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Need of the resonances

Let Ω ⊂ R3 be open and V ∈ C∞
c (Ω) with V ≥ 0.

We wish to describe f : R× Ω → C such that
∂2
t f (t, x) = −∆x f (t, x) + V (x)f (t, x) for (t, x) ∈ R× Ω

f (t, x) = 0 for (t, x) ∈ R× ∂Ω
f (0, x) = 0 for x ∈ Ω
∂t f (0, x) = u(x) for x ∈ Ω

,

u ∈ C∞
c (Ω) being a prescribed data.
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Need of the resonances

▶ If Ω is bounded then for (t, x) ∈ R× Ω

f (t, x) =
+∞∑
n=0

⟨un, u⟩L2(Ω)√
λn

sin
(√

λnt
)
un(x),

(un)n≥0 ⊂ H1
0(Ω) ∩ H2(Ω) being an orthonormal basis of

eigenvectors of −∆+ V associated with the eigenvalues
(λn)n≥0 ⊂ (0,+∞).

▶ If Ω = R3 then Sp(−∆+ V ) = [0,+∞[ is purely continuous.
⇒ We need some discrete spectral data instead of the eigenvalues.

Lax and Phillips were the first to consider this question. Dolph,
McLeod, Thoe, Sjöstrand and Zworski provided a solution.
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Resonances describe time decay

▶ There exists R : C → L(L2
comp(R3),H2

loc(R3)) meromorphic
such that if ℑω > 0 then

R(ω) = (−∆+ V − ω2) on L2
comp(R3).

The poles of R are the resonances of −∆+ V .

▶ For some A > 0 and all x in a compact set,

f (t, x) =
∑

κ resonance
ℑκ>−A

e−iκt fκ(t, x) + Ot→+∞(e−tA)

where t 7→ fκ(t, x) is polynomial and x 7→ fκ(t, x) ∈ H2
loc(R3).

▶ As e−iκt = e−itℜκetℑκ and ℑκ ≤ 0 then ℜκ is the rate of
oscillation and −ℑκ is the rate of decay.

▶ The study of the resonances close to R is crucial!
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Goal
Construct "discrete spectral data" for Dirac hamiltonians and prove
that it is not real.

State of art
▶ Weder 73’ - Seba 88’ (complex scaling) ;
▶ in the semi-classical regime : Parisse 92’ (using

Helffer-Sjöstrand 86’ approach) - Khochman 08’ (complex
distortion) ;

▶ Kungsmann ’17 - Cheng 21’ (using Sjöstrand-Zworski 91’
approach)
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The Dirac differential operator

▶ The Dirac matrices β, α1, α2, α3 are 4 × 4 hermitian matrices
satisfying

β2 = I4 , αjβ + βαj = 04 , αjαk + αkαj = 2δjk I4.

▶ The dimensionless Dirac operator associated with the energy of
a free massive particle living in R3 is the differential operator

D = β − ıα · ∇.

It acts on four components distributions.
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Perturbation by a potential

▶ Let V be a 4 × 4 matrix which entries are L∞comp(R3).

▶ Set HV := D + V with domain H1 := H1(R3)4 in the Hilbert
space L2 := L2(R3)4.

▶ HV is closed and

Spess(HV ) = (−∞,−1] ∪ [1,+∞).
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Integral kernel of the free resolvent

For z ̸∈ Sp(H0) = (−∞,−1] ∪ [1,+∞) and ϕ ∈ L2 and

(H0 − z)−1 ϕ(x) =

∫
R3

K (x − y , z)ϕ(y)dy

where
K (x , z) :=

eıω(z)|x |

4π |x |

(
zI4 + β + (ı+ ω(z) |x |)α · x

|x |2

)
ω(z) := (z2 − 1)1/2

with ℑ(s1/2) > 0 for s ̸∈ [0,+∞).
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Appropriate setup
We introduce the Riemann surface

M :=
{
(z , ω) ∈ C2 | z2 − ω2 = 1

}
.

For (z , ω) ∈ M we set

L(x , z , ω) :=
eıω|x |

4π |x |

(
zI4 + β + (ı+ ω |x |)α · x

|x |2

)
in such a way that if ℑω > 0 then ω = ω(z) and

L(x , z , ω) = K (x , z).

For ϕ ∈ L2
comp we set

R0(z , ω)ϕ(x) :=

∫
R3

L(x − y , z , ω)ϕ(y)dy .
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Holomorphic continuation of the free resolvent

Proposition
▶ If ℑω > 0 then

R0(z , ω) = (H0 − z)−1 on L2
comp.

▶ R0 is holomorphic from M to L(L2
comp,H

1
loc).

▶ Uniformly in s ∈ S2, as r → +∞

R0(z , ω)ϕ(rs) =
eıωr

4πr

(
(zI4 + β + ωα · s) ϕ̂(ωs) + O

(
1
r

))
.
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Resonances of HV - Rellich Theorem

Theorem (D. 24’)
▶ There exists RV : M → L(L2

comp,H
1
loc) meromorphic such

that if ℑω > 0 then

RV (z , ω) = (HV − z)−1 on L2
comp.

The poles of RV are the resonances of HV .
▶ (λ, κ) ∈ M is resonance ⇐⇒ ∃ψ ∈ H1

loc \ {0}, ∃ϕ ∈ L2
comp{

(D + V )ψ = λψ
ψ = R0(λ, κ)ϕ

.

▶ If V ∗ = V and κ ∈ R \ {0} then (λ, κ) is not resonance.
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Perturbation by an obstacle

▶ Let Ω be a smooth open subset of R3 with R3 \ Ω is bounded.

▶ Let n be its outward pointing normale.
▶ Set HΩ := D with domain

D :=
{
ψ ∈ H1(Ω)4 |(−ıβα · n)ψ| ∂Ω = ψ| ∂Ω

}
.

in the Hilbert space L2 := L2(Ω)4.
▶ HΩ is self-adjoint (Vega-Ourmières 16’) and

Spess(HΩ) = (−∞,−1] ∪ [1,+∞).
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▶ (±1, 0) is not resonance.
▶ If Ω is connected and κ ∈ R then (λ, κ) is not resonance.
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Perspectives

▶ Consider infinite mass problem (in progress) ;

▶ obtain a dynamical result ;
▶ contribute to the study in the semi-classical regime.

Thank you for your attention!
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