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Introduction

Weyl orbit functions generalize the periodicity and boudary
behaviour of sine and cosine in dimensions > 1.

@ Our goal is study Fourier—like transformations of functions on
discrete sets in the most general setting

@ Specific cases were already examined — find a more general
formulation, look for new ones

e We also want to find ways to make these calculations more efficient

@ Special cases: discrete sine and cosine transforms — used in image
processing

e In physics - graphene, quantum dots
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Weyl groups

e R™ with standard inner product (-, -).
o We examine an irreducible essential crystallographic root system I1
with simple roots {o;}? ;.

e Dual root to « € II is defined as oV = ﬁ

Weyl group W is generated by the reflections

rv=v— (v, ya; =v—(v,a5) o, veER" (1)
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Weyl groups

e R™ with standard inner product (-, -).

o We examine an irreducible essential crystallographic root system I1
with simple roots {o;}? ;.

e Dual root to « € II is defined as oV = ﬁ

e Weyl group W is generated by the reflections
rv=v— (v, ya; =v—(v,a5) o, veER" (1)
o Reflections are orthogonal maps with det(r;) = —1, therefore

W C O(n).
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Invariant lattices

o A lattice L in R" is the Z-span of some basis of R",

L=76& - -&Zt,. (2)
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Invariant lattices

o A lattice L in R" is the Z-span of some basis of R",
L=76& - -&Zt,. (2)
@ The dual lattice of L is

Lt ={veR"(vl)€ZVleL}. (3)
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Invariant lattices

o A lattice L in R" is the Z-span of some basis of R",
L=76& - -&Zt,. (2)
o The dual lattice of L is
Lt ={veR"(vl)€ZVleL}. (3)

o Lattices are commutative groups.
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Invariant lattices

o A lattice L in R" is the Z-span of some basis of R",
L=7¢& &Lty (2)
o The dual lattice of L is
L={veR"(v,l)cZVlcl}. (3)
o Lattices are commutative groups.

e Considering a sublattice K C L with basis &1, ... &y, it holds that

|L/K| = |det(X)], ﬁ_ZXUt’ (4)
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Invariant lattices

o A lattice L in R" is the Z-span of some basis of R",
L=76& - -&Zt,. (2)

The dual lattice of L is

L= (v eR"(v,l) €Z,VlcL}. (3)

Lattices are commutative groups.
Considering a sublattice K C L with basis &1, ... %&,, it holds that

|L/K| = |det(X)], ﬁ_ZXUt’ (4)

o Lattice is W—invariant if

wLCL, YweW. (5)
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Invariant lattices

o Given a W-invariant lattice L, L' is also W-invariant.
o (LYYt =1L

@ Root and coroot lattice:

Q=720 @ - ®ZLa,, Q'=Za) D - Lo, (6)
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Invariant latt

o Given a W-invariant lattice L, L' is also W-invariant.
o (LYYt =1L
@ Root and coroot lattice:
Q=720 @ - ®ZLa,, Q'=Za) D - Lo, (6)

e Weight and coweight lattice:

P=Zw® - ®Zw, P =7Zw & - &Zw (7)

n
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Invariant lattices

o Given a W-invariant lattice L, L' is also W-invariant.
o (LYYt =1L

@ Root and coroot lattice:

Q=720 @ - ®ZLa,, Q'=Za) D - Lo, (6)
e Weight and coweight lattice:

P=7w® - ®Zw,, P'=7Zuw & ©Zw (7)

° QL= PV (@) =P
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Admissible shifts

o Admissible shift of a W—invariant lattice L is ( € R™ such that

w((+L)C(+L, YwelW. (8)
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Admissible shifts

o Admissible shift of a W—invariant lattice L is ( € R™ such that
w((+L)C(+L, YweW. (8)

@ ( is admissible if and only if { —r;( € Lfori=1,...,n.
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Admissible shifts

o Admissible shift of a W—invariant lattice L is ( € R™ such that
w((+L)C(+L, YweW. (8)

@ ( is admissible if and only if { —r;( € Lfori=1,...,n.

o Admissible shifts (; and (, are equivalent if

G+ L=¢+ L. 9)
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Admissible shifts

o Admissible shift of a W—invariant lattice L is ( € R™ such that
w((+L)C(+L, YweW. (8)

@ ( is admissible if and only if { —r;( € Lfori=1,...,n.
o Admissible shifts (; and (, are equivalent if

G+L=¢C¢+L. 9)
@ An admissible shift ¢ is trivial if it is equivalent to 0,

(+L=1L. (10)
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Admissible shifts

o Admissible shift of a W—invariant lattice L is ( € R™ such that
w((+L)C(+L, YweW. (8)

@ ( is admissible if and only if { —r;( € Lfori=1,...,n.
o Admissible shifts (; and (, are equivalent if

G+L=C+L (9)
@ An admissible shift ¢ is trivial if it is equivalent to 0,
(+L=L. (10)

e From this point onward, we will use the notation L = ( + L.
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Generalized affine Weyl groups

o Generalized affine Weyl group Wfff is generated by the reflections
r; and the shifts ¢;, i = 1,...,n, where L is W-invariant
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Generalized affine Weyl groups

o Generalized affine Weyl group Wfff is generated by the reflections
r; and the shifts ¢;, i = 1,...,n, where L is W-invariant

° Wfﬁ = L x W, the action of z € Wgﬁ on v € R" is given by

z-v=wv+l, weW,lelL. (11)
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Generalized affine Weyl groups

o Generalized affine Weyl group Wfff is generated by the reflections
r; and the shifts ¢;, i = 1,...,n, where L is W-invariant

o Wi = I, x W, the action of z € W2 on v € R™ is given by
z-v=wv+l, weW,lelL. (11)

e Projections 9, : Wfﬁ =W, 7 Wfff — L.
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Generalized affine Weyl groups

o Generalized affine Weyl group Wfff is generated by the reflections
r; and the shifts ¢;, i = 1,...,n, where L is W-invariant

Wfﬁ = L x W, the action of z € Wgﬁ on v € R" is given by

z-v=wv+l, weW,lelL. (11)

Projections v, : Wit — W, 7 : W — L.

e There exist only 4 homomorphisms o : W — {£1}:

1(r;) =1, o¢(r;) = det(r;) = —1,
S/ -1, o; € A, Tiy 1, o; € Ag (12)
g (TZ) o { 1, o; € Al » 7 TZ) o { 1, o; € Al ’

A are the sets of short and long simple roots, respectively.
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Weyl orbit fur

e Each sign homomorphism ¢ corresponds to a family of orbit
functions ¢ : R™ x R" — C,

pa(v) = Y o(w)ePmtwn, (13)

weWw
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Weyl orbit functions

e Each sign homomorphism ¢ corresponds to a family of orbit
functions ¢ : R™ x R" — C,

pa(v) = Y o(w)ePmtwn, (13)

weWw

o Define the homomorphism 77 , : Wit — U(1) by
W (2) = 0 0 g (2)em ) (14)

where 5 is an admissible shift of Lt.
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Weyl orbit functions

e Each sign homomorphism ¢ corresponds to a family of orbit
functions ¢ : R™ x R" — C,

pa(v) = Y o(w)ePmtwn, (13)

weWw

o Define the homomorphism 77 , : Wit — U(1) by
W (2) = 0 0 g (2)em ) (14)

where 5 is an admissible shift of Lt.

e For z € W}jff, ¢ an admissible shift of L, A € L¢, v € R", it holds
that

@3z v) =971 ()3 (v). (15)
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Weyl orbit functions

e Denote F}, the fundamental domain of Wfﬂ.
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Weyl orbit functions

e Denote F}, the fundamental domain of Wfﬂ.
o Define F7(sc) C F, by

F7 () = {v € FL|h{ . (Stabr(v)) = {1}}. (16)
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Weyl orbit functions

e Denote F}, the fundamental domain of Wgﬂ.
o Define F7(sc) C F, by

F7 () = {v € FL|h{ . (Stabr(v)) = {1}}. (16)
@ The symmetry relation implies that
() =0, veFpu \ F7.(Q). (17)

for A € L¢
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Discrete orthogonality and transforms

o In the remaining part:
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Discrete orthogonality and transforms

o In the remaining part:

o W-invariant lattices A, B such that B+ C A,
e o an admissible shift of A,
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Discrete orthogonality and transforms

o In the remaining part:

o W-invariant lattices A, B such that B+ C A,
e o an admissible shift of A,
e x an admissible shift of B,
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Discrete orthogonality and transforms

o In the remaining part:

W-invariant lattices A, B such that B+ C A,
o an admissible shift of A,

x an admissible shift of B,

M e N.
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Discrete orthogonality and transforms

o In the remaining part:

o W-invariant lattices A, B such that B+ C A,
e o an admissible shift of A,

e x an admissible shift of B,

o M eN.

e Define:
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Discrete orthogonality and transforms

o In the remaining part:

o W-invariant lattices A, B such that B+ C A,
e o an admissible shift of A,

e x an admissible shift of B,

o M eN.

e Define:
o the point set F;(A,, By) = 1;By N F9. (o),
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Discrete orthogonality and transforms

o In the remaining part:
o W-invariant lattices A, B such that B+ C A,
e o an admissible shift of A,
e x an admissible shift of B,
o M eN.

e Define:
o the point set F;(A,, By) = 1;By N F9. (o),
o the label set A§;(A,, By) = A, N MFg . (x).
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Discrete orthogonality and transforms

o In the remaining part:

o W-invariant lattices A, B such that B+ C A,
e o an admissible shift of A,

e x an admissible shift of B,

o M eN.

e Define:
o the point set F;(A,, By) = 1;By N F9. (o),
o the label set AG,(A,, By) = A, N MFG, (x).

@ The scalar product of complex-valued functions f, g on
F7.(A,, By) is chosen as

Fa)als = D ear(9)f(9)9(s), (18)

SEF]‘\Z(ALNBX)

a1 (v) = [W|/[Stab . (v)]. (19)
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Discrete orthogonality and transforms

o In the remaining part:

o W-invariant lattices A, B such that B+ C A,
e o an admissible shift of A,

e x an admissible shift of B,

o M eN.

e Define:
o the point set F;(A,, By) = 1;By N F9. (o),
o the label set AG,(A,, By) = A, N MFG, (x).

@ The scalar product of complex-valued functions f, g on
F7.(A,, By) is chosen as

Fa)als = D ear(9)f(9)9(s), (18)

SEF]‘\Z(ALNBX)

eas(v) = [W]/[Stab 41 (v)]. (19)
e Corresponding Hilbert space will be denoted H,(A,, By).
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Discrete orthogonality and transforms

o For any A\, v € A§,(Ap, By), it holds that

(05, 90050, = M"|W|[|B/A*|[Stabg. (\/M)| 6y, (20)
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Discrete orthogonality and transforms

o For any A\, v € A§,(Ap, By), it holds that
(05, 90050, = M"|W|[|B/A*|[Stabg. (\/M)| 6y, (20)

e Moreover, |F7,(A,, By)| = |[A$,(Ap, By)l, so the corresponding
orbit functions form a basis of Hf,(A4,, By).
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Discrete orthogonality and transforms

o For any A\, v € A§,(Ap, By), it holds that

(05, 90050, = M"|W|[|B/A*|[Stabg. (\/M)| 6y, (20)

e Moreover, |F7,(A,, By)| = |[A$,(Ap, By)l, so the corresponding
orbit functions form a basis of Hf,(A4,, By).

o At this point, we can calculate the Fourier coefficients and write
the Plancherel formulas
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Discrete orthogonality and transforms

o For any A\, v € A§,(Ap, By), it holds that

(@5, 005N = MYWIB/A™| [Stabg A/M)| 8y (20)

e Moreover, |F7,(A,, By)| = |[A$,(Ap, By)l, so the corresponding
orbit functions form a basis of Hf,(A4,, By).

o At this point, we can calculate the Fourier coefficients and write
the Plancherel formulas

o The unitary transform matrix I§,(A,, By) can be defined as

o eas(s) 7
Wir(Ae By \/Mn|W||B/Af| Stabg. (/A0 PA ) (2D

A€ A (Ap, By), s € Fyr(Ap, By). (22)
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mple - a shifted lattice in Ag

e All roots have the same length, the angles between the simple
roots a3 are

Loy, ag) = %7‘1’, Lo, a3) = %77, Lo, a3) = %7‘(‘. (23)
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mple - a shifted lattice in Ag

e All roots have the same length, the angles between the simple
roots a3 are

L(ar,a9) = 57, L(ar,a3) =37, L oz, a3) = 3. (23)
e Simple roots expressed in terms of fundamental weights:

a1 = 2w] —wo, Q9 =—w)+ 2wy — w3, «a3=—wsz+ 2ws. (24)
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Example - a shifted lattice in Aj

e All roots have the same length, the angles between the simple
roots a3 are

L(ar,a9) = 57, L(ar,a3) =37, L oz, a3) = 3. (23)
e Simple roots expressed in terms of fundamental weights:
a1 = 2w] —wo, Q9 =—w)+ 2wy — w3, «a3=—wsz+ 2ws. (24)

e We will use the normalization condition (o, ) = 2 for all a € II,
implying Q¥ = Q, PV = P.
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Example - a shifted lattice in Aj

e All roots have the same length, the angles between the simple
roots a3 are

L(ar,a9) = 57, L(ar,a3) =37, L oz, a3) = 3. (23)
e Simple roots expressed in terms of fundamental weights:
a1 = 2w] —wo, Q9 =—w)+ 2wy — w3, «a3=—wsz+ 2ws. (24)

e We will use the normalization condition (o, ) = 2 for all a € II,
implying Q¥ = Q, PV = P.

@ The disjoint decomposition of P into cosets of Q is

P=QU(w +Q)U (w2 + Q) U (w3 + Q). (25)
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mple - a shifted lattice in Ag

o We look for W—invariant lattices S such that Q C S C P.
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mple - a shifted lattice in Ag

o We look for W—invariant lattices S such that Q C S C P.

o The transition matrix from a—basis to w—basis is the Cartan
matrix C

V. Teska (FNSPE, CTU in Prague Or nality of orbit functions 29 August 2025



mple - a shifted lattice in Ag

o We look for W—invariant lattices S such that Q C S C P.

o The transition matrix from a—basis to w—basis is the Cartan
matrix C

o Lattices are commutative groups, Lagrange’s theorem tells us that
|P/S| must divide |det C|
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mple - a shifted lattice in Ag

o We look for W—invariant lattices S such that Q C S C P.

o The transition matrix from a—basis to w—basis is the Cartan
matrix C

o Lattices are commutative groups, Lagrange’s theorem tells us that
|P/S| must divide |det C|
o For Ag, detC = 4.
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Example - a shifted lattice in Aj

We look for W—invariant lattices S such that Q C S C P.

The transition matrix from a—basis to w—basis is the Cartan
matrix C

Lattices are commutative groups, Lagrange’s theorem tells us that
|P/S| must divide |det C|
For Ag, detC = 4.

By Langrange’s theorem, any sublattice @ C S C P must satisfy
|P/S| =15/Q| = 2.
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Example - a shifted lattice in Aj

We look for W—invariant lattices S such that Q C S C P.

The transition matrix from a—basis to w—basis is the Cartan
matrix C

Lattices are commutative groups, Lagrange’s theorem tells us that
|P/S| must divide |det C|

For Ag, detC = 4.

By Langrange’s theorem, any sublattice @ C S C P must satisfy
|P/S| =15/Q| = 2.

Does it exist??7?
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Example - a shifted lattice in Aj

o We look for W—invariant lattices S such that Q C S C P.

o The transition matrix from a—basis to w—basis is the Cartan
matrix C

o Lattices are commutative groups, Lagrange’s theorem tells us that
|P/S| must divide |det C|

e For As, det C = 4.

e By Langrange’s theorem, any sublattice @ C S C P must satisfy
|P/S| =15/Q| = 2.

@ Does it exist???

o If it does, it must be of the form

S=QU(w;+Q), i€{l,23}. (26)
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mple - a shifted lattice in Ag

o The only possibilty is
S=QU(w2+Q) (27)

because the other choices are not closed with respect to addition.
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mple - a shifted lattice in Ag

o The only possibilty is
S=QU(w2+Q) (27)

because the other choices are not closed with respect to addition.
e Duality Q- = P implies S+ = 8.

V. Teska (FNSPE, CTU in P e Orth nality of orbit functions 29 August 2025



Example - a shifted lattice in Aj

o The only possibilty is
S=QU(w2+Q) (27)

because the other choices are not closed with respect to addition.
e Duality Q- = P implies S+ = 8.
@ The basis of S is given by

3 = —w) —wo +ws3, d=-—wW1+w3, I3=w]— Wy + ws. (28)
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Example - a shifted lattice in Aj

o The only possibilty is
S=QU(w2+Q) (27)

because the other choices are not closed with respect to addition.
e Duality Q- = P implies S+ = 8.
@ The basis of S is given by

3 = —w) —wo +ws3, d=-—wW1+w3, I3=w]— Wy + ws. (28)

@ The only non-trivial admissible shift of S is w;.
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Example - a shifted lattice in Aj

o The only possibilty is
S=QU(w2+Q) (27)

because the other choices are not closed with respect to addition.
Duality Q* = P implies S+ = S.
The basis of S is given by

3 = —w) —wo +ws3, d=-—wW1+w3, I3=w]— Wy + ws. (28)

The only non-trivial admissible shift of S is ws.

The canonical fundamental domain of Wgﬁ is given by

FQ = {u1w1 + ugwo + U3W3’U0 4+ up +ug +uz =1,u; > 0} . (29)
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Example - a shifted lattice in Aj

@ The only possibilty is
S=QU(w2+Q) (27)

because the other choices are not closed with respect to addition.
Duality Q* = P implies S+ = S.
The basis of S is given by

3 = —w) —wo +ws3, d=-—wW1+w3, I3=w]— Wy + ws. (28)

The only non-trivial admissible shift of S is ws.

The canonical fundamental domain of Wgﬁ is given by
FQ = {u1w1 + ugwg + U3W3’U0 4+ up +ug +uz =1,u; > 0}. (29)
@ The fundamental domain of Wgﬁ is

Fs ={u € Fgl(up > u2) V (up = ug,uq > us3)}. (30)
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w2
2
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mple - a shifted lattice in Ag

o Using the semidirect product decomposition
Stabwgff (u) — Stabwsff (U) X Stab[‘z (u), S FQ, (3].)

where S/Q =T9 = {1, g2}.
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Example - a shifted lattice in Aj

o Using the semidirect product decomposition
Stabwgff (u) — Stabwsff (U) X Stab[‘z (u), S FQ, (3].)

where S/Q =T9 = {1, g2}.

@ The value of 'yk]lgM is calculated as

Vo (92) = —1. (32)
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Example - a shifted lattice in Aj

o Using the semidirect product decomposition
Stabwgff (u) — Stabwg)ﬂ (U) X Stab[‘z (u), S FQ, (3].)

where S/Q =T9 = {1, g2}.

@ The value of 'yk]lgM is calculated as
Vs (92) = —1. (32)
o Therefore, the reduced fundamental domain F&(w) is

F&(wr) = {u € Fol(up > u2) V (up = uz,u; > uz)}. (33)
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Examples: the root system As

Abs(Sur, S) =

{ 23: Siwj

=1

s1+s3=1 mod 2, (sop>s2)V (sg=s2,8 > 53)} (34)

FJ]\l/[(Squ) -

3
(%5

=1

s1+s3=0 mod 2, (sp> s2)V(sg=s2,5 > 83)} (35)
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The label set A}(S.,,9)

4w,

J in Pr ¢ ali  orbit functio:



The point s




]HLI(SUJUS) =

+1i

0.25 0.177 0 0.433 0 0.177 0.433 0

0.25 —0.177 0 —0.433 0 —0.177 0.433 0

0.433 —0.306 0 0.25 0 —0.306 —0.25 0

0.25 —0.177 0 —0.433 0 —0.177 0.433 0

0.433 —0.306 0 0.25 0 —0.306 —0.25 0

0.25 0.177 0 0433 0 0.177 0.433 0

0.433 0.306 0 —0.25 0 0.306 —0.250

0.433 0.306 0 —0.25 0 0.306 —0.250 36
0 0.177 —0.25 0 —0.433 —0.177 0 —0.433 ( )
0 0.177 025 0 0.433 —0.177 0 —0.433

0 0.306 0.433 0 —0.25 —0.306 0 0.25

0 —-0.177 —0.25 0 —0.433 0.177 0 0.433

0 —0.306 —0.433 0 0.25 0.306 0 —0.25

0 —0.177 0.25 0 0.433 0.177 0 0.433

0 0.306 —0.4330 0.25 —0.306 0 0.25

0 —-0.306 0.433 0 —0.25 0.306 0 —0.25

August 2025
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Central splitting

@ The idea is to calculate the Fourier coefficients on smaller lattice
fragments, reducing computation complexity

(FNSPE,



Central splitting

@ The idea is to calculate the Fourier coefficients on smaller lattice
fragments, reducing computation complexity

e To achieve this, we must define the splitting label sets

ASF(PBy) = Auw, "MFG.(x), P= ] (wr+A4). (37
kedJa
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Central splitting

@ The idea is to calculate the Fourier coefficients on smaller lattice
fragments, reducing computation complexity

e To achieve this, we must define the splitting label sets

ASF(PBy) = Auw, "MFG.(x), P= ] (wr+A4). (37

kedJa
@ The splitting point sets are chosen as
- 1
F7F(P,By) = B NE(wr), k€ Ja. (38)
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Central splitting

@ The idea is to calculate the Fourier coefficients on smaller lattice
fragments, reducing computation complexity

e To achieve this, we must define the splitting label sets

ASF(PBy) = Auw, "MFG.(x), P= ] (wr+A4). (37

kedJa
e The splitting point sets are chosen as
o 1
F7F(P,By) = B NE(wr), k€ Ja. (38)
@ Analogously, we define the inner product
7M7k
(fapmr = Y ear(s)f(s)g(s). (39)

Jk
FgF(PBy)
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Central splitting

@ We need a decomposition

fF=> (40)

keda

such that the Fourier coefficients of the weight lattice transform of
f coincide with the Fourier coefficients of the k-th splitting
transform of the k-th central component of f (for every k)

V. Teska (FNSPE, CTU in Prague) Orthogonality of orbit functions 29 August 2025



Central splitting

@ We need a decomposition

fF=> (40)

keda

such that the Fourier coefficients of the weight lattice transform of
f coincide with the Fourier coefficients of the k-th splitting
transform of the k-th central component of f (for every k)

e Such fZ can be found utilizing the group I'V, appearing in the
semidirect decomposition

WA = Wl 1 (41)
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Central splitting

@ We need a decomposition

fF=> (40)

keda

such that the Fourier coefficients of the weight lattice transform of
f coincide with the Fourier coefficients of the k-th splitting
transform of the k-th central component of f (for every k)

e Such fZ can be found utilizing the group I'V, appearing in the
semidirect decomposition

WA = Wl 1 (41)

e Splitting transform matrices I7; (P By) can be defined in complete
analogy
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Central splitting

e Finally, we sould like to find a decomposition of 1f,(P, By ) into a
matrix product of type

o o,k o
19,(P, By) = @ 17°(P, By) | TS, (P, By), (42)
kEJAL

where T, (P, By) arises from the symmetry relations of orbit
functions.
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THE END
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