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Ekman boundary layer
o Navier—Stokes in rotating frame
0ru—vAu+Qesxu+ (u-V)u +Vp=0
divu=0 }
e unknown velocity v and pressure p on half space

e surface and bottom boundary conditions

u(t,x,y,0)= (0,0,0) }

lim u(t,x,y,2) = (U, 0,0)

Z—00
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Ekman boundary layer
o Navier—Stokes in rotating frame
0ru—vAu+Qesxu+ (u-V)u +Vp=0
divu=0 }
e unknown velocity v and pressure p on half space

e surface and bottom boundary conditions

u(t,x,y,0)= (0,0,0) }

lim u(t,x,y,2) = (U, 0,0)

Z—00

[Ekman (1905)]

N[

Ekman spiral 5=(2v/Q)
4 Zz _z . (Z
ug(2) = teo (1 -e’s cos(g),e 3 sin (5),0), Pe(y) = —Quooy
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Spectral problem

Non-selfadjoint operator matrix family

(=02 +a?)(-02+a’— 1) 20, R
+1a
20, -2 +a’-H

T (1) = (

R = usd /v =0,

V(=02 +a?)+V" 0
U %

a>0

e constant domain in ambient Hilbert space

Dom ™ ={(f,g) € H*(R+) x H*(R.) | £(0) = £'(0) = £(0)
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Spectral problem

Non-selfadjoint operator matrix family

(=02 +a?)(-02+a’— 1) 20, R
+1a
20, -2 +a’-H

T (1) = (

R = usd /v =0,

V(=02 +a?)+V" 0
U %

a>0

e constant domain in ambient Hilbert space
Dom ™ ={(f,g) € H*(R+) x H*(R.) | £(0) = £'(0) = £(0)

o generalised coefficients

UV, V' V" e LR, N L®(R,)
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Spectral problem

Non-selfadjoint operator matrix family R=uxd/v=0, a>0
() = (-02+a?)(-02+a- 1) 20 +iaR V(-02+a?)+V" 0
20, -2 +a’-H U v

e constant domain in ambient Hilbert space
Domd = {(,g) € H*(R.) x H3(R.) | £(0) = £'(0) = g(0) =0} = [*(R,) ® L*(R,)
« generalised coefficients ug — (U, V,0)
UV, V' V" e LR, N L®(R,)
« structure / location of spectrum

0(3’)={/1€C | Oea(ﬂ“(/l))}, V a>0:Rea(9)=07? dependence on R?
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Previous results

« experiments, non-rigorous numerical stability analysis [Faller (1963), Lilly (1966), Spooner (1982)]

« local existence and uniqueness [Giga—Inui-Mahalov—Matsui (2007), Giga—Saal (2013)]

« non-linear stability analysis

[Giga—Saal (2015), Hess—Hieber—-Mahalov-Saal (2010), Fischer-Saal (2013)]
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Previous results

« experiments, non-rigorous numerical stability analysis [Faller (1963), Lilly (1966), Spooner (1982)]

« local existence and uniqueness [Giga—Inui-Mahalov—Matsui (2007), Giga—Saal (2013)]

« non-linear stability analysis

Spectral theory

aeSS(P]')z{/leC |13¢eR: (2+a?)(E2+a?-1)2+462=0 }

o numerical range enclosure

g(gr)g{/lemRe;Lzy, |Imxllsn}

« only discrete eigenvalues in exterior of gess(T)

#0(T)\0ess(T)=17

[Giga—Saal (2015), Hess—Hieber—-Mahalov-Saal (2010), Fischer-Saal (2013)]

[Greenberg—Marletta (2004), Marletta—Tretter (2007)]
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Eigenvalue enclosure / counting
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Eigenvalue enclosure / counting

Theorem

) {reCions(T) | (@A) 21}

is bounded and discrete with

r(2()=6(AF), A—oo

[G-Ibrogimov-Siegl (2022)]

Theorem [G (prep)]

U, V, V" decay exponentially — #3%(J)<o0

v
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Eigenvalue enclosure / counting

Theorem [G-Ibrogimov-Siegl (2022)]
) {reCions(T) | (@A) 21}
is bounded and discrete with

r(2()=6(AF), A—oo

v

Theorem [G (prep)]

U, V, V" decay exponentially — #3%(J)<o0

Conjecture / work in progress

5

] o e e

9

)=0(

9

9

)\ oess(T) S op(

9

fo%) 2
Ve>0: #3(T)< Rng(af) (f eEXW(x)dX) , Wi=max{|V|,IV",IU}
0
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Strategy

(=02 +a?) (-2 +a’ - 1) 20,

T(A)= +aR
@ 20, —a§+a2—/1) @ (

V(-02+a?)+V" 0
U %

=£(1) SV

-

o methods from analysis of Schrédinger operators
A operator family with matrix structure
A free operator is non-selfadjoint and 4th order

A perturbation is differential operator
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Strategy

(=02 +a?) (-2 +a’ - 1) 20,

T(A)= +aR
@ 20, —a§+a2—/1) @ (

V(-02+a?)+V" 0
U %

=£(1) SV

-

o methods from analysis of Schrédinger operators
A operator family with matrix structure
A free operator is non-selfadjoint and 4th order

A perturbation is differential operator
¢ holomorphic family of HS integral operators
C\Oess(T)34 —  2(A)=iaRN L) 1h e A
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Birman—Schwinger principle S(T)=0(T)NQ

Q:=C\0oes(T) 24 — 2(1)=iaR1 L(A) 1%

o Birman—Schwinger principle

[Birman, Schwinger, Simon, Abramov—Aslanyan—Davies (2001), ...

AeZ(T) < Leoa(l+2)
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Birman—Schwinger principle S(T)=0(T)NQ

Q:=C\oes(T) 34 — 2(1)=iaRNK L) 7% J

o Birman—Schwinger principle

[Birman, Schwinger, Simon, Abramov—Aslanyan—Davies (2001), ... ]

10fF

AeZ(T) < Leoa(l+2)

e bounded spectral enclosure

(2—-ulou)

1)l = ||9(A)||Hs=@(m|‘%), A — oo C

e both 9 and I+ 2 have spectrum of finite type in Q

malg(/l;f/—) = malg(/l, | + Q) m;z
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No EV accumulation

Relate to holomorphic function [Dunford-Schwarz, Gohberg—Krein]

LeZ(T) <= Leo(I+2) < deta(1+2(1))=0

e preserves algebraic multiplicities [Frank (2018)]

* consider two connected components

« extend holomorphically to small neighbourhood
fi:(Qi)g—’C, fi(/l)Zdetz (1+Q(/1)), AEQi

¢ roots do not accumulate in interior of domain ! 10f,
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Counting zeros - work in progress ...

AeZ(T) < detr(1+2(1))=0

(including multiplicities)
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Counting zeros - work in progress ...

AeZ(T) < detr(1+2(1))=0 (including multiplicities)

 bound in Schréodinger case [Frank-Laptev-Safronov (2016)]

1 ([ 2
Vex>0: #Udisc(_A§++q)5£_2(£ e5X|q(x)|dx)
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Counting zeros - work in progress ...

AeZ(T) < detr(1+2(1))=0 (including multiplicities)

 bound in Schréodinger case [Frank-Laptev-Safronov (2016)]

1 (> 2
Ve>0 1 #0gise(-Af +q) < ) (.[o e5X|q(x)|dx)
e more complicated geometry
E-1 = (B+a®)(P+a?-1)?+4e2

« suitable biholomorphic transformation with controlled derivative

" VQi — {Imz>0}"
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Thank you !
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