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HT L. H., M. Tusek,
Non-local relativistic -shell interactions. (2024)

Luké$ Heriban (FNSPE CTU) 6-shell interactions



Summarize following articles and extend results:

HHSST L. H., M. Holzmann, C. Stelzer-Landauer, G. Stenzel, M. Tusek,
Two-dimensional Schrédinger operators with non-local singular potentials. (2025)

HT L. H., M. Tusek,
Non-local relativistic -shell interactions. (2024)
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@ X boundary of Q
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Introduction

Summarize following articles and extend results:

HHSST L. H., M. Holzmann, C. Stelzer-Landauer, G. Stenzel, M. Tusek,
Two-dimensional Schrédinger operators with non-local singular potentials. (2025)

HT L. H., M. Tusek,
Non-local relativistic -shell interactions. (2024)

e Q. bounded open subset of R?
@ X boundary of Q
00 —R2\0;

We investigate self-adjoint realizations of differential operators on
[2(R?) = 12(0.) & L3(2)

with suitable transmission /boundary conditions along ¥.

Framework: Boundary triples
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Generalized Boundary Triple

Let A be a densely defined, symmetric, closed operator on a Hilbert space
H, and let T = A*.

Definition
Let I'g,1 : Dom T — G be linear mappings into a Hilbert space G such
that:

©Q Forall f,g € Dom T,
(Tf,g)n — (f, Tg)n = (T1f,Tog)g — (Tof,T18)g-

Q@ Ranlg=4g.
© The operator Ty := T |kerr, is self-adjoint on .

Then {G,To,I1} is called a generalized boundary triple.

Auxiliary mappings:
-1
Y(2) = (Tolker(T=2)) » M(2) :=T1y(2),  z € p(T).
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Extensions via Boundary Triples

We study
TL,R =T f Ker(LFo — er),

where L, R are bounded operators on G

[Behrndt-Langer '06], [Behrndt—Holzmann—Stelzer-Landauer-Stenzel '24]

Luké$ Heriban (FNSPE CTU)

6-shell interactions



Extensions via Boundary Triples

We study
TL,R =T r Ker(LFo — er)7

where L, R are bounded operators on G

[Behrndt-Langer '06], [Behrndt—Holzmann—Stelzer-Landauer-Stenzel '24]

Let {G,To,T1} be a generalized boundary triple for T = A*, and
T() = T|Kerrg- Then:
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Extensions via Boundary Triples

We study
TL,R =T r Ker(LFo — er),

where L, R are bounded operators on G

[Behrndt-Langer '06], [Behrndt—Holzmann—Stelzer-Landauer-Stenzel '24]

Let {G,lo,T1} be a generalized boundary triple for T = A*, and
T() = T|Kerrg- Then:

@ (Abstract Birman-Schwinger) For all z € p(Tp),
Ker(Tyr — z) = 7(z) Ker(L — RM(2)).
In particular, z € 0,(T Rr) < 0€ 0,(L — RM(2)).
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Extensions via Boundary Triples

We study
TL,R =T r Ker(LFo — er),

where L, R are bounded operators on G

[Behrndt-Langer '06], [Behrndt—Holzmann—Stelzer-Landauer-Stenzel '24]

Let {G,lo,T1} be a generalized boundary triple for T = A*, and
T() = T|Kerrg- Then:

@ (Abstract Birman-Schwinger) For all z € p(Tp),
Ker(Tyr — z) = 7(z) Ker(L — RM(2)).
In particular, z € 0,(T Rr) < 0€ 0,(L — RM(2)).
Q If z€ p(To) \ 0p(TL,Rr), then
f € Ran(T r —z) & Rvy(Z)"f € Ran(L — RM(z)).
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Extensions via Boundary Triples

We study
TL,R =T r Ker(LFo — er),

where L, R are bounded operators on G

[Behrndt-Langer '06], [Behrndt—Holzmann—Stelzer-Landauer-Stenzel '24]

Let {G,lo,T1} be a generalized boundary triple for T = A*, and
T() = T|Kerrg- Then:

@ (Abstract Birman-Schwinger) For all z € p(Tp),
Ker(Tyr — z) = 7(z) Ker(L — RM(2)).
In particular, z € 0,(T Rr) < 0€ 0,(L — RM(2)).
Q If z€ p(To) \ 0p(TL,Rr), then
f € Ran(T r —z) & Rvy(Z)"f € Ran(L — RM(z)).
@ (Krein resolvent formula) For all such z and f € Ran(T g — z):
(TLr —z) 7Y = (To — 2) Y +v(z)(L — RM(2)) 1Ry (2)*f.
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e Q, C R?: simply connected open subset with bi-Lipschitz boundary ¥

Luké$ Heriban (FNSPE CTU) 6-shell interactions



e Q, C R?: simply connected open subset with bi-Lipschitz boundary ¥
e Q_ =R?\Q,
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e Q, C R?: simply connected open subset with bi-Lipschitz boundary ¥
e Q_ =R?\Q,
° fij[: Dirichlet traces with respect to 24
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e Q, C R?: simply connected open subset with bi-Lipschitz boundary ¥

0 Q =R2\Q,

° fij[: Dirichlet traces with respect to 24

@ n = (ny, ny): unit outward normal to X, t = (—ny, n1): tangent
vector, n = ny + iny (complexification)
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e Q, C R?: simply connected open subset with bi-Lipschitz boundary ¥
e Q_ =R?\Q,
° fij[: Dirichlet traces with respect to 24

@ n = (ny, ny): unit outward normal to X, t = (—ny, n1): tangent
vector, n = ny + iny (complexification)
@ Wirtinger derivatives:

0= %(81—/82), 9= %(814-1'82)
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Q. C R2: simply connected open subset with bi-Lipschitz boundary ¥
Q =R2\Q,
fij[: Dirichlet traces with respect to 24

n = (n1, n2): unit outward normal to ¥, t = (—ny, ny): tangent
vector, n = ny + iny (complexification)

Wirtinger derivatives:

0= %(81—/82), 9= %(814—/82)

@ Pauli matrices:

/01 (0 —i /10
=1 0) 27\ o) 7 \0 -1
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e Q, C R?: simply connected open subset with bi-Lipschitz boundary ¥

e Q_ =R?\Q,

° fij[: Dirichlet traces with respect to 24

@ n = (ny, ny): unit outward normal to X, t = (—ny, n1): tangent
vector, n = ny + iny (complexification)

@ Wirtinger derivatives:

0= %(81 — i82), 9= %(81 + i@z)
@ Pauli matrices:
(0 1 (0 =i (1 0
=10/ 27\ o) 7\ 0 -1

o HE(R2\X) = {f —fL @ f € HP(Q) ® HP(Q) ‘ Afy € L2(Qi)}
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Boundary Triple for Schrodinger Operator

[HHSST]

Consider the operator
Dom S = {f e HYX(R?\ ) ‘ Ify € H1/2(Qi)},
Sf=(-Af) @ (—Af).
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Boundary Triple for Schrodinger Operator

[HHSST]

Consider the operator

Dom S = {f e HYX(R?\ ) ‘ If. € H1/2(Qi)},
Sf=(-Af) @ (—Af).
We define the boundary mappings:
[Sf._o <n(’ygaf+ - 75872))
° n(vpfs —pf-) )’

1 — +7 - .
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Boundary Triple for Schrodinger Operator

[HHSST]
Consider the operator
Dom S = {f e HYX(R?\ ) ‘ If. € H1/2(Qi)},
Sf=(-Af) @ (—Af).

We define the boundary mappings:

rSf‘ =9 ﬁ(7g5f+ - ’755’(—)
o n(vpfr —pf) )’

1 — +7 - .

Result: {L?(X;C?),I'3,T7} is a generalized boundary triple for S.
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Boundary Triple for Schrodinger Operator

[HHSST]
Consider the operator
Dom S = {f e HYX(R?\ ) ‘ If. € H1/2(Qi)},
Sf=(-Af) @ (—Af).

We define the boundary mappings:
rSf‘ =9 ﬁ(7g5f+ - ’755’(—)
or - tf — _f_) ’
n(vpf+ —p

Fff = E < ’Y§f+ +75_f: > )

Result: {L?(X;C?),I'3,T7} is a generalized boundary triple for S.
We study self-adjoint realizations
S | Ker(L[§ — RI?).
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Non-local 4-shell interaction

Sg =S | Ker(Ig + BI{), where B : [>(X; C?) — [?(%; C?) is a compact
self-adjoint operator.
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Non-local 4-shell interaction

Sg =S | Ker(Ig + BI{), where B : [>(X; C?) — [?(%; C?) is a compact
self-adjoint operator.

Main properties (self-adjointness, Birman—-Schwinger principle, Krein

resolvent formula)
Sg is self-adjoint on L2(R2).
Q Forallze C\ [0,00),

Ker(Sg — z) = (z) Ker(I + BM(z)).

In particular, z € 0,(Sg) <= 0 € op(/ + BM(2)).
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Non-local 4-shell interaction

Sg =S | Ker(Ig + BI{), where B : [>(X; C?) — [?(%; C?) is a compact
self-adjoint operator.

Main properties (self-adjointness, Birman—-Schwinger principle, Krein

resolvent formula)
Sg is self-adjoint on L2(R2).
Q Forallze C\ [0,00),

Ker(Sg — z) = (z) Ker(I + BM(z)).

In particular, z € 0,(Sg) <= 0 € op(/ + BM(2)).

@ Forall z € p(Sg)N(C\ [0,00)), I + BM(z) is boundedly invertible on
L2(%;C?) and

(Se—2)7' = (A —2)7' —(2)(I + BM(2)) "' By(2)".
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Non-local 4-shell interaction

Sg =S | Ker(Ig + BI{), where B : [>(X; C?) — [?(%; C?) is a compact
self-adjoint operator.

Main properties (self-adjointness, Birman—-Schwinger principle, Krein

resolvent formula)
Sg is self-adjoint on L2(R2).
Q Forallze C\ [0,00),

Ker(Sg — z) = (z) Ker(I + BM(z)).

In particular, z € 0,(Sg) <= 0 € op(/ + BM(2)).

@ Forall z € p(Sg)N(C\ [0,00)), I + BM(z) is boundedly invertible on
L2(%;C?) and

(Se—2)7' = (A —2)7' —(2)(I + BM(2)) "' By(2)".

Open problem: Is there a regular approximation of this model?
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Spectrum of Sg

Let B compact, self-adjoint on L?(X; C?) with block structure

Bii B
B = .
(sz B22>
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Spectrum of Sg

Let B compact, self-adjoint on L?(X; C?) with block structure
Bii B
B = .
(sz B22>

Then following statements hold:
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Spectrum of Sg

Let B compact, self-adjoint on L?(X; C?) with block structure
Bii B
B= |t .
(Blz B2
Then following statements hold:

Q 0e(Se) = [0, +0).
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Spectrum of Sg

Let B compact, self-adjoint on L?(X; C?) with block structure
Bii B
B= |t .
(Blz B2
Then following statements hold:

o O'ess(SB) = [0,—|—OO)
@ If dim(Ran(B)) = k < 400, then Sg has at most k discrete eigenvalues.
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Spectrum of Sg

Let B compact, self-adjoint on L?(X; C?) with block structure
Bii B
B = .
(5 52)
Then following statements hold:
Q O'ess(SB) = [07+OO)

@ If dim(Ran(B)) = k < 400, then Sg has at most k discrete eigenvalues.

© Let By = By; = 0. Then the operator Sg satisfies
Dom(Ss) = { € HY*(R? \ £) N H(R?) | 1 fy — - = —Buof |

where 'yﬁ are Neumann traces with respect to 21 and the operator Sg has
finitely many discrete eigenvalues.
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Spectrum of Sg

Let B compact, self-adjoint on L?(X; C?) with block structure
Bii B
B = .
(5 52)
Then following statements hold:
Q O'ess(SB) = [07+OO)

@ If dim(Ran(B)) = k < 400, then Sg has at most k discrete eigenvalues.

© Let By = By; = 0. Then the operator Sg satisfies
Dom(Sg) = {f € HY2(R?\ ) N HY(R?) | v fe — Tnfe = —Blwgf} :

where 'yﬁ are Neumann traces with respect to 21 and the operator Sg has
finitely many discrete eigenvalues.

Q Let X be C2—boundary and B > 0 such that By, has infinitely many positive
eigenvalues. Then o4isc(Sg) is infinite and unbounded from below.
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Non-local boundary conditions

Let B be a compact self-adjoint operator on L?(X).

Dom S5 = {f € H*(Q) | Bf € H3(Q), v4F = BA~SOf ),
Sgf = —Af.
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Non-local boundary conditions

Let B be a compact self-adjoint operator on L?(X).

On [2(Q,)

Dom 5§ = {f € HY%(Q1) | 9f € HY2(Qy), 7Bf = BREaF ),
Sgf = —Af.

On L?(Q2.)

Dom Sg = {f e HY3(Q.) ‘ 9f € HY2(Q_), 7pf = —Bmgéf},
Sgf = —Af.
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Non-local boundary conditions

Let B be a compact self-adjoint operator on L?(X).

On [2(Q,)

Dom 5§ = {f € HY%(Q1) | 9f € HY2(Qy), 7Bf = BREaF ),
Sgf = —Af.

On L?(Q2.)

Dom Sg = {f e HY3(Q.) ‘ 9f € HY2(Q_), 7pf = —Bmgéf},
Sgf = —Af.

Sg = SEEBSE
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Relation to Boundary Triple Framework

It can be shown that

Sg =S | Ker(LTS — RI$), L= <§ 0> . R= <g _4OBn> .
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Relation to Boundary Triple Framework

It can be shown that

Sg =S | Ker(LTS — RI$), L= <§ 0> . R= <g _4OBn> .

Self-adjointness of Sg

If ¥ is a C3® boundary and B : L?(X) — H}(X) is compact and
self-adjoint, then

Sg is self-adjoint and cess(Sg) = [0, +00).
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Relation to Boundary Triple Framework

It can be shown that

B 0 4 0
Sg =S | Ker(L[§ — RT3), L:<O n>, R:<0 _4Bn>.

Self-adjointness of Sg

If ¥ is a C3® boundary and B : L?(X) — H}(X) is compact and
self-adjoint, then

Sg is self-adjoint and cess(Sg) = [0, +00).

Open problems:
@ Prove self-adjointness for a larger class of self-adjoint operators B.
@ Prove self-adjointness for boundary conditions of the type

B'ygf = iﬁ’yggf.

@ Prove self-adjointness under weaker boundary regularity assumptions.
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Dirac operator

Define the free Dirac operator in R?:

D = —iC(U . V) + %20'3 = —iC(O'lal + 0262) + %203'
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Dirac operator

Define the free Dirac operator in R?:

D = —iC(U . V) + %20'3 = —I.C(O'lal + 0282) + %203'

On L?(R?; C?) we set
Dom D = HY?(R?\ £;C?),  Df =Df. & Df,
where

Hy2(RA\X; C?) = {f = fLof_|fr € HY?(Q4; C?), (oV)fi € [3(Q;C?)}.
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Dirac operator

Define the free Dirac operator in R?:

D = —ic(o-V)+ So3 = —ic(0101 + 020) + S 03.

On L?(R?; C?) we set
Dom D = HY?(R?\ £;C?),  Df =Df. & Df,
where

Hy2(RA\X; C?) = {f = fLof_|fr € HY?(Q4; C?), (oV)fi € [3(Q;C?)}.

By [Behrndt, Holzmann, Stelzer-Landauer, Stenzel '24], the triple
{L*(%C%), 15, 7'}
is a generalized boundary triple for D, with
rof =i(o-n)(vpfe —pf),  TPf=305f +pf).
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Relativistic non-local d-shell interaction

Definition

The non-local relativistic d-shell interaction is the operator
Dg : [2(R%C?) — L?(R%;,C?),
given by
Dom Dp = {f € HY2(R?\ ;C?) | rPf + BIPf = o},

(1)
Dgf = Df, & Df_,

where B : [?(X;C?) — L?(X;C?) is linear, self-adjoint, and compact.
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Relativistic non-local d-shell interaction

Definition

The non-local relativistic d-shell interaction is the operator
Dg : [2(R%C?) — L?(R%;,C?),
given by
Dom Dp = {f € HY2(R?\ ;C?) | rPf + BIPf = o},

(1)
Dgf = Df, & Df_,

where B : [?(X;C?) — L?(X;C?) is linear, self-adjoint, and compact.

o Dg is self-adjoint on L?(R?; C?),
@ the essential spectrum is

Gess(DB) = (=00, =] U [S, 400).
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Non-relativistic limit

Let A € L?(X;C??) be a matrix-valued function. Define the operator
Ma: [2(5;C2) — C2 by Maf = [; A*F.
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Non-relativistic limit

Let A € L?(X;C??2) be a matrix-valued function. Define the operator
Ma: [2(5;C2) — C2 by Maf = [; A*F.

The limit theorem
Let F, G € L?(X;C??), and set B := Mg = MEME. Define

V. := diag(1/v/c, V<), V .= diag(1, —2i).

Then for every z € C\ R there exists K > 0 such that

_ _ 1 K
H(DVCBVC* —-z— %2) = (Svev+ — z) '® <0 8) H < —

for all sufficiently large ¢ > 0.
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Non-relativistic limit

Let A € L?(X;C??2) be a matrix-valued function. Define the operator
Ma: [2(5;C2) — C2 by Maf = [; A*F.

The limit theorem
Let F, G € L?(X;C??), and set B := Mg = MEME. Define

V. := diag(1/v/c, V<), V .= diag(1, —2i).

Then for every z € C\ R there exists K > 0 such that

_ _ 1 K
H(DVCBVC* —-z— %2) = (Svev+ — z) '® <0 8) H < —

for all sufficiently large ¢ > 0.

Open problem: Does the statement hold for an arbitrary compact B?
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Non-relativistic limit

The limit theorem

Let B be any compact, self-adjoint operator on L2(X; C?). Define
V. := diag(1/v/c, V), V := diag(1, —2i).

Then for every z € C \ R there exists K > 0 such that

_ 1 (10
H(DVCBV: —z-9) " = (Svev-—2) ' ® <o 0) H

for all sufficiently large ¢ > 0.

IA

K
c )

Answer: Yes
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Generalized MIT model

Let B and C be bounded operators on L?(X). We define Dirac operator
D:ét,c with generalized MIT boundary condition on L2(Q4;C?) as

Dom DZ o = {f € H}/*(Qx;C?) | +iCn(y3f)1 = B(v5f)z2},
DE -f = Df.
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Generalized MIT model

Let B and C be bounded operators on L?(X). We define Dirac operator
D:ét,c with generalized MIT boundary condition on L2(Q4;C?) as

Dom DZ o = {f € H}/*(Qx;C?) | +iCn(y3f)1 = B(v5f)z2},
DE -f = Df.

Dg,c = Dg ¢ ® D5 ¢,
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Generalized MIT model

Let B and C be bounded operators on L?(X). We define Dirac operator
D:ét,c with generalized MIT boundary condition on L2(Q4;C?) as

Dom DZ o = {f € H}/*(Qx;C?) | +iCn(y3f)1 = B(v5f)z2},
DE -f = Df.

Dg,c = DEC @ Déc,where

DomDg.c = {HY2(R?\ ¥;C?) | LTYf — RTPf =0},
Dg.cf = Df, @ Df_

—Bn 0 2Cn 0
= (70" &) r= (%" 25)-

and
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Self-adjointness of Df%t,c

Assume:
e Q. has a C3-boundary ¥,
e B:[2%(X) — HYX) is compact,
e C:L[?%(X) — HYX) is bounded with bounded inverse,
@ BC* is self-adjoint.
Then:
° D;C are self-adjoint on L?(Q4),
C U(DE,c) \ {0} = UdiSC(Dgc)v
® 0ess(Dp ) = (—00, —c?/2] U [c?/2, +0).
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Self-adjointness of Df%t,c

Assume:
e Q. has a C3-boundary ¥,
e B:[2%(X) — HYX) is compact,
e C:L[?%(X) — HYX) is bounded with bounded inverse,
@ BC* is self-adjoint.
Then:
° D;C are self-adjoint on L?(Q4),
C U(DE,c) \ {0} = UdiSC(Dgc)v
® 0ess(Dp ) = (—00, —c?/2] U [c?/2, 4+c0).

Open problems: What happens if C = /7?7 Can we extend self-adjointness
to larger classes of operators B, C? Is it possible to weaken the boundary
regularity assumptions?
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