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Introduction

Weyl orbit functions generalize the periodicity and boudary
behaviour of sine and cosine in dimensions > 1.

Our goal is study Fourier–like transformations of functions on
discrete sets in the most general setting
Specific cases were already examined → find a more general
formulation, look for new ones
We also want to find ways to make these calculations more efficient
Special cases: discrete sine and cosine transforms – used in image
processing
In physics - graphene, quantum dots
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Weyl groups

Rn with standard inner product ⟨·, ·⟩.

We examine an irreducible essential crystallographic root system Π
with simple roots {αi}ni=1.
Dual root to α ∈ Π is defined as α∨ = 2

⟨α,α⟩α.
Weyl group W is generated by the reflections

riv = v −
〈
v, α∨

i

〉
αi = v − ⟨v, αi⟩α∨

i , v ∈ Rn. (1)

Reflections are orthogonal maps with det(ri) = −1, therefore
W ⊆ O(n).
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Invariant lattices

A lattice L in Rn is the Z–span of some basis of Rn,

L = Z𝓁1 ⊕ · · · ⊕ Z𝓁n. (2)

The dual lattice of L is

L⊥ = {v ∈ Rn|⟨v, l⟩ ∈ Z,∀l ∈ L} . (3)

Lattices are commutative groups.
Considering a sublattice K ⊆ L with basis 𝓀1, . . .𝓀n, it holds that

|L/K| = |det(X)| , 𝓀i =

n∑
j=1

Xij𝓁j . (4)

Lattice is W–invariant if

wL ⊆ L, ∀w ∈W. (5)
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Invariant lattices

Given a W–invariant lattice L, L⊥ is also W–invariant.

(L⊥)⊥ = L

Root and coroot lattice:

Q = Zα1 ⊕ · · · ⊕ Zαn, Q∨ = Zα∨
1 ⊕ · · · ⊕ Zα∨

n (6)

Weight and coweight lattice:

P = Zω1 ⊕ · · · ⊕ Zωn, P∨ = Zω∨
1 ⊕ · · · ⊕ Zω∨

n (7)

Q⊥ = P∨, (Q∨)⊥ = P
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Admissible shifts

Admissible shift of a W–invariant lattice L is ζ ∈ Rn such that

w(ζ + L) ⊆ ζ + L, ∀w ∈W. (8)

ζ is admissible if and only if ζ − riζ ∈ L for i = 1, . . . , n.
Admissible shifts ζ1 and ζ2 are equivalent if

ζ1 + L = ζ2 + L. (9)

An admissible shift ζ is trivial if it is equivalent to 0,

ζ + L = L. (10)

From this point onward, we will use the notation Lζ ≡ ζ + L.
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Generalized affine Weyl groups

Generalized affine Weyl group W aff
L is generated by the reflections

ri and the shifts 𝓁i, i = 1, . . . , n, where L is W -invariant

W aff
L = L⋊W , the action of z ∈W aff

L on v ∈ Rn is given by

z · v = wv + l, w ∈W, l ∈ L. (11)

Projections ψL :W aff
L →W, τL :W aff

L → L.
There exist only 4 homomorphisms σ :W → {±1}:

1(ri) = 1, σe(ri) = det(ri) = −1,

σs(ri) =

{
−1, αi ∈ ∆s

1, αi ∈ ∆l
, σl(ri) =

{
1, αi ∈ ∆s

−1, αi ∈ ∆l
,

(12)

∆s,l are the sets of short and long simple roots, respectively.
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Weyl orbit functions

Each sign homomorphism σ corresponds to a family of orbit
functions φσ : Rn × Rn → C,

φσ
u(v) =

∑
w∈W

σ(w)e2πi⟨wu,v⟩. (13)

Define the homomorphism γσL,κ :W aff
L → U(1) by

γσL,κ(z) = σ ◦ ψL(z)e
2πi⟨κ,τL(z)⟩, (14)

where κ is an admissible shift of L⊥.
For z ∈W aff

L⊥ , ζ an admissible shift of L, λ ∈ Lζ , v ∈ Rn, it holds
that

φσ
λ(z · v) = γσL⊥,ζ(z)φ

σ
λ(v). (15)
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Weyl orbit functions

Denote FL the fundamental domain of W aff
L .

Define F σ
L (κ) ⊆ FL by

F σ
L (κ) =

{
v ∈ FL|γσL,κ (StabL(v)) = {1}

}
. (16)

The symmetry relation implies that

φσ
λ(v) = 0, v ∈ FL⊥ \ F σ

L⊥(ζ). (17)

for λ ∈ Lζ
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Discrete orthogonality and transforms

In the remaining part:

W–invariant lattices A,B such that B⊥ ⊆ A,
ϱ an admissible shift of A,
χ an admissible shift of B,
M ∈ N.

Define:

the point set Fσ
M (Aϱ, Bχ) =

1
MBχ ∩ Fσ

A⊥(ϱ),
the label set Λσ

M (Aϱ, Bχ) = Aϱ ∩MF σ
B⊥(χ).

The scalar product of complex-valued functions f, g on
F σ
M (Aϱ, Bχ) is chosen as

⟨f, g⟩σ,MAϱ,Bχ
=

∑
s∈Fσ

M (Aϱ,Bχ)

εA⊥(s)f(s)g(s), (18)

εA⊥(v) = |W |/ |StabA⊥(v)| . (19)

Corresponding Hilbert space will be denoted Hσ
M (Aϱ, Bχ).
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Discrete orthogonality and transforms

For any λ, ν ∈ Λσ
M (Aϱ, Bχ), it holds that

⟨φσ
λ, φ

σ
ν ⟩

σ,M
Aϱ,Bχ

=Mn|W ||B/A⊥| |StabB⊥(λ/M)| δλν . (20)

Moreover, |F σ
M (Aϱ, Bχ)| = |Λσ

M (Aϱ, Bχ)|, so the corresponding
orbit functions form a basis of Hσ

M (Aϱ, Bχ).
At this point, we can calculate the Fourier coefficients and write
the Plancherel formulas
The unitary transform matrix IσM (Aϱ, Bχ) can be defined as

[IσM (Aϱ, Bχ)]λs =

√
εA⊥(s)

Mn|W ||B/A⊥| |StabB⊥(λ/M)|
φσ
λ(s), (21)

λ ∈ Λσ
M (Aϱ, Bχ), s ∈ F σ

M (Aϱ, Bχ). (22)
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Example - a shifted lattice in A3

All roots have the same length, the angles between the simple
roots α1,2,3 are

∡(α1, α2) =
2
3π, ∡(α1, α3) =

1
2π, ∡(α2, α3) =

2
3π. (23)

Simple roots expressed in terms of fundamental weights:

α1 = 2ω1 − ω2, α2 = −ω1 + 2ω2 − ω3, α3 = −ω2 + 2ω3. (24)

We will use the normalization condition ⟨α, α⟩ = 2 for all α ∈ Π,
implying Q∨ = Q, P∨ = P .
The disjoint decomposition of P into cosets of Q is

P = Q ∪ (ω1 +Q) ∪ (ω2 +Q) ∪ (ω3 +Q). (25)
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Example - a shifted lattice in A3

We look for W–invariant lattices S such that Q ⊆ S ⊆ P .

The transition matrix from α–basis to ω–basis is the Cartan
matrix C
Lattices are commutative groups, Lagrange’s theorem tells us that
|P/S| must divide |detC|
For A3, detC = 4.
By Langrange’s theorem, any sublattice Q ⊊ S ⊊ P must satisfy
|P/S| = |S/Q| = 2.
Does it exist???
If it does, it must be of the form

S = Q ∪ (ωi +Q), i ∈ {1, 2, 3}. (26)
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Example - a shifted lattice in A3

The only possibilty is

S = Q ∪ (ω2 +Q) (27)

because the other choices are not closed with respect to addition.

Duality Q⊥ = P implies S⊥ = S.
The basis of S is given by

𝓈1 = −ω1 − ω2 + ω3, 𝓈2 = −ω1 + ω3, 𝓈3 = ω1 − ω2 + ω3. (28)

The only non-trivial admissible shift of S is ω1.
The canonical fundamental domain of W aff

Q is given by

FQ = {u1ω1 + u2ω2 + u3ω3|u0 + u1 + u2 + u3 = 1, ui ≥ 0} . (29)

The fundamental domain of W aff
S is

FS = {u ∈ FQ|(u0 > u2) ∨ (u0 = u2, u1 ≥ u3)} . (30)
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The fundamental domain of FS

0 ω1

ω2
2

ω2

ω3
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Example - a shifted lattice in A3

Using the semidirect product decomposition

StabW aff
S
(u) = StabW aff

Q
(u)⋊ StabΓ2(u), u ∈ FQ, (31)

where S/Q ∼= Γ2 = {1, g2}.

The value of γ1S,ω1
is calculated as

γ1S,ω1
(g2) = −1. (32)

Therefore, the reduced fundamental domain F 1

S (ω1) is

F 1

S (ω1) = {u ∈ FQ|(u0 > u2) ∨ (u0 = u2, u1 > u3)} . (33)
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Examples: the root system A3

Λ1M (Sω1 , S) ={ 3∑
i=1

siωi

∣∣∣∣s1 + s3 ≡ 1 mod 2, (s0 > s2) ∨ (s0 = s2, s1 ≥ s3)

}
(34)

F 1

M (Sω1 , S) ={ 3∑
i=1

si
M
ωi

∣∣∣∣s1 + s3 ≡ 0 mod 2, (s0 > s2) ∨ (s0 = s2, s1 > s3)

}
(35)

V. Teska (FNSPE, CTU in Prague) Orthogonality of orbit functions 29 August 2025 18 / 27



The label set Λ1

4(Sω1
, S)

0

4ω1

2ω2

4ω3
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The point set Λ1

4(Sω1
, S)

0

ω1

ω2
2

ω3
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The matrix I14(Sω1
, S)

I14 (Sω1 , S) =


0.25 0.177 0 0.433 0 0.177 0.433 0
0.25 −0.177 0 −0.433 0 −0.177 0.433 0
0.433 −0.306 0 0.25 0 −0.306 −0.25 0
0.25 −0.177 0 −0.433 0 −0.177 0.433 0
0.433 −0.306 0 0.25 0 −0.306 −0.25 0
0.25 0.177 0 0.433 0 0.177 0.433 0
0.433 0.306 0 −0.25 0 0.306 −0.25 0
0.433 0.306 0 −0.25 0 0.306 −0.25 0



+ i


0 0.177 −0.25 0 −0.433 −0.177 0 −0.433
0 0.177 0.25 0 0.433 −0.177 0 −0.433
0 0.306 0.433 0 −0.25 −0.306 0 0.25
0 −0.177 −0.25 0 −0.433 0.177 0 0.433
0 −0.306 −0.433 0 0.25 0.306 0 −0.25
0 −0.177 0.25 0 0.433 0.177 0 0.433
0 0.306 −0.433 0 0.25 −0.306 0 0.25
0 −0.306 0.433 0 −0.25 0.306 0 −0.25


(36)
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Central splitting

The idea is to calculate the Fourier coefficients on smaller lattice
fragments, reducing computation complexity

To achieve this, we must define the splitting label sets

Λσ,k
M (P,Bχ) = Aωk

∩MF σ
B⊥(χ), P =

⋃
k∈JA

(ωk +A). (37)

The splitting point sets are chosen as

F σ,k
M (P,Bχ) =

1

M
Bχ ∩ F σ

A⊥(ωk), k ∈ JA. (38)

Analogously, we define the inner product

⟨f, g⟩σ,M,k
P,Bχ

=
∑

Fσ,k
M (P,Bχ)

εA⊥(s)f(s)g(s). (39)
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Central splitting

We need a decomposition

f =
∑
k∈JA

fσk (40)

such that the Fourier coefficients of the weight lattice transform of
f coincide with the Fourier coefficients of the k-th splitting
transform of the k-th central component of f (for every k)

Such fσk can be found utilizing the group Γ∨, appearing in the
semidirect decomposition

W aff
P∨ =W aff

Q∨ ⋊ Γ∨ (41)

Splitting transform matrices Iσ,kM (P,Bχ) can be defined in complete
analogy
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Central splitting

Finally, we sould like to find a decomposition of IσM (P,Bχ) into a
matrix product of type

IσM (P,Bχ) =

 ⊕
k∈J

A⊥

Iσ,kM (P,Bχ)

Tσ
M (P,Bχ), (42)

where Tσ
M (P,Bχ) arises from the symmetry relations of orbit

functions.
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THE END
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