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Physical model

From now on, we shall assume that Q C R? is a bounded C? domain,
with unit outward normal vector (1, 12).

The energies of an electron of mass m > 0 in a graphene quantum dot Q
are modeled by the eigenvalues A\ of

( m —i(01 —i82)) (u) _ (u) in Q.
—i(01 + i02) —m v v

v = ilc_oi:z;e(yl—l—izq)u on 09,

where u,v:Q — C and 6 € [-3, 3F).



Qualitative behavior when the domain is a disk
( I i82)> <) . <> on
—i(01 + i02) —m v v m

. 0c |—
1—sind
=i (v1 + ivp)u on dDg.

v

0

.5

ISIE}

cos



Qualitative behavior when the domain is a disk
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( — (0101 + 0202) + mag)ga = Ap in Dg,

1—sinf oe[-3.3%
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Qualitative behavior when the domain is a disk

(= i(0101 + 0202) + mo3)p = Ap in Dg,

Y= (icos O(o1v1 + o212) + sin 9)03g0 on ODg.



Quantum dot Dirac operators

For 0 € (—%,3%) \ {3} (Benguria, Fournais, Stockmeyer, Van Den

Bosch, 2017):

Dom(Dy) := {¢ € H(Q)? : ¢ = (i cos (o111 + go1) + sin B) o3 in Hl/z(aﬂ)},
Doy = ( — (0101 4+ 0202) + ma3)<p for all ¢ € Dom(Dy).
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Qualitative behavior when the domain is a disk
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Invariances of quantum dot Dirac operators
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A shape optimization problem

Conjecture

Assume that m > 0. Let Q C R? be a bounded domain with C?
boundary and let D C R? be a disk with the same area as Q. If Q is not
a disk, then Aq(0) > Ap(0) for all 0 € (-5, 7).
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The auxiliary problem

Q is a bounded C? domain in R?,
where o f € [?() is complex valued,

{—Au =f in Q,
a>0, and
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The first eigenvalue of O-Robin Laplacians

For a > 0, the first eigenvalue of R, is
pa(a) = min (0(Ra)).

Theorem (D., 2025)
The following hold:
Let E(Q) = {u e L?(Q): dzu € L?(Q) and u € L>(0)}. Then,

B 4fQ|8gu]2+afaQ]u]2
,uQ(a = | 5 .
ueE(Q)\{0} Jo lul

The function a — ugq(a) is continuous, strictly increasing, and
bijective from (0, +o0) to (0,Aq), where Nq is the first eigenvalue
of the Dirichlet Laplacian in Q.



Relation with quantum dot Dirac operators
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Validity of the (0-R) conjecture in the regime a — 400

Theorem (D., Mas, Sanz-Perela, 2025)

Let Q C R? be a bounded domain with C?> boundary and let D C R? be
a disk with the same area as 2. If Q) is not a disk, then there exists
ap > 0 (depending on Q) such that uq(a) > pp(a) for all a € (ag, +00).



Intuition for the regime a — 0"

pala) _ | - 2 Jo10zul? + [oq |uf?
a0t a a0+ ueE(Q)\{0} Jo lul?

2
= in Jog l41 =: 5q
ueE(Q\{0}: 0:u=0in @ [, |u]?




Validity of the (0-R) conjecture in the regime a — 0F

Theorem (D., Mas, Sanz-Perela, 2025)

Let Q C R? be a C?, bounded, simply connected domain, and let D C R?
be a disk with the same area as €. Then,

2
jim +2(3) _ inf Jag |4 —:Sq>Sp =2,/
a0t a uEE(Q\{0}:0:u=0 in @ [q, |ul? Q]

with equality if and only if Q0 is a disk. As a consequence, there exists
a1 > 0 (depending on Q) such that ug(a) > up(a) for all a € (0, a1).




Translation to the quantum dot Dirac operators

Quantum dot Dirac operator Dy, 0/ € (—75,5), m > 0.

—i(01 —id2)v =(A—m)u in Q,
—i(O1+i0)u=(A+m)v inQ,

.1 —sinf .
v=i— (1 + iv2)u  on 0.
—Au=(\2—m?)u in €,
Ci(on 4 io)u =i+ m " 0 i)y on 09
i(014 i02)u =i m)—— g~ (1 +iv2)u on 9.

1—sinf
cos b

Assume \ > ml(()./\) A (a,p) := <(/\+ m) A2 — m2>, w,a>0

—Au = pu in Q, Conjecture (0-R) valid
- > +
200su+au =0 on ON. fora — 0™, 4o00.



Translation to the quantum dot Dirac operators

Theorem (D., Mas, Sanz-Perela, 2025)
Assume that m > 0. Let Q C R? be a bounded domain with C?
boundary and let D C R? be a disk with the same area as Q. If Q is not
a disk, then:

There exists 0y € (=75, %) (depending on Q) such that

Aa(0) > Ap(0) for ail ' (— 3, 6).

If in addition Q is simply connected, then there exists 61 € (=5, %)
(depending on Q) such that Aq(6) > Ap(0) for all 6 € (61, 7).



The case of negative mass
. ” . (0~ i) DY in Dg,
—i(01 + i02) —m v v m <0

. 9 c [_E E]
1-— 272
=1 >N 9(V1 + ng)u on ODg.

cos 6



Same construction

Quantum dot Dirac operator Dy, 0 € (—=75,75), m < 0.

—i(01 — i)y =(A—m)u in Q,
—i(O1+i0)u=(A+m)v inQ,

1 —sinf .
V=g (v1 4+ iw)u  on 0.
—Au= (N —m?)u in Q,
_ . ) 1—sind .
—i(01 4+ i02)u = i(A+ m) (v1 + ive)u  on 0.

1—sinf
- ./\2m2> — (0T,0")

If A — |m|+l(([ A (a,p) = ((/\ + m)

cos 6

—Au = pu in Q, Conjecture (0-R) valid
- > +
2003u+au=0 on 0. fora— 07.



Another shape optimization problem

m —i(01 — i0 u u .
(—i(@ + i) ( im 2)) (v) = Im <v> in 2,
1 2 (1)

1—sind
cos

v=i (1 + iv)u on 09.

Theorem (D., Mas, Sanz-Perela, 2025)

Assume that m < 0, and set ¥(0) := 1C_ossig9. Let Q C R? be a bounded
domain with C? boundary. Then:




Another shape optimization problem

m —i(01 — i0 u u .
(—i(@ + i) ( im 2)) (v) = Im <v> in 2,
1 2 (1)

1—sind
cos

v=i (1 + iv)u on 09.

Theorem (D., Mas, Sanz-Perela, 2025)

Assume that m < 0, and set ¥(0) := 1C_ossig9. Let Q C R? be a bounded
domain with C? boundary. Then:

min {6 € (=5,5): (1) has a nonzero solution} = 9~* (2_2;:)



Another shape optimization problem

m —i(01 — i0 u u .
(—i(@ + i) ( im 2)) (v) = Im <v> in 2,
1 2 (1)

1—sind
cos

v=i (1 + iv)u on 09.

Theorem (D., Mas, Sanz-Perela, 2025)

Assume that m < 0, and set ¥(0) := 1C_ossig9. Let Q C R? be a bounded
domain with C? boundary. Then:

min {6 € (=5,5): (1) has a nonzero solution} = 9~* (2_2;:)

If in addition Q is simply connected, then

Q
min {0 € (=%, %) : (1) has a nonzero solution} > 9" <|m | |>

™

and the equality holds if and only if Q is a disk of the same area.
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