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Introduction

von Neumann and Wigner

Their very existence defies conventional wisdom. Although BICs were first proposed in
quantum mechanics, they are a general wave phenomenon and have since been identified |1
in electromagnetic waves, acoustic waves in air, water waves and elastic waves in solids.

lMieInik B., and Rosas-Ortiz O. 2009, Quantum Mechanical Laws. Eolss Publishers, Oxford, UK. A chapter of
Fundamental of Physics - Volume | in Encyclopedia of Life Support Systems. 255-326

2Hsu, C. W.,, Zhen, B., Stone, A. D., Joannopoulos, J. D., & Soljagi¢, M. (2016). Bound states in the continuum. Nature
Reviews Materials, 1(9), 1-13.

3M, Kurino, K. Takayanagi. General Theory of Constructing Potential with Bound States in Continuum. Progress_of
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Ordinary Darboux Transformation

Darboux transformation and exactly solvable systems in

Quantum Mechanics

Initial system

H0¢n = n¢n
2
el Vo (x)

Transformations

Hy = —

Vo (x) = Vi(x) = W (X)—2 /n [1he (x)]

o () = 9 () = W

Deformed system

Ayl = Epl)

»Ye (x) # 0.

Darboux G 1882 Sur une proposition relative aux “equations lin “eaires C. R. Acad. Sci. (Ra ris 94 1456-9
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Ordinary Darboux Transformation

First Order Darboux Transformation of Harmonic Oscillator

Physical function as seed function (ground state as seed function)

Vo (x) = %X2 V() = Vo (x) — 2 /n[z/)e( ) = %XQ +1
W (o(x), wn( )
P (x %wf,l)x :—,n:O,l,Z7
092 ) =
F3. Initial system F4. Deformed system by means of the ground state

’ There are NO missing states
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Ordinary Darboux Transformation

First Order Darboux Transformation

Non-physical seed function (above the grownd state)

General solution of harmonic oscillator
e - 172E.1. 372E.§. 5 _<2
w,,(x,E,A,B)_{AlFl(ill 5 . ,2,x)}e
Seed function

e (X;—Qlo;l;1>

X2) + BX1F1(

F1. Initial system F2. Deformed system using a non-physical solution as seed function

There are a missing state g (x) ‘
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Ordinary Darboux Transformation

Crum Therorem

Initial system
d2
[ ot lx )] () = Enthn (3).
N-th transformations
2
Vo (x) = Vir (x) = Vo () = 203 1n {W by () ey (<)ot ()]

Wil (%) Pey (X) oo e (%) P (X)]
Wde (%) e (X) 5o Pey (X))

Deformed system

Un (x) = 95V (x) =

W (Yer; te,) # 0

d® )
d ) + Wy (X) n = End}n

5Crum M M 1955 Associated Sturm-Liouville systems Q. J. Math. 6 121-7
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Ordinary Darboux Transformation

Second Order Darboux Transformation

Bound States as Seed Functions

2
Vo (x) = Va(x) = Vo (x) — 2%/H{W[¢sl (x) ey (N1}

@) (yy = W e (x),%e, (), ¥n (X)]
¥ (x) Wlte, (), 00 0] W (¢ey, they) # 0.

F15. Deformed system with 2nd and 3rd exited states F16. Deformed system with 3rd and 4th exited states

6

There are NO missing states

6 .
v o DA B gc2 070
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Ordinary Darboux Transformation

Second Order Darboux Transformation

Non-physical seed functions (below the ground state or between two bound states)

2
Vo (x) = Va(x) = Vo (x) — 2%/H{W [Yer (%), %bey ()]}

(2) _ W [¢€1 (X) 7¢€2 (X) ki d)" (X)]
Y’ (x) = s W (e tbe,) # 0.
! W [the; (x), tbe, (X)] e
F5. Deformed system with non-physical s. f. below the F6. Deformed system with non-physical s. f. between
ground state. two bound states.

There are two missing states |

7Boris F. Samsonov, Physics Letters A 263 (1999) 274-280

Jiménez, Fernandez (UPIITA-IPN) BICs in D-d systems August, 2025



Ordinary Darboux Transformation

Schematic description of the work

‘ Darboux Transformations

|
! 1

Ordinary Darboux Confluent Darboux
Transformations Transformation
i 1
‘ Discrete Spectrum Regime ‘ Continuum Spectrum Regime

!

Departure System

General Solution

Particular
conditions

N ysical Physical seed
seed functions

functions

Deformed system Deformed system

States
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Darboux Transformation: The Differential Confluent Case

Confluent Darboux Transformation

Second Order Ordinary Darboux Transformation

2
Vo () = Vo () = 22 Inle ()],

W € ) n
7’/)512) (x) = M Ye (x) # 0.
pe(x)
Consideration on seed functions
771)1 :d}(Xv q)

P2 = Ii110¢(x,q+ OC)
Confluent Darboux Transformation
d2
Va(x) = 2.5 [W (¥, 0q9)],
X

W (ﬂ’, 3(71[}: lﬁk) .

@ _
S W W 0g0)

8Stah|hofen, A. A. (1995). Completely transparent potentials for the Schrédinger equation. Physical Review A, 51(2), 934;

9B. Mielnik, L. M. Nieto, & Rosas-Ortiz (2000). The finite difference algorithm for higher order supersymmetry. Physics
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Darboux Transformation: The Differential Confluent Case

Confluent Darboux Transformation

Darboux-deformed free particle system

Departure system

2mEk

d? _
2k () + Kb (x) = 0, withik® = =5

2

Seed function for a fixed k% = q°
¢(x, q) =sin[gx + 6 (q)]

Deformed potential
24 [sin(gx + &) — g (x + Y0) cos (gx + 9)] sin (gx + &)
[sin2 (gx + 8) — 2q (x + Y0)]°

V2( ) 3 , with Yo = 6q6

Asymptotic behavior of

von Newmann-Wigner type potentials

Vo (x) = 4q75"72 (C)’(X +9) + O (é)
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Darboux Transformation: The Differential Confluent Case

Confluent Darboux Transformation

Darboux-deformed free particle system

Deformed potential
[sin(gx + &) — g (x + o) cos (gx + §)] sin (gx + 3)
[sin2 (gx + 8) — 2q (x +0)]°

Vs (x) = 32¢° , With vo = 940

F17. Family of deformed potentials V5 (x) with the singularity located at x = 0, with ¢ =
Yo=1and 6= Z + n.

4
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Neumann-Wigner Type Potentials

Radial potentials with spherical symmetry and / =0

Wave function

W1 = Ry (0.0) 210

Reduced radial Schrédinger equation

h? d?
~ o g ek NV (1) @i (r) = Expr (1)

Additional asymptotic condition
©(0)=0
Free particle

d? ) 2mE;
el (x)+K> @k (x) = 0, with:k* = =

Parametric seed function for a fixed k% = g

2

pq(x) = sin[gx + 6 (q)]

Fig. 18. g =1, v =0, 6 = ®+nmw

Fig. 19,q:1,'y():1,5:(%+n)7r
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Neumann-Wigner Type Potentials

Radial potentials with spherical symmetry and / =0

Parametric seed function associated with
/(2 — q2
Pq(x) = sin[gx + 5 (q)]
Asymptotic behavior
Fig. 18. =1, 70 = 1, 6 = +nm V2(r)~—4q5in2(zr+6)
von Neumann-Wigner potentials

sin br

V(r)~a
b2
If |a| > |b]|,thus k? = —
4
K2 — q2

Fig. 19A5:(7%+n)ﬂ,q:1,~m:1,
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Neumann-Wigner Type Potentials

Radial potentials with spherical symmetry and / =0

Deformed functions

General solution of initial system:

ikr ikr

o (r) = cae™ + ae”

Initial functions

oF (k,r) = £
Deformed functions

- (k2 + q2) sin[2(gr +6)] + 2q (k2 - q2) (r +0) £ 4ikgsin® (qr +6) .,
sin[2(ar + 0)] — 24 (r + 70) ©
Asymptotic behavior
@g(z)i (r) ~ — (k2 . qz) otikr
Jost solution

4 B [gcos(gr + &) F iksin(gr + 8)]sin (gr + 6) ok
f (’”){1“" (K — ) [sin2(qr + ) — 2q (r + 0] } k#a

(pi(kvr):
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Neumann-Wigner Type Potentials

Radial potentials with spherical symmetry and / =0

Deformed functions

General Scattering solution
ws (k,r) = AF~ (k,r)+ Bft (k,r).
Imposing s (k,0) = 0, we have that

B=-A—""7
f (k, O) ’ F20. RSS: q =1, k=08, =6 =nm,vy =1

Regular scattering solution:

. £ (k,0) .,
(k)= AlF (k)= LU0 e g 1
petken = A|f (k0 - LD )
k #q.
F21. RSS: q =1,k =0.8, 79 =1,
l MISSING STATE ‘ 6:(%:‘:n) Ton=0,1,2,...
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Neumann-Wigner Type Potentials

Limit of the Regular Scattering Solution

Bound State in the Continuum

When k — g we get

gvosin (gr + 0) is
- e
sin2(gr+9) —2q(r+ )

lim os (k, r) = 4iA
k—q

F22. g=1,v =146 =n7 F23.q:1,70:1,5:(%in)1r
Physical solution Non-physical solution
MISSING STATE NOT MISSING STATE
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Neumann-Wigner Type Potentials

Schematic description of the beginning of this work

‘ Darboux Transformations ‘

|
! 1

Ordinary Darboux Confluent Darboux
Transformations Transformation
i 1
‘ Discrete Spectrum Regime ‘ ‘ Continuum Spectrum Regime ‘

!

Departure System ‘ Radial Departure System ‘

General Solution

General Solution

Particular Particula
conditions conditions
Bound States Scattering States
N ysical Physical seed

seed functions seed functions

functions

Deformed system Deformed system Deformed system Deformed system

Missing States Not Missing Not Missing Missing State
States States (Bound State in
the Continuum)
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Neumann-Wigner Type Potentials

Thanks for your attention.
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