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The present talk deals with the spectrum of the one-dimensional
Schrédinger operator L(q) generated in Ly(—o0, 00) by the differential
expression

I(y) =—y"+ay, (1)

where g is 1-periodic integrable on [0, 1] and a real-valued potential.
Without loss of generality, it is assumed that
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It is well known that the spectrum o(L(q)) of L(q) is the union of the
spectra o (L:(q)) of the operators L;:(q) for t € (—7t, 7T] generated in
L»[0,1] by (1) and the boundary conditions

y(1) = e"y(0),  y'(1) = €"y'(0). (3)

Moreover, 0(L(q)) consists of the closed intervals (called bands of the
spectrum) whose end points are the eigenvalues of L;(q) for t =0, 7

(see (3)). Therefore, to study the spectrum of the self adjoint operator
L(q) it is enough to investigate the eigenvalues of Ly(q) and Lr(g), which
are called the periodic and antiperiodic eigenvalues, respectively.
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The first periodic eigenvalue is denoted by Ag. The other eigenvalues of
Lo(q) and the eigenvalues of L;(q) are denoted by A,; and y,, .,
respectively, for n € IN, j = 1, 2, where IN is the set of positive integers.
Without loss of generality, it is assumed that A1 < Ap2and u,; <y, ,,
for n € IN. Y ’

It is known that (see [4, Eastham, 1973]), the spectrum of the Schrodinger
operator L(q) consists of the real intervals

T1:=[Ao,pyq] Toi=lugo Ml Tai=[Aopy], Tai=[py, A21l,

The bands T'1, Ty, ... of the spectrum o (L(q)) of L(q) are separated by
the gaps

A= (pyp g o), Bo= (A A1), Az = (Mg ton)  Bai= (Ag1,7
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In this work, we obtain explicit formulas for the large eigenvalues of Ly(q)
and L;(q) and estimate the small eigenvalues of these operators. We also
give explicit and sharp estimations for the lengths of the bands and gaps in
the spectrum of the operator L(q). Moreover, we take the Kronig-Penney
model as an example and illustrate asymptotic formulas and estimations
with this example.
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In [2, Dernek and Veliev, 2005], the following equalities were established:

(Anj = (271)? = Ap(Anj)) (¥ j(x), €27™)
— (@20 + B (An)) (¥nj(x), €)= Rin(An,), (4)

where ¥, j(x) is an eigenfunction corresponding to the eigenvalue A, ;,
ak = (q(x), ™),

Ammzﬁmm»ammzﬁwm>

AniGQny---Qn Q—ny—np—...—
o) = ¥ OO
M2l TT (A s — (27t(n—m — mp — ... — ns))?)
s=1
bk(An’j) = Z p qn1qn2---anq2n7n17n2,___7nk ,
e [ (g = @(n = m = 2 = n)?)
s=1
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)y Gy Gz -Gy G (A(X) ¥, (x), €27 (0= m == mia)x)
m+1 ’

1412, 1M1m-t1 IT(Anj—(@2r(n—nm —np—...—ns))?)

s=1

The summations in these formulas are taken over the indices satisfying the
conditions
ns 20, nm+nm+..+n #0,2n,

fors=1,2,....m+1.
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In [17, Veliev, 2024], the terms ai(A, ;) and ap(A, ;) were investigated in
detail and the following estimations were proved:

a1(Anj) = ar((27t)2) + o(n2) = o(n" 1)

and
a(An)) = a((2tn)?) + o(n3Inn),

where a1 ((27tn)?) and a,((27tn)?) are obtained from a; (A, ;) and a» (A, ;)
by changing A, ; to (27tn)? in the corresponding formulas and g € L1[0, 1].
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Similarly, in [13, Shkalikov and Veliev, 2009], the following relations were
obtained:

b1 ()Ln,j) = blyn((27tn)2) +o (n_2) , b2()\n’j) =0 (n_z) )
by,n((27tn)?) = 2Qo Q20 — Son,

where by ((27tn)?) is obtained from by (A, ;) by changing A, to (27tn)?,
Qx = (@, e and Sy = (S, e?™ ) are the Fourier coefficients of the
following functions:

Q) = [“avyde 560 = Q(x)
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To obtain explicit formulas for the large eigenvalues, we use the following
lemmas.

If g € L1]0, 1], then the following formula holds:

2
92
a1((27tn)?) = —|167nr|2n2 + D(2n),

where

27.[k/ (Q X, k kao))efimrkx dX,

: 1
Q(x, k) = /0 q(t)e?™ tdt — q_ix, Quo = /0 Q(x, k)dx.
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Now we consider ap((27tn)?). We obtain that

1
a((27tn)?) = 602 Tezz(h+h+h+h)

here
w Il(q) _ 2 akq1q—k—|
~ 21k (2mtk + 27tl)’
qkq1q—k—|
I 1 = 1
2(n. q) kZ,: (47tn — 27tk) (27tk + 2711)
Z 9kq1q—k—|
' 2mtk(47tn — 2tk — 27l)’
and

qkq1q—k—|
I = :
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We estimate /1(q) and /j(n, q), for j = 2, 3,4, in the following lemma:

h(q) =0 and Ii(n, q) = o(n?), for j = 2,3,4.

We have the following asymptotic formulas for the periodic eigenvalues:
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If
|gk — Sk +2Qo Qx| > ek 2,

for k = 2n, holds, then the eigenvalues A, j, forn > N and j = 1,2, are
simple and satisfy the asymptotic formula

Anj = (27tn)2 + D(2n) + (=1Y |q2n — San +2Q0 Q2n| + 0(n™?)

as n — oo, where

—i27mkx
27Tk / = Quo))e dx,

X . 1
Qx, k) = /0 q(£)e2™ dt — q_ix, Quo = /O Q(x, k) dx.

The corresponding results for the antiperiodic problem can be carried out
in a similar way.
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Theorem
If
|gk — Sk +2Qo Qx| > ek 2,

for k = 2n — 1, holds, then the eigenvalues y, . of the operator L(q), for
n> N and j = 1,2, are simple and satisfy the asymptotic formula

o= (2mtn— m)? +D(2n—1) 4+ (1) |q2n-1 — S2n—1 + 2Q0 Q2n—1| + 0(n"

as n — oo,
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Now, we take the Kronig-Penney model as an example and use this
example to illustrate the obtained asymptotic formulas.

The Kronig-Penney model is a simplified model of an electron in a
one-dimensional periodic potential and has been studied in many works
(see, for example, [1, Kronig and Penney, 1931], [2, Brown, Eastham, and
Schmidt, 2013], [3, Titchmarsh, 1958], [4, Veliev, 2024] and references
therein).
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In this case, the potential g(x) has the form

a ifxe|0,c]
q(x) = '
b if x € (¢, d],

and g(x + d) = g(x), where ¢ € (0, d). For simplicity of notation and
without loss of generality, we assume that d =1, a < b and

/01 q(x)dx = 0.

Then, we have
a ifxel0,c]
q(x) = _ (5)
b if x € (¢, 1],

where a < 0 < b and
ac+(l—c)b=0.
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The following equalities were obtained in [17, Veliev, 2024]:

_ a—>b
 27Tki

P (1 _ efZHkic),

9k a—b —2mkic _ _1 _
%= 5k =~ k2 Do Q=3b(c—1)

32 e—27‘[ikc -1 Ce—27rikc
Sk =

ki \ (2mk)2  2mik
N b2 1— 6727rikc N C6727rikc -1 b2 ef2nikc -1
ki \  (27tk)? 27tik Teki 27tik '

where @ = (@, e?™*) and S, = (S, €™ ) are the Fourier coefficients
of the following functions:

Qk) = [“atyd S0 = Q).
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We need to calculate the term D(2n) where

—i27kx
27tk / ~ Quo))e o,

1
Q(x, k) :/ q(t)e?™t dt — q_;x, Qk,():/O Q(x, k)dx.

0
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By direct calculations we obtain

a

W(GQNI(X — 1) — kX if x € [O, C]
Qlx. k) =< """
m(e’””“ —1)—qux+q-« ifxe(c1].

Therefore, we have

Qo = /01 Qx, K)dx = (b— a)(e2mke — 1) N (a+ b) (2 — 1)

4772 2 4rki
and
. 1 1 .
27tk/ X k)efIZka dx — ’2071213 q(X)eankx dx
27.[k (/0 CI( )Q(X k) —i27kx dX—I—/ (X, k>efi2nkx dX>
Q09K
2tk
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Simplifying a bit, we obtain
—ab 1

and
_ _a—b __—2mkic ba —27tike -3
Gk — Sk +2QoQk = 27Tki(1 e )+<2nk)2(e +1)+ O0(k™)
_ _mkic[a—b . ba 3
=e <7rk sin(7tkc) + 3(k)? cos(nkc)) + O(k™).
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In Theorem 2.1.11 of [17, Veliev, 2024], it was proved that if ¢ € Q, then
|gx — Sk +2Qo Qx| > cok2, for some positive constant cg, where Q is
the set of rational numbers. Therefore the following theorems follow from
Theorem 3 and Theorem 4, respectively.

Theorem
If c € Q, then the periodic eigenvalues A, ;, forn > N and j = 1,2, are
simple and satisfy the asymptotic formula

—ab

Anj = (27n)* + 255 + (=1) |92 = San + 2Q0 Qan| + 0(n"?)

as n — oo,

and
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Theorem
If c € Q, then the antiperiodic eigenvalues Mo of the operator L;(q), for
n> N and j = 1,2, are simple and satisfy the asymptotic formula

—ab
47t2(2n — 1)

'Y

Mo = (20— )%+ +(=1) |g2n-1 — San-1 +2Qo Qan—1| +

as n — oo,

Now, let us consider the general case ¢ € R. We show that if there exists
€ > 0 such that the inequality

|sin(rtke + 6)] >§ (6)

is satisfied, then |qx — Sk +2Qo Qx| > ¢k ~2 holds. Thus the following
theorems follow from Theorem 3 and Theorem 4, respectively.
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Theorem

If (6) is satisfied for k = 2n, then the periodic eigenvalues A, j, for n > N
and j = 1,2, are simple and satisfy asymptotic formula

—ab

m I <_1)j |q2n R 2QOQ2n| == O(n72>

/\n,j =S (27‘[”)2 +

as n — oo,

A,

and

Theorem

If (6) is satisfied for k = 2n — 1, then the antiperiodic eigenvalues y,, ; of
the operator L;(q), forn > N and j = 1,2, are simple and satisfy
asymptotic formula

—ab .
5+ (=1 |g2n-1 — S2n—-1 +2Q0 Q2n—1] +

_ _ 2
Haj = RN =7+ =1

as n— oo,

.

o

(Yalova University and Dogus University)



Now we consider the small periodic and antiperiodic eigenvalues of the
Schrédinger operator L(q) with potential (5). We shall focus on the
operator Ly(q) with potential (5). The investigation of L;(q) is similar.
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Basically, we use the following iteration formula [2, Dernek and Veliev,
2005]:

(An,j — (27n)? — i aan.j)) (¥nj(x), €™

k=1

_ <q2n + i bk(AnJ)> (Tn’j(X), e*i27'£nx> _ Rm(/\n,j>v (7)

k=1
where

ak(/\,,vj) = Z p An19ny---Gn G—ny—np—...—ny ’
n1,n2,...,Nk H(/\n'j—(27r(n—n1—nz—.__—ns))z)

s=1
bk()\n,j) — 2 p qni9ny---9n, 92n—n1—ny—...—ny ,
e T (A — (27t(n = m —m — .. = ng))?)

s=1
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)y Gy Gz -Gy G (A(X) ¥, (x), €27 (0= m == mia)x)
m+1 ’

1412, 1M1m-t1 IT(Anj—(@2r(n—nm —np—...—ns))?)

s=1

The summations in these formulas are taken over the indices satisfying the
conditions
ns 20, nm+nm+..+n #0,2n,

fors=1,2,....m+1.
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Before stating the main results, we write the following relations:

—ab (b? — a%)sin(47tnc)  3(b — a)?(cos(47tnc) — 1)

2\
a((27n)") = 1o 55 647033 12877 o'

and

Qon + b1((271’n)2) = qon +2Q0Qon — Son
(a — b)(l _ e—i47rnc) N ab(l 4 e—i47rnc) (aZ _ b2)(1 _ e—i471nc)
4rtni 16712 n? 32703 n3] :
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Now we state the following interesting remark:

We have the formulas q_; = e'*™°qy and q_, = Gx. These give,
respectively,

arg q_x = arg qx + 27tkc and arg q_x = — arg qx
and hence arg qx = —7tke, qx = e~k |q|, from which we obtain
Gon = € "270C |G2n|
and

_ —i27tnc
Ani Gny---9n, Q2n—ny—ny—...—ny = |qn1an---anan—nl—nQ—...—nk| € .

It means that e'27nc (qzn + Y bk(/\)> is a real number.
k=1

(Yalova University and Dogus University)



Using this remark and letting m tend to infinity in equation (7), we obtain
the following main results. First, we consider the case n > 1:

(a) IF M < 4712(2n — 1)

it is either the root of the equation

— (27tn)? — E ak(A) — e'2mne <Cl2n + ) bk(/\)> =0 (8)
k=1
or the root of

— (27tn)? — E ak(A) + e'27ne <CI2n + i bk(/\)> =0 (9)

k=1

, then A, is an eigenvalue of Ly(q) if and only if

in the set D, := [(27tn)?> — M, (27tn)? + M|, where n = 1,2, ....
Moreover, the roots of (8) and (9) in D,, coincide with the (2n)th and
(2n+ 1)st periodic eigenvalues A1 and Ap 5.
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Now, we consider the case n = 0.

Theorem

If M < 4712 /3, then the first periodic eigenvalue Ag is the root of the
equation

A— i a(A) =0, (10)
k=1

in the set Dy = [—M, M]. Moreover, (10) has exactly one root (counting
multiplicity) in the set Dy and this root coincides with the first eigenvalue
}\0 of Lo.
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Now, we can use numerical methods by taking finite sums instead of the
infinite series obtained. In this case, we write

(27tn)? Z as k.n( (—1)e?mne <Q2n + Z bs,k,n()‘)> =0,
k=1

forj=1and j =2, and

A= Z ask0(A) =0,

k=1
where
s

qn1 an e an q*n17n27~-7nk
ds k,n = .
B nQ,;,k:s [A—=(@r(n—m))?]---[A=@2r(n—n —-—ng))?

be = i qni9ny, *° qn Q2n—ny—no—--—ny
s, k,n = _
o e—s A= (2 (n—m))?] - [A = (27(n =y — -+ — nk))?
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We define the functions

Knj(A) == A — (27tn)? — ga;(A)

and
Ko (/\) = /\ — 80 ()\),
where
gn,j()\) = Z as,k,n()\) _ (_1)jei27rnc <q2n + Z bs,k,n()\)>
k=1 k=1
and .
go(A) =) asko(A).
k=1
Then,

A= (2mn)* + gaj(A), (11)

forj=1and j=2,and n > 1.
Now we state another main result.
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4712(2n — 1)

IfM<
D, = [(27tn)? — M, (27tn)? + M), the relations

, then for all x and y from the interval

18 (x) — g0 (Y)| < Calx =y,
c 4(b— a)? .4
" m(4m?(2n—1) — M)[n(4n2(2n—1) — M) — (b—a)] ~ m(m—1)'

hold for j = 1,2, and equation (11) has a unique solution p,, . in Dy, for

each j, where n =1,2,.... Moreover
6(b— a)?
Api—p.
[An, p”'f| < m2(s+1)%[4m2(s+1)|s+1—2n| — M](1 - C,)
3(b_a)r+2

" 2w a2 (2n — 1) — My (4220 — 1) — M) — (b~ 2)](1 - C))

forj =1,2.
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An analogous theorem can be given for the case n = 0.
Now let us approximate p, ; by the fixed point iterations:

Xn,i+1 = (27'[”)2 + gn,l(xn,i)v (12)

and
Yiit1 = (27tn)? + g2 (o), (13)

where gn,j(X> = ) as,k,n(/\> - (_1)jei27rnc <q2n + Y bs,k,n()\>>
k=1 k=1
(=12).
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We state the following result:

42(2n — 1
IfM < M then the following estimations hold for the

sequences {x,;} and {y,;} defined by (12) and (13):
(_(b=2) 3(b— )’
ni =l < (Co) (27rn(1 —C) T 2namd2n—1) = (b=2a)](1=C,)

: (b—a) 3(b—a)?
|Yni = Pp2l < (Ca) (27-m(1 —GC,)  2n[4m3(2n—1)— (b—a)](1-C,)

+

fori =1,2,3,..., where C, is defined in Theorem 11 and n=1,2,....

An analogous theorem can be given for the case n = 0.
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We present a numerical example:

Example

For a= —7m?, b= 712, and ¢ = 1/2, we have the following
approximations for the first periodic eigenvalues Ag, A11, A12, Ao 1, Ago
and antiperiodic eigenvalues i 1, py 5, Jo 1, Ho o

Ao = —0.100720167503772,
A1 = 3.9537072801987%,  A;, = 3.976894161836772,
A1 = 15.974913551204 772, Moo = 15.983422370241 72,
pyq = 0.3175397420737°,  py , = 1.5780631159697°,
My, = 8.7687110272307, My, = 9.18045718132671°.

In our calculations, we take r = s = 5. Usually it takes 8 — 10 iterations
with the tolerance 1e — 18 by the fixed point iteration method, even if we
choose an initial value that is not too close to the exact value, which
means that convergence is quite fast.
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As noted in the introduction, the above estimates determine the bands
and gaps as well as their lengths. For example, we have the following
estimations for the first 4 gaps:
|A1|i=pyo— Py = 1.26052337389671° = 12.440867038680
|A2| :==A12 —A11 =0, 0231868816387r2 = 0.228845349062
|As| == i o 0.41174615409671° = 4.063771654597
|Ag] :=Aoo —Ap1 = 0.00850881903777> = 0.083978677816.
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Thank you...
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