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Wigner's Contribution (1950)

In 1950, Wigner published his work “Do the equations of motion determine the

commutation relations?” and posed the following fundamental question:

Are the commutation relations in quantum mechanics (e.g. |z, p| = ih) truly a
fundamental postulate, or can they also be derived from the classical equations of

motion?

Wigner examined this question specifically for the one-dimensional harmonic
oscillator.

In his study, he showed that the standard Heisenberg algebra is not the only possible
structure, and it can be modified to remain consistent with the classical equations of

motion.



Yang's Contribution (1951)

* Addressed the quantum harmonic oscillator as a test case.

* Showed that consistency requires adding a reflection operator R with a free

parameter.

* Defined a generalized derivative:
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Historical Applications

* 1950s: Wigner-Yang — Green — Parastatistics (parabosons, parafermions).
* 1960s-70s: Connection to Calogero-Moser-Sutherland models (inverse-square

interactions, reflection symmetry).

* 1980s-90s: Revival in deformed oscillator algebras (Plyushchay and others).



Dunkl derivative

[ j Deformation ( Wigner ) parameter(s)

* A differential-difference operator combined with a reflection group symmetry.

* Generalizes the ordinary derivative by including reflection operators.

* Provides a natural algebraic tool for studying parity- and symmetry-sensitive

quantum systems.






Time-Dependent Harmonic Oscillator in 1-D

Lewis-Riesenfeld Method: A technique for solving the time-dependent system under certain condition

The existence of an invariant Hermitian operator, I(t), which satisfies

Such that a particular solution appears in the form of






Derivation of Dunkl-Invariant Operator

We assume



Depending to the form of the mass function the solution of the Ermakov-Pinney equation can be obtained
either analytically or numerically.









Quantum Phase and Total Wave Function









Application






Abstract:

In this paper, we investigate the
analytical solution of the time-
dependent Schrédinger equation
for a harmonic oscillator with
time-dependent mass and
frequency, coupled with angular-
dependent potential energy by
utilizing the Dunkl derivatives. To
obtain the solution, we employ
the Lewis—Riesenfeld invariant
methodology. Our approach
broadens the scope of quantum
mechanical analyses, offering
exact solutions and new insights
into dynamic quantum systems
under varying conditions.
















































Solutions in polar coordinates



We observed that the time-dependent Dunkl-
Pauli equation mimics the time-dependent
Dunkl- Shrodinger equation.






following unitary transformation:












Two limiting cases:


































































Thanks for attention and invitation to join our online conference :
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