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Context



The strip

Geometric objects : Ω = Θ(Ω0),

▷ γ : R → R2 smooth, simple, straight at infinity.

▷ Θ : Ω0 = R× (−δ, δ) ∋ (s, t) 7→ γ(s) + tn(s),

What about δ?

δ ∈ (0, ∥κ∥−1
L∞). But, no thin strip limit : δ ↛ 0.
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The magnetic field

Magnetic Objects

▷ Magnetic field : B ≡ 1.

▷ Potential field : There exists a unique ϕ ∈ W ∞,∞(Ω,R∗
−) such that{

∆ϕ = B, on Ω,

ϕ = 0, on ∂Ω.

Gauge Fixing

▷ Magnetic vector potential: A = ∇ϕ⊥.

Remarks

▷ The problem is gauge invariant, as Ω is simply connected.

▷ This choice of gauge simplifies the presentation.

▷ The magnetic vector potential A is bounded !
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The magnetic Dirac operator

Dh = σ · (p− A) =

(
0 dh
d×
h 0

)
,

The Pauli Matrices:

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)
.

Cauchy-Riemann op.:

∂z =
∂1 + i∂2

2
, ∂z =

∂1 − i∂2

2
.

▷ p = −ih∇, (h > 0), dh = −2ih∂z − A1 + iA2, d
×
h = −2ih∂z − A1 − iA2 ,

The infinite mass model :

Dom(Dh) = {u ∈ H1(Ω;C2) , Bu = u on ∂Ω} ,

with

▷ B(s) = −iσ3σ · n(s) ,
▷ n(s) is the outward pointing normal at s ∈ ∂Ω.
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FIG. 7. (Color online) The absorption spectra A(ε) for εF = 0
and two different boundary conditions. Results are shown for T =
100 and 300 K, which are displayed in the left and right panels,
respectively. (a) The IMBC and T = 100 K, (b) the IMBC and T =
300 K, (c) the ZZBC and T = 100 K, and (d) the ZZBC and T =
300 K.

the tight-binding model2 for an infinite graphene sheet, under
the restriction of low-energy charge carriers around the Dirac
cones in K and K ′. Therefore, it is of interest to investigate
the validity range of the continuum model for GQD’s.

Actual dot structures are normally cut out from a graphene
honeycomb lattice, instead of being surrounded by an infinite-
mass media, and therefore cannot have only one type of edge,
as illustrated in Fig. 8. However, we intend to demonstrate
that the simple boundary conditions described above still
provide some agreement with the TB results. The results in
this section are obtained from a first-nearest-neighbor tight
binding Hamiltonian, which is given by

H =
∑

n

Enc
†
ncn +

∑

nm

te2π i#nmc†
ncm, (24)

where En is the on-site energy and ci (c†
i ) is the annihilation

(creation) operator, t = 2.7 eV is the zero-magnetic-field
hopping term, where the C-C distance is a0 = 0.142 nm,
#nm = 1

φ0

∫ rm

rn
A · dr is the Peierls phase, with φ0 = h/e

being the magnetic quantum flux, and A = Bx ŷ is the
vector potential taken in the Landau gauge with perpendicular
magnetic field B.

Let us first analyze the case of a circular dot cut out from a
graphene lattice, as shown in Fig. 8(a). The energy spectrum
in this case is shown in Fig. 9(a) as a function of the magnetic
flux through one carbon hexagon φ = (3

√
3a2

0/2)B, which
looks qualitatively similar to the one shown in Fig. 1(b),
for a circular dot with ZZBC within the continuum model.
In both cases, groups of states decrease in energy with
increasing magnetic field, eventually converging to the Landau
levels, and a zero-energy level is observed for any value of
magnetic field. On the other hand, some details of the energy

FIG. 8. (Color online) Sketch of the two circular graphene dots
of radius R considered in our TB calculations: (a) A circular dot
cut out from the graphene honeycomb lattice, where the red (blue)
sites refer to zigzag (armchair) boundaries. (b) A circular region
(green) surrounded by an infinite-mass media, which is obtained
by considering a staggered potential, i.e., a +10 (−10) eV on-site
potential for lattice A (B) sites, represented by red (blue) atoms. In
both cases, the dot is made out of all the atomic sites that are inside
a circle of radius R and that have at least two nearest-neighbor sites
inside the circle.

spectrum for lower magnetic fields are not captured properly
by the continuum model, even for the low-energy levels. For
instance, in the results for both the continuum and TB models,
the first nonzero level decreases with increasing field whereas
the second level starts to increase with the field until it crosses
a higher-energy level. However, the anticrossings observed
immediately above the described crossing in the TB results
are not observed in the continuum model with the ZZBC. The
IMBC results in Fig. 1(a) also do not exhibit such anticrossings.
Notice this feature is already observed even for the low-energy
levels, which are supposed to be within the validity range of
the continuum approximation. This can be interpreted as a
breakdown of the continuum model.

There is also a surprising feature in this energy spectrum
obtained within the TB model: as we zoom in around the zero-
energy region, we realize that it is not really a single E = 0
curve, but rather a band of curves, as shown in Fig. 10. We
considered three different ranges of energy and found curves
that exhibit a self-similar-like pattern, which persists until we

205441-8

GQD in an infinite mass media.

[Grujic et Al., Physical review B

84, 205441 (2011)]
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The straight strip



Fibered operators

Proposition spess(Dh) = spess(Dh,0) (Dh,0 the op. on Ω0).

Dh,0 =

∫ ⊕
Dh,0,ξdξ , Fourier.

Fibered op. (I = (−δ, δ))
Dh,0,ξ = (ξ + t)σ1 + σ2Dt

Dom(Dh,0,ξ) = {ψ = (ψ1, ψ2) ∈ H1(I ),

ψ1(±δ) = ∓ψ2(±δ)} .
 

Spec( h, 0)

0.5

0.5

ha0

0

+ a0 h 0 a0 h

Theorem [letreust:hal-04691264]
sp(Dh,0) = R \ (−λ−ess(h), λ+ess(h)) ,

λ+ess(h) = 2

√
h

π
e−δ2/h(1 + o(1)) and λ−ess(h) = a0

√
h + O(h∞) ,

for some a0 ∈ (0,
√
2) (size of the gap on the half-space).
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Positive Energy Bound States?



Main results

Assumption : Unique and non-degenerate minimum for ϕ (xmin ∈ Ω).

ϕmin = ϕ(xmin) = minΩ ϕ < minΩ0
ϕ0 = −δ2/2 ,

lim inf|x|→∞
x∈Ω

ϕ(x) = minΩ0
ϕ0 > ϕmin .

λeffk (h) = inf
W⊂H 2(Ω)

dimW=k

sup
u∈W\{0}

h∥u∥2∂Ω
∥e−ϕ/hu∥2 , k ≥ 1 .

H 2(Ω) : ”Holomorphic functions on Ω with L2(∂Ω)-trace.”

Theorem [L.T., Raymond, Royer]

Consider N ∈ N∗. There exists h0 > 0 such that for all h ∈ (0, h0),

1. The operator Dh has at least N positive discrete eigenvalues

(counted with multiplicities).

2. Denoting the first N eigenvalues by (λ+k (h))k∈J1,NK, we have for all

k ∈ J1,NK
λ+k (h) ∼

h→0
λeffk (h) .
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Asymptotic of λeff
k (h)

Theorem [L.T., Raymond, Royer]

λeffk (h) = h1−ke2ϕmin/h

(
dk

H

dk
B

)2

(1 + oh→0(1)) , k ≥ 1 .

B2(C) = {u ∈ O(C) : NB(u) < +∞} : Segal-Bargmann space.

NB(u) =
(∫

R2 |u (y1 + iy2)|2 e−Hessxmin
ϕ(y ,y)dy

)1/2
.

Distances to closed convex spaces

dk
H = distH 2(Ω)(0,Xk) and dk

B = distB(C)(0,Yk).

Xk = {u ∈ H 2(Ω) ,∀j ∈ J0, k − 2K , u(j)(zmin) = 0 , u(k−1)(zmin) = 1} ,
Yk = {u ∈ C[X ] , deg u = k − 1 , u(k−1)(0) = 1} .
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Selected Elements of the Proofs



Proof Outline

Following [barbaroux:hal-02889558] :

1. Gauge Change [Thaller]: eσ3ϕ/hσ · peσ3ϕ/h = σ · (p− A) .

2. Min-Max Principle for Positive Eigenvalues:

λ+k (h) = inf
W⊂H1(Ω,C)

dimW=k

sup
v∈W\{0}

ρ+(v) , k ≥ 1 ,

where ρ+(v) =
h∥v∥2

∂Ω+
√

h2∥v∥4
∂Ω+4∥ve−ϕ/h∥2∥he−ϕ/h2∂zv∥2

2∥e−ϕ/hv∥2 .

3. Projection onto H1(Ω) ∩ O(Ω) : cancels the term ∥he−ϕ/h2∂zv∥2.
4. Analysis of λeffk (h):

λeffk (h) = inf
W⊂H1(Ω)∩O(Ω)

dimW=k

sup
u∈W\{0}

h∥u∥2∂Ω
∥e−ϕ/hu∥2 , k ≥ 1 .
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Key Differences: Bounded vs. Strip

1. Existence of essential spectrum. Consequences on the

characterization of the eigenvalues.

2. Existence and bounds on the potential ϕ

[bonlavigne:hal-03678608]: ϕ /∈ H1(Ω).

3. Closedness of the form

v ∈ H1(Ω) 7−→ ∥v∥2∂Ω + ∥ve−ϕ/h∥2 + ∥e−ϕ/h2∂zv∥2 .

The main challenge is to study the completion of H1(Ω) ∩ O(Ω)

with respect to the norm v 7−→ ∥v∥∂Ω:
How is the Hardy space H 2(Ω) defined?

4. Asymptotic study of λeffk (h).

In [barbaroux:hal-02889558], strong use of the fact that

polynomials belong to H 2(Ω) when Ω is bounded.
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Questions?

8



Steps for Constructing the Hardy Space on Ω

1. Construct the Hardy space on the straight strip Ω0 = R× (−δ, δ).
A Paley-Wiener Theorem: H 2(Ω0) = O(Ω0) ∩ L∞((−δ, δ)y , L2(Rx)) .

A nice exercice adapted from

[Rudin, Real and Complex Analysis, Chap. 19].

2. Construct a bilholomorphism between Ω0 and Ω.

With a bounded derivative ⇝ preserving both infinite parts.

3. Pushing H 2(Ω0) onto Ω.



Negative Energy Bound States?

Assumption : γ is analytic and κ tends to zero at infinity.

The essential spectrum stays the same.

Theorem [barbaroux:hal-02889558]

There exists h0 > 0 such that for all h ∈ (0, h0),

1. The operator Dh has at least one negative discrete eigenvalue.

2. Denoting the first eigenvalue by −λ−1 (h), we have,

λ−1 (h) = a0
√
h + h

3
2 c0λ+ o(h

3
2 ) ,

where c0 > 0 and

λ = min

(
λ1

(
D2

s − κ(s)2

12(1− δκ)2

)
, λ1

(
D2

s − κ(s)2

12(1 + δκ)2

))
< 0 .



On the ‘Homogeneous’ Magnetic Dirac Operators

The operators DR2 and DR2
+
act as σ · (−i∇− A0) on

Dom(DR2) =
{
φ ∈ L2(R2,C2)

∣∣ (−i∇− A0)φ ∈ L2(R2)
}
,

Dom(DR2
+
) =

{
φ ∈ L2(R2

+,C2)
∣∣ (−i∇− A0)φ ∈ L2(R2), σ1φ = φ ∂R2

+

}
,

R2
+ = R× R+, A0 = (−x2, 0)

T .

Theorem

[barbaroux:hal-02889558]

DR2 and DR2
+
are s.a.,

sp(DR2) = {±
√
2k | k ∈ N},

sp(DR2
+
) = (−∞,−a0] ∪ [0,+∞).

0 < a0 <
√
2

Spec( 2
+ )

4

2
a0

0

2

4

4 2 a0 0 2 4



Positive Eigenvalues: Lower Bound

The magnetic Cauchy-Riemann operators :

dh = −2ih∂z − A1 + iA2, d×
h = −2ih∂z − A1 − iA2.

Proposition

1. The operator (dh,Dom(dh) = H1
0 (Ω)) is closed with a closed range.

2. The adjoint (d∗
h ,Dom(d∗

h )) acts as d
×
h on

Dom(d∗
h ) = {u ∈ L2(Ω) : ∂zu ∈ L2(Ω)} = ker(d∗

h ) + H1(Ω),

with ker(d∗
h ) = {e−ϕ/hv | v ∈ O(Ω) ∩ L2(Ω)}.

3. We have ker(d∗
h )

⊥ ∩ Dom(d∗
h ) = {dhw | w ∈ H1

0 (Ω) ∩ H2(Ω)}.
4. There exist h0, c > 0 s.t., for all h ∈ (0, h0),

u ∈ Dom(d∗
h ) ∩ ker(d∗

h )
⊥,

∥d∗
h u∥L2(Ω) ≥

√
2h∥u∥L2(Ω),

∥d∗
h u∥L2(Ω) ≥ ch2

(
∥∇u∥L2(Ω) + ∥u∥L2(∂Ω)

)
.



Minimax: Heuristic

1. Let u = (u1, u2) ∈ Dom(Dh) and λ > 0 be s.t Dhu = λu. Then,

d×
h u1 = λu2 , i(n1 + in2)u1 = u2 on ∂Ω ,

dhu2 = λu1 ,

2. Then, u1 satisfies

dhd
×
h u1 = λ2u1 , i(n1 + in2)u1 = λ−1d×

h u1 on ∂Ω .

3. Therefore, u1 is a critical point of the quadratic form

Qλ : u 7→ ∥d×
h u∥2 + hλ∥u∥2L2(∂Ω) − λ2∥u∥2,

and Qλ(u1) = 0.

Question: is the inverse true ?



Minimax: Step 1 :Completing the Space

Notation

▷ Let

H 2
h,A = {u ∈ L2(Ω) | d×

h u = 0, u|∂Ω ∈ L2(∂Ω)}

be the magnetic Hardy space, endowed with ∥ · ∥L2(∂Ω).

▷ Define the space

Hh,A = H1(Ω) + H 2
h,A,

with norm ∥ · ∥2Hh,A
= ∥ · ∥2L2(∂Ω) + ∥ · ∥2L2(Ω) + ∥d×

h · ∥2L2(Ω).

▷ For A = 0, H 2
h,A is the Hardy space on Ω, which is a Hilbert space.

Proposition

(1) (H 2
h,A, ∥ · ∥L2(∂Ω)) and (Hh,A, ∥ · ∥Hh,A

) are Hilbert spaces, embedded

in L2(Ω).

(2) H1(Ω) is dense in Hh,A.



Minimax: Step 2 : Study of the minmax levels of Qλ

Notation

For k ≥ 1,

ℓk(λ) = inf
W⊂Hh,A

dimW=k

sup
u∈W\{0}

Qλ(u) ,

and

µk
+ = inf

W⊂Hh,A

dimW=k

sup
u∈W\{0}

ρ+(u) .

Remark:

▷ For λ > 0, Qλ is bounded below and closed.

▷ For u ∈ Hh,A \ {0}, ρ+(u) is the only positive root of λ 7→ Qλ(u).

For k ≥ 1, if µk
+ > 0, µk

+ is the only positive root of λ 7→ ℓk(λ).



Minimax: Step 3 :The Link Between These Objects

Main Proposition

Let λ > 0. Then, the map

Jλ :


kerLλ −→ ker(Dh − λ)

u 7−→
(

u
d×
h u

λ

)

is well-defined and is an isomorphism.

Corollary

For k ≥ 1, we have

λk+(h) = µk
+(h).



Heuristic for the Asymptotics of λeff
k (h) : Laplace’s Method

Let v ∈ H 2(Ω) \ {0} with v(xmin + y) ∼y→0
v (m)(xmin)y

m

m! .∫
Ω

e−2ϕ/h|v |2dx

= he−2ϕmin/h

∫
Ωh

e−2(ϕ−ϕmin)(xmin+y
√
h)/h|v(xmin + y

√
h)|2dy

∼h→0 he
−2ϕmin/h

∫
R2

e−Hessminϕ(y ,y)

∣∣∣∣∣v (m)(xmin)y
m
√
h
m

m!

∣∣∣∣∣
2

dy

∼h→0 h
1+me−2ϕmin/h

|v (m)(xmin)|2
(m!)2

∫
R2

e−Hessminϕ(y ,y)|y |2mdy .

Consequence:

h∥v∥2
∂Ω

∥e−ϕ/hv∥2 ∼h→0 h
−me2ϕmin/hcv ,

with cv =
∥v∥2

∂Ω(m!)2

|v (m)(xmin)|2
∫
R2 e−Hessminϕ(y,y)|y |2mdy .



Some ideas

1. For k = 1 , set m = 0 and select v as the minimizer of

dk
H = distH 2(Ω)(0,Xk) with

Xk = {u ∈ H 2(Ω) ,∀j ∈ J0, k−2K , u(j)(zmin) = 0 , u(k−1)(zmin) = 1} .

2. For k ≥ 1, too rough to take v s.t. v(xmin + y) ∼y→0
v (m)(xmin)y

m

m! ,

Better take (vh) s.t. vh(xmin +
√
hy) ∼h→0 P(y) ∈ Ck−1[Y ].

3. The Taylor expansion of v ∈ H 2(Ω) is a natural object, but

polynomials do not belong to H 2(Ω).

Define TaylkH 2(Ω) : ∥ · ∥∂Ω-orthogonal projection onto the orthogonal of

X̃k+1 = {u ∈ H 2(Ω) ,∀j ∈ J0, k − 1K , u(j)(zmin) = 0} .

4. . . . (Explicit expression for TaylkH 2(Ω) and Cauchy formula.)



Formulas for the Terms (dk
B)k

Lemma

(dk
B)2 =

π(B(xmin))
k−1

2k−1(k − 1)!(det Hessxminϕ)
k− 1

2

, k ≥ 1 .

For m ≥ 0, we have (dm+1
B ) = NB(Pm)/m!, where

Pm : z 7→


zm if a = b ,∣∣ b−a

ab

∣∣m/2
Hem

(
z

√∣∣∣ ab
b−a

∣∣∣) if a ̸= b ,

and

NB(Pm)
2 =

2πm!(a+ b)m

(ab)m+ 1
2

,

a/2, b/2 are the eigenvalues of Hessxminϕ,

Hem are the probabilist’s Hermite polynomials.

Anisotropic case (a ̸= b)

[1990, van Eijndhoven and Meyers]

New orthogonality relations for the Hermite polynomials and related Hilbert

spaces. J. Math. Anal. Appl.



Formulas for the Terms (dk
H )k

Lemma

dk
H =

√
2π

(k − 1)!
|φ′(0)|k− 1

2 , k ≥ 1 .

dk
H = inf

{
∥u∥H 2(Ω)

|u(k−1)(zmin)|
, u ∈ H 2(Ω) ,

u(j)(zmin) = 0 , ∀j ∈ J0, k − 2K ,
u(k−1)(zmin) ̸= 0

}
.

Λzk−1 realizes the minima where Λ is the isometric isomorphism defined

by
Λ: H 2(D) −→ H 2(Ω)

u 7−→
[
z 7→

√
φ′(z)u ◦ φ(z)

]
,

φ being a biholomorphism from the unit disk D to Ω such that

φ(0) = zmin.

Proposition [letreust:hal-04691264](
dk

H

dk
B

)2

=
2k |φ′(0)|2k−1(det Hessxminϕ)

k− 1
2

(k − 1)!B(xmin)k−1
, k ≥ 1.
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