where
I1(q) = ∑

k ,l

qkqlq�k�l
2πk(2πk + 2πl)

,

I2(n, q) = ∑
k ,l

qkqlq�k�l
(4πn� 2πk)(2πk + 2πl)

,

I3(n, q) = ∑
k ,l

qkqlq�k�l
2πk(4πn� 2πk � 2πl)

,

and
I4(n, q) = ∑

k ,l

qkqlq�k�l
(4πn� 2πk)(4πn� 2πk � 2πl)

.
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We estimate I1(q) and Ij (n, q), for j = 2, 3, 4, in the following lemma:

Lemma
I1(q) = 0 and Ij (n, q) = o(n2), for j = 2, 3, 4.

We have the following asymptotic formulas for the periodic eigenvalues:
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Theorem
If

jqk � Sk + 2Q0Qk j � εk�2,

for k = 2n, holds, then the eigenvalues λn,j , for n > N and j = 1, 2, are
simple and satisfy the asymptotic formula

λn,j = (2πn)2 +D(2n) + (�1)j jq2n � S2n + 2Q0Q2n j+ o(n�2)

as n! ∞, where

D(k) =
i
2πk

Z 1

0
q(x)(Q(x , k)�Qk ,0))e�i2πkx dx ,

Q(x , k) =
Z x

0
q(t)e i2πkt dt � q�kx , Qk ,0 =

Z 1

0
Q(x , k)dx .

The corresponding results for the antiperiodic problem can be carried out
in a similar way.
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Theorem
If

jqk � Sk + 2Q0Qk j � εk�2,

for k = 2n� 1, holds, then the eigenvalues µn,j of the operator Lπ(q), for
n > N and j = 1, 2, are simple and satisfy the asymptotic formula

µn,j = (2πn�π)2+D(2n� 1)+ (�1)j jq2n�1 � S2n�1 + 2Q0Q2n�1j+ o(n�2),

as n! ∞.
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Now, we take the Kronig-Penney model as an example and use this
example to illustrate the obtained asymptotic formulas.
The Kronig-Penney model is a simpli�ed model of an electron in a
one-dimensional periodic potential and has been studied in many works
(see, for example, [1, Kronig and Penney, 1931], [2, Brown, Eastham, and
Schmidt, 2013], [3, Titchmarsh, 1958], [4, Veliev, 2024] and references
therein).
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In this case, the potential q(x) has the form

q(x) =

8<:a if x 2 [0, c ]

b if x 2 (c , d ],

and q(x + d) = q(x), where c 2 (0, d). For simplicity of notation and
without loss of generality, we assume that d = 1, a < b andZ 1

0
q(x)dx = 0.

Then, we have

q(x) =

8<:a if x 2 [0, c ]

b if x 2 (c , 1],
(5)

where a < 0 < b and
ac + (1� c)b = 0.
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The following equalities were obtained in [17, Veliev, 2024]:

qk =
a� b
2πki

(1� e�2πkic ),

Qk =
qk
2πki

=
a� b
(2πk)2

(e�2πkic � 1), Q0 =
1
2
b(c � 1),

Sk =
a2

πki

�
e�2πikc � 1
(2πk)2

� ce
�2πikc

2πik

�
+
b2

πki

�
1� e�2πikc

(2πk)2
+
ce�2πikc � 1

2πik

�
� b2

πki

�
e�2πikc � 1
2πik

�
,

where Qk = (Q, e2πikx ) and Sk = (S , e2πikx ) are the Fourier coe¢ cients
of the following functions:

Q(x) =
Z x

0
q(t) dt, S(x) = Q2(x).
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We need to calculate the term D(2n) where

D(k) =:
i
2πk

Z 1

0
q(x)(Q(x , k)�Qk ,0))e�i2πkx dx ,

Q(x , k) =
Z x

0
q(t)e i2πkt dt � q�kx , Qk ,0 =

Z 1

0
Q(x , k)dx .
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By direct calculations we obtain

Q(x , k) =

8><>:
a

i2πk
(e i2πkx � 1)� q�kx if x 2 [0, c ]

b
i2πk

(e i2πkx � 1)� q�kx + q�k if x 2 (c , 1].

Therefore, we have

Qk ,0 =
Z 1

0
Q(x , k)dx =

(b� a)(e i2πkc � 1)
4π2k2

+
(a+ b)(e i2πkc � 1)

4πki

and

D(k) =
i
2πk

Z 1

0
q(x)Q(x , k)e�i2πkx dx � iQk ,0

2πk

Z 1

0
q(x)e�i2πkx dx

=
i
2πk

�Z c

0
q(x)Q(x , k)e�i2πkx dx +

Z 1

c
q(x)Q(x , k)e�i2πkx dx

�
� iQk ,0qk

2πk
.
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Simplifying a bit, we obtain

D(k) =
�ab
4π2k2

+O(
1
k3
).

and

qk � Sk + 2Q0Qk =
a� b
2πki

(1� e�2πkic ) +
ba

(2πk)2
(e�2πikc + 1) +O(k�3)

= e�πkic
�
a� b
πk

sin(πkc) +
ba

2(πk)2
cos(πkc)

�
+O(k�3).
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In Theorem 2.1.11 of [17, Veliev, 2024], it was proved that if c 2 Q, then
jqk � Sk + 2Q0Qk j > c0k�2, for some positive constant c0, where Q is
the set of rational numbers. Therefore the following theorems follow from
Theorem 3 and Theorem 4, respectively.

Theorem
If c 2 Q, then the periodic eigenvalues λn,j , for n > N and j = 1, 2, are
simple and satisfy the asymptotic formula

λn,j = (2πn)2 +
�ab
16π2n2

+ (�1)j jq2n � S2n + 2Q0Q2n j+ o(n�2)

as n! ∞.

and
(Yalova University and Do¼guş University) 29/08 1 / 1



Theorem
If c 2 Q, then the antiperiodic eigenvalues µn,j of the operator Lπ(q), for
n > N and j = 1, 2, are simple and satisfy the asymptotic formula

µn,j = (2πn�π)2+
�ab

4π2(2n� 1)2 +(�1)
j jq2n�1 � S2n�1 + 2Q0Q2n�1j+ o(n�2)

as n! ∞.

Now, let us consider the general case c 2 R. We show that if there exists
ε > 0 such that the inequality

j sin(πkc + θ)j > ε

k
(6)

is satis�ed, then jqk � Sk + 2Q0Qk j � εk�2 holds. Thus the following
theorems follow from Theorem 3 and Theorem 4, respectively.
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Theorem
If (6) is satis�ed for k = 2n, then the periodic eigenvalues λn,j , for n > N
and j = 1, 2, are simple and satisfy asymptotic formula

λn,j = (2πn)2 +
�ab
16π2n2

+ (�1)j jq2n � S2n + 2Q0Q2n j+ o(n�2)

as n! ∞.

and

Theorem
If (6) is satis�ed for k = 2n� 1, then the antiperiodic eigenvalues µn,j of
the operator Lπ(q), for n > N and j = 1, 2, are simple and satisfy
asymptotic formula

µn,j = (2πn�π)2+
�ab

4π2(2n� 1)2 +(�1)
j jq2n�1 � S2n�1 + 2Q0Q2n�1j+ o(n�2)

as n! ∞.
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Now we consider the small periodic and antiperiodic eigenvalues of the
Schrödinger operator L(q) with potential (5). We shall focus on the
operator L0(q) with potential (5). The investigation of Lπ(q) is similar.
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Basically, we use the following iteration formula [2, Dernek and Veliev,
2005]:  

λn,j � (2πn)2 �
m

∑
k=1

ak (λn,j )

!
(Ψn,j (x), e i2πnx )

�
 
q2n +

m

∑
k=1

bk (λn,j )

!
(Ψn,j (x), e�i2πnx ) = Rm(λn,j ), (7)

where

ak (λn,j ) = ∑
n1,n2,...,nk

qn1qn2 ...qnkq�n1�n2�...�nk
k
∏
s=1
(λn,j � (2π(n� n1 � n2 � ...� ns ))2)

,

bk (λn,j ) = ∑
n1,n2,...,nk

qn1qn2 ...qnkq2n�n1�n2�...�nk
k
∏
s=1
(λn,j � (2π(n� n1 � n2 � ...� ns ))2)

,
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and

Rm(λn,j ) = ∑
n1,n2,...,nm+1

qn1qn2 ...qnmqnm+1(q(x)Ψn,j (x), e i2π(n�n1�...�nm+1)x )
m+1
∏
s=1
(λn,j � (2π(n� n1 � n2 � ...� ns ))2)

.

The summations in these formulas are taken over the indices satisfying the
conditions

ns 6= 0, n1 + n2 + ...+ ns 6= 0, 2n,
for s = 1, 2, ...,m+ 1.
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Before stating the main results, we write the following relations:

a1((2πn)2) =
�ab
16π2n2

+
(b2 � a2) sin(4πnc)

64π3n3
+
3(b� a)2(cos(4πnc)� 1)

128π4n4

and

q2n + b1((2πn)2) = q2n + 2Q0Q2n � S2n

=
(a� b)(1� e�i4πnc )

4πni
+
ab(1+ e�i4πnc )

16π2n2
+
(a2 � b2)(1� e�i4πnc )

32π3n3i
.
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Now we state the following interesting remark:

Remark

We have the formulas q�k = e i2πkcqk and q�k = qk . These give,
respectively,

arg q�k = arg qk + 2πkc and arg q�k = � arg qk

and hence arg qk = �πkc, qk = e�iπkc jqk j, from which we obtain

q2n = e�i2πnc jq2n j

and

qn1qn2 ...qnkq2n�n1�n2�...�nk = jqn1qn2 ...qnkq2n�n1�n2�...�nk j e�i2πnc .

It means that e i2πnc
�
q2n +

∞
∑
k=1

bk (λ)
�
is a real number.
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Using this remark and letting m tend to in�nity in equation (7), we obtain
the following main results. First, we consider the case n � 1:

Theorem

(a) If M � 4π2(2n� 1)
3

, then λn,j is an eigenvalue of L0(q) if and only if

it is either the root of the equation

λ� (2πn)2 �
∞

∑
k=1

ak (λ)� e i2πnc
�
q2n +

∞

∑
k=1

bk (λ)
�
= 0 (8)

or the root of

λ� (2πn)2 �
∞

∑
k=1

ak (λ) + e
i2πnc

�
q2n +

∞

∑
k=1

bk (λ)
�
= 0 (9)

in the set Dn := [(2πn)2 �M, (2πn)2 +M ], where n = 1, 2, . . ..
Moreover, the roots of (8) and (9) in Dn, coincide with the (2n)th and
(2n+ 1)st periodic eigenvalues λn,1 and λn,2.

(Yalova University and Do¼guş University) 29/08 1 / 1



Now, we consider the case n = 0.

Theorem
If M � 4π2/3, then the �rst periodic eigenvalue λ0 is the root of the
equation

λ�
∞

∑
k=1

ak (λ) = 0, (10)

in the set D0 = [�M,M ]. Moreover, (10) has exactly one root (counting
multiplicity) in the set D0 and this root coincides with the �rst eigenvalue
λ0 of L0.
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Now, we can use numerical methods by taking �nite sums instead of the
in�nite series obtained. In this case, we write

λ� (2πn)2 �
r

∑
k=1

as ,k ,n(λ) + (�1)je i2πnc
�
q2n +

r

∑
k=1

bs ,k ,n(λ)
�
= 0,

for j = 1 and j = 2, and

λ�
r

∑
k=1

as ,k ,0(λ) = 0,

where

as ,k ,n =
s

∑
n1,n2,...,nk=�s

qn1qn2 � � � qnkq�n1�n2�����nk
[λ� (2π(n� n1))2] � � � [λ� (2π(n� n1 � � � � � nk ))2]

,

bs ,k ,n =
s

∑
n1,n2,...,nk=�s

qn1qn2 � � � qnkq2n�n1�n2�����nk
[λ� (2π(n� n1))2] � � � [λ� (2π(n� n1 � � � � � nk ))2]

.
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We de�ne the functions

Kn,j (λ) := λ� (2πn)2 � gn,j (λ)

and
K0(λ) := λ� g0(λ),

where

gn,j (λ) =
r

∑
k=1

as ,k ,n(λ)� (�1)je i2πnc
�
q2n +

r

∑
k=1

bs ,k ,n(λ)
�

and

g0(λ) =
r

∑
k=1

as ,k ,0(λ).

Then,
λ = (2πn)2 + gn,j (λ), (11)

for j = 1 and j = 2, and n � 1.
Now we state another main result.
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Theorem

If M � 4π2(2n� 1)
3

, then for all x and y from the interval

Dn = [(2πn)2 �M, (2πn)2 +M ], the relations

jgn,j (x)� gn,j (y)j � Cn jx � y j,

Cn =
4(b� a)2

π(4π2(2n� 1)�M)[π(4π2(2n� 1)�M)� (b� a)] �
4

π(π � 1) ,

hold for j = 1, 2, and equation (11) has a unique solution ρn,j in Dn, for
each j, where n = 1, 2, . . .. Moreover

jλn,j � ρn,j j <
6(b� a)2

π2(s + 1)2[4π2(s + 1)js + 1� 2nj �M ](1� Cn)

+
3(b� a)r+2

2πr+1(4π2(2n� 1)�M)r [π(4π2(2n� 1)�M)� (b� a)](1� Cn)
,

for j = 1, 2.
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An analogous theorem can be given for the case n = 0.
Now let us approximate ρn,j by the �xed point iterations:

xn,i+1 = (2πn)2 + gn,1(xn,i ), (12)

and
yn,i+1 = (2πn)2 + gn,2(yn,i ), (13)

where gn,j (x) =
r
∑
k=1

as ,k ,n(λ)� (�1)je i2πnc
�
q2n +

r
∑
k=1

bs ,k ,n(λ)
�

(j = 1, 2).
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We state the following result:

Theorem

If M � 4π2(2n� 1)
3

, then the following estimations hold for the

sequences fxn,ig and fyn,ig de�ned by (12) and (13):

jxn,i � ρn,1j < (Cn)i
�

(b� a)
2πn(1� Cn)

+
3(b� a)2

2π[4π3(2n� 1)� (b� a)](1� Cn)

�
,

jyn,i � ρn,2j < (Cn)i
�

(b� a)
2πn(1� Cn)

+
3(b� a)2

2π[4π3(2n� 1)� (b� a)](1� Cn)

�
,

for i = 1, 2, 3, . . ., where Cn is de�ned in Theorem 11 and n = 1, 2, . . ..

An analogous theorem can be given for the case n = 0.
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We present a numerical example:

Example

For a = �π2, b = π2, and c = 1/2, we have the following
approximations for the �rst periodic eigenvalues λ0, λ1,1, λ1,2, λ2,1, λ2,2
and antiperiodic eigenvalues µ1,1, µ1,2, µ2,1, µ2,2:

λ0 = �0.100720167503π2,

λ1,1 = 3.953707280198π2, λ1,2 = 3.976894161836π2,

λ2,1 = 15.974913551204π2, λ2,2 = 15.983422370241π2,

µ1,1 = 0.317539742073π2, µ1,2 = 1.578063115969π2,

µ2,1 = 8.768711027230π2, µ2,2 = 9.180457181326π2.

In our calculations, we take r = s = 5. Usually it takes 8� 10 iterations
with the tolerance 1e � 18 by the �xed point iteration method, even if we
choose an initial value that is not too close to the exact value, which
means that convergence is quite fast.
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Example
As noted in the introduction, the above estimates determine the bands
and gaps as well as their lengths. For example, we have the following
estimations for the �rst 4 gaps:

j∆1j := µ1,2 � µ1,1 = 1.260523373896π2 = 12.440867038680

j∆2j := λ1,2 � λ1,1 = 0, 023186881638π2 = 0.228845349062

j∆3j := µ2,2 � µ2,1 = 0.411746154096π2 = 4.063771654597

j∆4j := λ2,2 � λ2,1 = 0.008508819037π2 = 0.083978677816.
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