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Need of the resonances

Let Q C R3 be open and V € C*(Q) with V > 0.
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Need of the resonances

Let Q C R3 be open and V € C*(Q) with V > 0.
We wish to describe f : R x 2 — C such that

02f(t,x) = —Axf(t,x) + V(x)f(t,x) for (t,x) ER x Q

f(t,x)=0 for (t,x) € R x 0Q
f(0,x)=0 for x € Q ’
0+f (0, x) = u(x) for x € Q

u € CX(Q) being a prescribed data.
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Need of the resonances

» If Q is bounded then for (t,x) € R x Q

Z sm (ft) un(x

(un)n>0 C H3(Q) N H2(Q) being an orthonormal basis of
eigenvectors of —A + V associated with the eigenvalues
()\n)nzo C (0,+OO).
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3/14



Need of the resonances

» If Q is bounded then for (t,x) € R x Q

Z sm (ft) un(x

(un)n>0 C H3(Q) N H2(Q) being an orthonormal basis of
eigenvectors of —A + V associated with the eigenvalues
()\n)nzo C (0,+OO).

» If Q = R3 then Sp(—A + V) = [0, +o0] is purely continuous.

Um

3/14



Need of the resonances

» If Q is bounded then for (t,x) € R x Q

Z S|n (ft) un(x

(un)n>0 C H3(Q) N H2(Q) being an orthonormal basis of
eigenvectors of —A + V associated with the eigenvalues
()\n)nzo C (0,+OO).

» If Q = R3 then Sp(—A + V) = [0, +oo[ is purely continuous.

Um

= We need some discrete spectral data instead of the eigenvalues.
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Need of the resonances

» If Q is bounded then for (t,x) € R x Q

Z S|n (ft) un(x

(un)n>0 C H3(Q) N H2(Q) being an orthonormal basis of
eigenvectors of —A + V associated with the eigenvalues
()\n)nzo C (0,+OO).

» If Q = R3 then Sp(—A + V) = [0, +oo[ is purely continuous.

Um

= We need some discrete spectral data instead of the eigenvalues.

Lax and Phillips were the first to consider this question. Dolph,
McLeod, Thoe, Sjéstrand and Zworski provided a solution.
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Resonances describe time decay

» There exists R : C — L£(L2,,(R%),HZ (R3)) meromorphic

comp loc

such that if Sw > 0 then

Rw)=(-A+V —w?) on L2 (R.

comp

The poles of R are the resonances of —A + V.
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comp

The poles of R are the resonances of —A + V.

» For some A > 0 and all x in a compact set,

ft,x)= > e ™ hit,x) + Orroc(e™)

K resonance
Sk

where t +— £, (t, x) is polynomial and x + f,(t,x) € H2 (R3).
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Resonances describe time decay

» There exists R : C — L£(L2,,(R%),HZ (R3)) meromorphic

comp loc

such that if Sw > 0 then

Rw)=(-A+V —w?) on L2 (R.

comp

The poles of R are the resonances of —A + V.

» For some A > 0 and all x in a compact set,

Ft,x)= > e ™f(t,x)+ Orsyoc(e™™)
/ﬁr(\esonance

where t — f,(t,x) is polynomial and x — £,(t,x) € H2 (R3).
> As e vt — e tRRISK 3nd Sk < 0 then Rk is the rate of

oscillation and —Sk is the rate of decay.
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Resonances describe time decay

» There exists R : C — L£(L2,,(R%),HZ (R3)) meromorphic

comp loc

such that if Sw > 0 then

Rw)=(-A+V —w?) on L2 (R.

comp

The poles of R are the resonances of —A + V.

» For some A > 0 and all x in a compact set,

ft,x)= > e ™ hit,x) + Orroc(e™)

K resonance
Sk

where t +— £, (t, x) is polynomial and x + f,(t,x) € H2 (R3).

loc
> As e vt — e tRRISK 3nd Sk < 0 then Rk is the rate of
oscillation and —Sk is the rate of decay.

» The study of the resonances close to R is crucial!
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Goal
Construct "discrete spectral data" for Dirac hamiltonians and prove
that it is not real.
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Goal

Construct "discrete spectral data" for Dirac hamiltonians and prove
that it is not real.

State of art
» Weder 73’ - Seba 88" (complex scaling) ;

» in the semi-classical regime : Parisse 92" (using
Helffer-Sjostrand 86" approach) - Khochman 08’ (complex
distortion) ;

» Kungsmann '17 - Cheng 21’ (using Sjdstrand-Zworski 91’
approach)
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The Dirac differential operator

» The Dirac matrices 3, a1, ap, a3 are 4 X 4 hermitian matrices
satisfying

,82 =1, OéJ',B + Baj =04, ajog + ooy = 2(5][(/4.
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The Dirac differential operator

» The Dirac matrices 3, a1, ap, a3 are 4 X 4 hermitian matrices
satisfying

,82 =1, Oé_,',B + Baj =04, ajog + ooy = 25jk/4'

» The dimensionless Dirac operator associated with the energy of
a free massive particle living in R3 is the differential operator

D=g—-w-V.

It acts on four components distributions.
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Perturbation by a potential

> Let V be a 4 x 4 matrix which entries are L, (R3).

comp
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Perturbation by a potential

> Let V be a 4 x 4 matrix which entries are L, (R3).

comp
» Set Hy := D + V with domain H! := HY(IR®)* in the Hilbert
space L2 := L2(R3)%.
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Perturbation by a potential

> Let V be a 4 x 4 matrix which entries are L33, (R?).

» Set Hy := D + V with domain H! := HY(IR®)* in the Hilbert
space L2 := L2(R3)%.

» Hy is closed and

SPess(Hv) = (—00, —=1] U [1, +00).
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Integral kernel of the free resolvent

For z & Sp(Hg) = (—o0, —1] U [1, +00) and ¢ € L2 and

(Ho— 2) " o(x) = / K(x — v 2)é(y)dy
R3
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Integral kernel of the free resolvent

For z & Sp(Hg) = (—o0, —1] U [1, +00) and ¢ € L2 and

wm—a*¢ur=/ K(x — y.2)o(y)dy
R3

o (2)lx]

~arlx

Gu+ﬁ+@+M)VW%’|>

w(z) = (z2 — 1)1/2
with $(s/2) > 0 for s ¢ [0, +-00).
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Appropriate setup

We introduce the Riemann surface

M :={(z,w) € C*| 2> —w? =1}.
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Appropriate setup

We introduce the Riemann surface
M :={(z,w) € C*| 2> —w? =1}.
For (z,w) € M we set

ezw|x|

L(X,Z,W) = W

(zl4+5+(z+wx|)oz- ’X‘2>
x

in such a way that if Sw > 0 then w = w(z) and

L(x,z,w) = K(x, z).
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Appropriate setup

We introduce the Riemann surface
M :={(z,w) € C*| 2> —w? =1}.
For (z,w) € M we set

ezw|x|

L(X,Z,W) = W

(zl4 + 0+ (+wlx])a- ’X‘2>
X

in such a way that if Sw > 0 then w = w(z) and
L(x,z,w) = K(x, z).

For ¢ € L2 we set

Ro(z:)0l) = [ Llx=y.2.)0(0)dy.
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Holomorphic continuation of the free resolvent

Proposition

> If Sw > 0 then

Ro(z,w) = (Hy — z) ! on L2

comp*
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Holomorphic continuation of the free resolvent

Proposition

> If Sw > 0 then

Ro(z,w) = (Hy — z) ! on L2

comp*

> Ry is holomorphic from M to £(L2,,,,, H..).
» Uniformly in s € S?, as r — +o0
wr

R0(27W)¢(rs) = Arr

<(z/4 + B4 wa - s) p(ws) + O <i>) .
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Resonances of H\, - Rellich Theorem

Theorem (D. 24')

> There exists Ry : M — L(LZ,,,, HL,.) meromorphic such
that if Sw > 0 then

Rv(z,w) = (Hy —z)"* on L2

comp*
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Resonances of H\, - Rellich Theorem

Theorem (D. 24')
> There exists Ry : M — L(LZ,,,, HL,.) meromorphic such
that if Sw > 0 then

Rv(z,w) = (Hy —z)"* on L2

comp*
The poles of R\ are the resonances of Hy,.

> (X k) € M is resonance <= I € H \ {0}, 3¢ € L2,

loc

{ (D+ V) =X
Y =FRo(\rK)p
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Resonances of H\, - Rellich Theorem

Theorem (D. 24')
> There exists Ry : M — L(LZ,,,, HL,.) meromorphic such
that if Sw > 0 then

Rv(z,w) = (Hy —z)"* on L2

comp*
The poles of R\ are the resonances of Hy,.
> (X k) € M is resonance <= I € H \ {0}, 3¢ € L2,
b = Ro(A, k)¢
» If V* =V and k € R\ {0} then (A, k) is not resonance.

{ D+ V) =X
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Perturbation by an obstacle

> Let Q be a smooth open subset of R® with R3\ Q is bounded.
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Perturbation by an obstacle

> Let Q be a smooth open subset of R® with R3\ Q is bounded.
» Let n be its outward pointing normale.
» Set Hq := D with domain

D = {¢ € HY(Q)*|(—1Ba - n)tb a0 = V)00 } -

in the Hilbert space L2 := L2(Q)%.
» Hq is self-adjoint (Vega-Ourmiéres 16') and

SPess(Ha) = (—o0, —1] U [1, +00).
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Resonances of Hq - Rellich Theorem

Theorem (D. 24")

» There exists Rg : M — E(Lgomp,’Dloc) meromorphic such
that if Sw > 0 then

Ra(z,w) = (Hq —z) ! on L2

comp"*
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Resonances of Hq - Rellich Theorem

Theorem (D. 24")
» There exists Rg : M — E(Lgomp,’Dloc) meromorphic such

that if Sw > 0 then

Ra(z,w) = (Hq —z) ! on L2

comp"*

The poles of Rq are the resonances of Hq.
> (), k) € M is resonance <= F) € Do \ {0}, Jp € L2

comp

{ Dy = M\

1 = Ro(\, k)¢ outside a compact set

» (£1,0) is not resonance.

» If Q is connected and x € R then (A, k) is not resonance.
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Perspectives

» Consider infinite mass problem (in progress) ;
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Perspectives
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Perspectives

» Consider infinite mass problem (in progress) ;
» obtain a dynamical result ;

> contribute to the study in the semi-classical regime.

Thank you for your attention!
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