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The question we address

Given a bounded smooth domain (Manifold) Ω ⊂ Rn, find a self-adjoint local operator H in L2(Ω) that produces

an interval of essential spectra.

Local operators with at least one point in the essential spectrum:

(i) Sign-changing Laplacians

A.-S. Bonnet-Ben Dhia, M. Dauge, K. Ramdani: Analyse spectrale et singularités d’un problème de transmission non-coercive. C. R. Acad.

Sci. Paris 328 (1999) 717–720.

C. Cacciapuoti, K. Pankrashkin, A. Posilicano: Self-adjoint indefinite Laplacians. J. Anal. Math. 139 (2018) 155–177.

(ii) The Harmonic operator on smooth domain has an eigenvalue with infinite multiplicity:

W. N. Everitt, L. Markus, M. Plum, Aa usual self-adjoint linear partial differential operator. Trans. Amer. Math. Soc. 357 (2005),

1303-1324

Non-local operators: The Dirichlet-Neumann operator on the boundary of a bounded domain with a peak has an
interval of essential spectrum:

S. A. Nazarov, J. Taskinen, On the Spectrum of the Steklov Problem in a Domain with a Peak. Vestnik St.Petersb. Univ.Math. 41, 45–52 (2008)
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The free Dirac operator
Given m ∈ R, we consider the free Dirac operator in R3

Hψ = (−iα · ∇+mβ)ψ = −i
3∑

j=1

αj∂jψ +mβψ,

for ψ = (ψ1, ψ2, ψ3, ψ4)T ∈ dom(H) = H1(R3,C4),

where α = (α1, α2, α3) and β are the Dirac matrices:

β =

(
I2 0
0 −I2

)
and αj =

(
0 σj
σj 0

)
j = 1, 2, 3,

and σ := (σ1, σ2, σ3) are the Pauli matrices:

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)
,

and satisfy the anticommutation relations:

αiαj + αjαi = 2δij I2, βαi = −αiβ.

For x = (x1, x2, x3) ∈ R3 we use the notations

α · x := x1α1 + x2α2 + x3α3 and σ · x := x1σ1 + x2σ2 + x3σ3.
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Some facts

H =


m 0 −i∂3 −i(∂1 − i∂2)

0 m −i(∂1 + i∂2) i∂3
−i∂3 −i(∂1 − i∂2) −m 0

−i(∂1 + i∂2) i∂3 0 −m

.

We have that

• (H,H1(R3,C4)) is self-adjoint and its spectrum is

spec(H) = speccont(H) = (−∞,−|m|] ∪ [+|m|,+∞).

• (H − z)(H + z) = (−∆+m2 − z2)I4

• (H − z)−1f (x) =
∫
R3 ϕz (x − y)f (y)dy

where the kernel ϕz is given by

ϕz (x) =
e i
√

z2−m2|x|

4π|x |

(
z +mβ + (1− i

√
z2 −m2|x |)iα ·

x

|x |2

)
for all x ∈ R3 \ {0} and z ∈ ρ(H).
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Dirac operators in bounded domains
Let Ω ⊂ R3 be a Lipschitz domain and let DB be a regular self-adjoint Dirac operator in L2(Ω,C4) acting as

DBu = Hu,

domDB =
{
u ∈ H

1
2 (Ω;C4) : α · ∇u ∈ L2(Ω;C4) and Bu|∂Ω = 0

}
,

where B is a local boundary condition. In particular, DB has a compact resolvent, and one has

domDB ⊂ H1
loc(Ω;C4).

Example: Genaralized MIT boundary conditions B = B(τ) := 1− i cos(τ)β(α · ν∂Ω) + sin(τ)β where

τ ∈ [0, 2π) \ {π
2
, 3π

2
}.

The special cases τ = 0 and τ = π correspond to the MIT and anti-MIT boundary conditions, respectively:

specDB(0) ⊂ R \ [−|m|, |m|] if m ≥ 0,

and

specDB(π) ⊂ R \ [−|m|, |m|] if m ≤ 0.
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Shell interaction in a finite box

Let Ω+ ⊂ R3 be a bounded smooth domain such that Ω+ ⊂ Ω, and set

Ω− = R3 \ Ω+ and Σ = ∂Ω+ = ∂Ω−,

and denote by ν the outward pointing unit normal to Ω+.

Given ϵ, µ ∈ R such that ϵ2 − µ2 = 4, we consider in L2(Ω,C4) the Dirac operator

HB = DB + (ϵI4 + µβ)δΣ,

which is rigorously defined as follows

HBu = (Hu+)⊕ (Hu−),

domHB =
{
u = u+ ⊕ u− ∈ L2(Ω+;C4)⊕ L2(Ω−;C4) : (α · ∇)u± ∈ L2(Ω±;C4)

1

2
(ϵI4 + µβ)(u+ + u−) + i(α · ν)(u+ − u−) = 0 holds in H−1/2(Σ,C4) and Bu|∂Ω = 0

}
,
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The main result

Theorem (Behrndt, Holzmann, B, Pankrashkin; in prep)
Let κ1 and κ2 be the principal curvatures on Σ and set

AΣ := max
x∈Σ

∣∣κ1(x)− κ2(x)
∣∣.

Let DB be a regular Dirac operator. Then HB is self-adjoint and there holds

specess(HB) =
[
−

mµ

ϵ
−

AΣ

2|ϵ|
,−

mµ

ϵ
+

AΣ

2|ϵ|

]

Remark: Note that specess(HB) =
{
−mµ

ϵ

}
if and only if Σ is the union of finitely many disjoint spheres.

The main idea comes from:

B. Benhellal, K. Pankrashkin: Curvature contribution to the essential spectrum of Dirac operators with critical shell interactions. Pure Appl. Anal.

6 (2024) 237–252.
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Some details: the Green function of DB

Recall that the fundamental solution of H:

ϕz (x) =

(
zI4 +mβ +

(
1− i

√
λ2 −m2|x |

) i(α · x)
|x |2

)
e i
√

z2−m2|x|

4π|x |
, z ∈ C.

Theorem
For any f ∈ L2(Ω,C4) there holds

(DB − z)−1f (x) =

∫
Ω
Mz (x , y)φ(y)dy , ∀x ∈ Ω,

for any z ∈ ρ(DB), where Mz (x , y) = ϕz (x , y) + ψB
z (x , y) with a smoothing kernel ψB

z ∈ C∞(Ω× Ω,M4(C)).

Define the operators CB
z : L2(Σ,C4) −→ L2(Σ,C4)

CB
z g(x) = lim

ρ↘0

∫
|x−y|>ρ

Mz (x , y)g(y)dσ(y), ∀x ∈ Σ.

Then, CB
z is a bounded operators from Hs(Σ,C4) into itself for any s ∈ R.
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Let Λ : Hs(Σ) → Hs−1/2(Σ) be an isomorphism ∀s ∈ R, with Λ = Λ∗ in L2(Σ).

For z ∈ ρ(DB) consider the operator

Lz = Λ

(
1

4
(ϵ− µβ) + CB

z

)
Λ

acting on the maximal domain dom(Lz ) =
{
g ∈ L2(Σ,C4) : Lzg ∈ L2(Σ,C4)

}
.

Theorem
Let DB be a regular Dirac operator. Then

• For any z ∈ R ∩ ρ(DB): HB is self-adjoint ⇔ Lz is self-adjoint.

• For any z ∈ ρ(DB): z ∈ specess(HB) ⇔ 0 ∈ specess(Lz ).

• z ∈ ρ(HB) ∩ ρ(DB) if and only if Lz is boundedly invertible in L2(Σ;C4), and in this case

(HB − z)−1 = (DB − z)−1 − ΦB,z (Lz )
−1 Φ∗

B,z̄

Theorem

let B and B̃ be two boundary conditions such that B ̸= B̃. Then, for any z ∈ C \ R the operator

(HB − z)−1 − (HB̃ − z)−1 is compact in L2(Ω;C4)
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Mz = ϕz + ψB
z =

(
(z +m)kz I2 wz

wz (z −m)kz I2

)
+ ψB

z ,

with

kz (x) =
e i
√

z2−m2|x|

4π|x |
, wz (x) =

e i
√

z2−m2|x|

4π|x |

(
1− i

√
λ2 −m2|x |

)
iσ ·

x

|x |2

Kzg(x) =

∫
Σ
kz (x − y)g(y)dσ(y), g ∈ L2(Σ), x ∈ Σ,

Wzg(x) = lim
ρ↘0

∫
y∈Σ

|x−y|>ρ

wz (x − y)g(y)dσ(y), g ∈ L2(Σ,C2), x ∈ Σ.

For any z ∈ C, Kz and Wz are ΨDO of order −1 and 0, resp. Moreover, For any |z| ≤ |m|, Kz : Hs(Σ) → Hs−1(Σ)

is an isomorphism for any s ∈ R. We have

CB
z =

(
(z +m)Kz ⊗ I2 Wz

Wz (z −m)Kz ⊗ I2

)
+

(
· ·
· ·

)
︸ ︷︷ ︸

smoothing operator

,

and thus for any z ∈ ρ(DB) we have

Lz = Λ

( ϵ−µ
4

+ (z +m)Kz ⊗ I2 Wz

Wz
ϵ+µ
4

+ (z −m)Kz ⊗ I2

)
Λ + Λ

(
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Now, choosing Λ := K
− 1

2
m and using some ΨDO properties of Kz and Wz , we get

Lz =

 ϵ−µ
4

K−1
m + (z +m)⊗ I2 K

− 1
2

m WmK
− 1

2
m

K
− 1

2
m WmK

− 1
2

m
ϵ+µ
4

K−1
m + (z −m)⊗ I2


︸ ︷︷ ︸

zI+A

+

(
· ·
· ·

)
︸ ︷︷ ︸

compact operator

,

Then, for any z ∈ ρ(DB) we have

−z ∈ specess(A) ⇐⇒ 0 ∈ specess(Lz ) ⇐⇒ z ∈ specess(HB).

Theorem
For any z ∈ C, one has −z ∈ specess(A) ⇔ z ∈ J. In particular, the operator-valued function z 7→ (zI +A)−1 is

meromorphic in C \ J.

Sketch of the proof. We write z +A =

(
l11 l12
l21 l22

)
, and define its Schur complement

Sz = l22 + l21(l11)
−1l12.

Then, for any z ∈ ρ(DB) one has

0 ∈ specess(Sz ) ⇐⇒ −z ∈ specess(A) ⇐⇒ 0 ∈ specess(Lz ) ⇐⇒ z ∈ specess(HB).
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The expression for Sz can be simplified as follows

Sz =

[
(ϵ+ µ)K

−1/2
m

(1

4
−W 2

m

)
K

−1/2
m +

2

ϵ− µ
(zϵ+mµ)

]
+ L

for some compact self-adjoint operator L.

Note that

W 2
m −

1

4
= (σ · ν)

[
(σ · ν)Wm +Wm(σ · ν)

]
︸ ︷︷ ︸

Θ

Wm.

Θ is the ”Cliffiord algebra” version of the 2-dimenstional ”Kerzman-Stein” operator, and it is a ΨDO of order −1.

Then, for any z ∈ ρ(DB), Sz is bounnded in L2(Σ;C2), and for any z ∈ ρ(DB) one has

z ∈ specess(HB) ⇐⇒ −z ∈ specess(A) ⇐⇒ 0 ∈ specess(Sz ) ⇐⇒ z ∈ specess

[ 2

ϵ
K

− 1
2

m (σ · ν)ΘWmK
− 1

2
m −

mµ

ϵ︸ ︷︷ ︸
P

]
.

Theorem (B.B & Konstantin Pankrashkin; PAA 24’)

We have specess(P) =
[
−

mµ

ϵ
−

AΣ

2|ϵ|
,−

mµ

ϵ
+

AΣ

2|ϵ|

]
.
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This implies that

∀z /∈ spec(DB) : z ∈ specess(HB) ⇔ z ∈ J.

As spec(DB) is discrete, we get J ⊂ specess(HB).

To prove the inclusion spec(HB) ⊂ J, recall that

(HB − z)−1 = (DB − z)−1 − ΦB,z (Lz )
−1 Φ∗

B,z̄

and Lz = z +A+Kz with Kz compact. one can show that z 7→ Kz are compact operators depending

holomorphically on z ∈ ρ(DB) and extend meromorphically to C. As the operator-valued function z 7→ (z +A)−1 is

meromorphic in C \ J, the operator function

z 7→ (I +Kz (zI +A)−1)

fulfills the assumption of the meromorphic Fredholm theorem on C \ J. But Lz = (I +Kz (z +A)−1)(z +A), thus

There is a discrete set O ⊂ C \ J without accumulation points in C \ J, such that the

inverse (Lz )−1 exists and is bounded for z ∈ C\(J∪O∪spec(DB)) and has a meromorphic

extension to C \ (J ∪O) such that the coefficient in the Laurent series at the point of O
are finite rank operators.

This implies that the set (C \ J) ∩ spec(HB) ∩ ρ(DB) ⊂ O has no accumulation point in C \ J, and each point of

this set is a discrete eigenvalue of HB , and therefore specess(HB) ⊂ J.
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The Kerzman-Stein operator

We have

Ag(x) = lim
ρ↘0

∫
y∈Σ

|x−y|>ρ

θ(x , y)g(y)dσ(y)

with

θ(x , y) =
i

4π|x − y |3
((
σ · ν(x)

)
σ · (x − y) + σ · (x − y)

(
σ · ν(y)

))
.

Use the property (σ · x)(σ · y) = ⟨x , y⟩I2 + iσ · (x × y) for x , y ∈ R3. Then

θ(x , y) =
i

4π|x − y |3
⟨ν(x) + ν(y), x − y⟩I2 − σ ·

(
ν(x)− ν(y)

)
× (x − y)

4π|x − y |3
.

Thus

Θg(x) = Ng(x)−N ∗g(x)− lim
ρ↘0

∫
y∈Σ

|x−y|>ρ

σ ·
(
ν(x)− ν(y)

)
× (x − y)

4π|x − y |3
g(y)dσ(y)

where N is the double layer operator (which is a ΨDO of order −1)
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For x ∈ Σ denote by Mx := −dν|x : TxΣ → TxΣ the respective Weingarten map with eigenvalues κ1(x) and κ2(x).

We choose an orthonormal basis (e1, e2) in TxΣ such that Mxej = κj (x)ej for j ∈ {1, 2} and the basis
(
e1, e2, ν(x)

)
of R3 is positively oriented. Then one can construct a local chart φ : R2 ⊃ U → V ⊂ Σ near x with 0 ∈ U,

φ(0) = 0, ∂jφ(0) = ej for j ∈ {1, 2}.

Theorem

The principal symbols qΘ of Θ and qP of P (in the above special local coordinates) near x ∈ Σ are

qΘ(x , ξ) =
1

2

(
κ1(x)− κ2(x)

)
(σ · ν(x))

ξ1ξ2

|ξ|3
,

qP (x , ξ) =
κ1(x)− κ2(x)

2ϵ

ξ1ξ2

|ξ|3
σ · (ξ1e1 + ξ2e2)−

mµ

ϵ
.

Moreover, Sp
(
qP (x , ξ)

)
=

{
κ1(x)− κ2(x)

2ϵ

ξ1ξ2

|ξ|2
−

mµ

ϵ
,−

κ1(x)− κ2(x)

2ϵ

ξ1ξ2

|ξ|2
−

mµ

ϵ

}
. Therefore

Spess(P) =
⋃

ξ ̸=0 Sp(qP (x , ξ)) =
[
−

mµ

ϵ
−

AΣ

2|ϵ|
,−

mµ

ϵ
+

AΣ

2|ϵ|

]
= J
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Thank you for your attention
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