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Dirac spectrum above crossover; 

Dimension of Dirac Eigenvectors…


…and its distribution.
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Dirac spectrum
at zero temperature

A constant which is about 10% higher than the 
chiral limit, based on  PTNf = 2 χ

Linear  dependence, based 
on  PT
λ

Nf = 3 χ

J. Liang, et.al, QCD, arXiv:2102.05380χ
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P. H. Damgaard and H Fukaya, JHEP01(2009),052, 0812.2797

• 2+1 flavors DWF ensembles at 
physical light quark masses and 
two lattice spacings.


• Dirac spectrum based on the exact 
eigensolver of the overlap fermion. 


• Corresponds to the chiral 
condensate in proper limits:

.−⟨ψ̄ψ⟩ = π lim
λ→0

lim
ml→0

lim
V→∞

ρ(λ, V, ml)



O. Kaczmarek, et.al., arXiv: 2301.11610

Dirac spectrum
above the crossover temperature

• 2+1 flavors HISQ ensembles at physical light quark masses and 2-3 lattice spacings:


• Dirac spectrum with unitary HISQ action.


•  becomes lower with higher temperature.


•  develops a peaked structure at small , which becomes sharper as .

ρ(λ → 0)

ρ(λ) λ a → 0



H.-T. Ding, et.al., Phys.Rev.Lett.126 (2021) 082001

• 2+1 flavors HISQ ensembles 
at physical light quark masses 
and three lattice spacings:


• Dirac spectrum with unitary 
HISQ action.


•  develops an 
 peaked structure.


• U(1) anomaly in the chiral limit 
would remain above .

ρ(λ → 0,ml)
𝒪(m2

l )

Tc

Dirac spectrum
above the crossover temperature



• Both the quenched and 2+1 flavor cases:


• Dirac spectrum using overlap fermion shows obvious IR peak at 200 MeV.


• The IR peak seems to be much larger than the unitary HISQ case.

T >

Dirac spectrum
above the crossover temperature

Quenched case2+1 flavor stout-smeared staggered fermion

A. Alexandru, I. Horvath., Phys.Rev.D 100 (2019) 094507



Dirac spectrum
above the crossover temperature

• Dirac spectrum using overlap valence fermion and clover sea is somehow similar 
to that using staggered fermion sea.

2+1 flavor stout-smeared clover fermion

A. Alexandru, I. Horvath., Phys.Rev.D 100 (2019) 094507

X. Meng, et.al, QCD &CLQCD, in preparationχ

2+1 flavor stout-smeared staggered fermion



Possible new phase
of thermal QCD

• Above :  at   and then scale invariance at long distance;


• Above :  at   and then only a weakly interacting gluon plasma remains. 

TIR ρ(λ) ∝ 1/λ λ < T

TUV ρ(λ) ∼ 0 λ < T

A. Alexandru, I. Horvath, Phys.Rev.D 100 (2019) 094507



Possible new phase
of thermal QCD

• Above :  at   and then scale invariance at long distance;


• In such a case,   down to some .


• But if the IR peak suffers from the action sensitivities, is there any other criteria?

TIR ρ(λ) ∝ 1/λ λ < T

σ(λ, T) ≡ ∫
T

λ
ρ(ω)dω ∝ ln

λ
T

λIR ∝ 1/L

A. Alexandru, I. Horvath, Phys.Rev.D 100 (2019) 094507



• 2 flavors DWF ensembles with 
different light quark masses.


• The IR peak using overlap 
valence fermion is sizable before 
reweighting;


• That using DWF is much smaller;


• And almost vanishes if we use 
the overlap valence fermion and 
reweight the DWF sea to overlap 
sea.

S. Aoki, et.al., JLQCD, Phys.Rev.D103 (2021) 074506

Dirac spectrum
above the crossover temperature



• The difference in the IR peak with 
different setups would be recognized 
as mixed action or taste mixing effect.


• Both the mixed action and taste mixing 
effects would be , based on 
present results with various valence 
and sea actions at multiple lattice 
spacings.


• Proper continuum extrapolation should 
be essential to reach the final answer.

𝒪(a4)

Dirac spectrum
and mixed action effects

D. Zhao, et.al., QCD, arXiv:2207.14132, 
accepted by PRD letter

χ

Sz. Borsanyi, et.al., BMWc, 
Nature 593(2021) 7857



• .


• Valence: overlap fermion on 1-step HYP 
smeared gauge; 

• Sea: Tadpole improved Clover fermion with 
stout smearing; 

• Tadpole improved Symanzik gauge.  

• The IR peak remains at smaller lattice 
spacing, while narrower.  

Nf = 2 + 1, T = 234 MeV

Dirac spectrum
at different lattice spacings
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Dirac spectrum
and overlap fermion

• The overlap fermion operator satisfies the 
Ginsburg-Wilson,


      


• It can be rewritten into


       


• Thus the chiral fermion operator satisfying 
 can be defined through the overlap 

fermion operator: 
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γ5Dc = − Dcγ5

Dc + mq =
Dov

1 − 1
2ρ Dov

+ mq, Dov = ρ(1 + γ5ϵov(ρ)) .



• The eigenvalue of overlap 
fermion is in a circle of 

;


• After the projection 
,  becomes 

pure imaginary. 

|λov/ρ − 1 | = 1

λ = λov/(1 − λov/(2ρ)) λ

Dirac spectrum
and overlap fermion

T.W. Chiu, Phys.Rev.D 60 (1999) 034503



Dirac spectrum
and overlap fermion

T.W. Chiu, Phys.Rev.D 60 (1999) 034503

• The non-zero and finite modes of the overlap 
fermion are paired, ; 


• And then we have   , 
 and also ;


• The exact zero modes have given chiral sector, 
, and .


• Thus the exact zero modes and non-zero 
modes of the overlap fermion are quite different 
from each other.

Dovvov = λovvov, Dovγ5vov = λ*ovγ5vov

Dv = λv, Dγ5v = λ*γ5v = − λγ5v
DvL/R = λvR/L |vL | = |vR |

1 = |vL/R | ≫ |vR/L | = 0 ∑
λ=0

(vλ)†γ5vλ = Q



• The non-zero and finite modes of the overlap 
fermion are paired, ; 


• And then we have   , 
 and also ;


• The exact zero modes have given chiral sector, 
, and .


• Thus the exact zero modes and non-zero 
modes of the overlap fermion are quite different 
from each other.

Dovvov = λovvov, Dovγ5vov = λ*ovγ5vov

Dv = λv, Dγ5v = λ*γ5v = − λγ5v
DvL/R = λvR/L |vL | = |vR |

1 = |vL/R | ≫ |vR/L | = 0 ∑
λ=0

(vλ)†γ5vλ = Q

Dirac spectrum
overlap fermion v.s. staggered fermion

• All the modes of the staggered fermion are also 
paired,  ;


•  corresponds to even/odd sites of the 
eigenvector, and then  is quite natural.


• But and  on each configuration can be 
different,  to allow the topological charge

 to be non-
zero.

Dstvst = λstvst, Dstγ5vst = − λstγ5vst

vst
L/R

DvL/R = λvR/L

|vL | |vR |

Qst ≡ ∑
−iM<λ<iM

(vst
λ )†γ5vst

λ = ∑
−iM<λ<iM

( |vλ,L |2 − |vλ,R |2 )

C. Bonanno, et.al., JHEP 10 (2019) 187

T.W. Chiu, Phys.Rev.D 60 (1999) 034503



Measure-based dimension
of the eigenvectors

• , , 

and  with  is unchanged.


• Reduce the contribution from the black region 
( ) into 1, and add the residual 
contributions from the other region.


• When  becomes larger:


1.  if  keeps unchanged;


2.  if  becomes smaller.

V(L) = (L/a)3/(aT) N* = ∑
x∈V

min[V |ψλ(x) |2 ,1]

⟨N*⟩L→∞ ∝ LdIR(λ) T

Vψ†
λ (x)ψλ(x) ≥ 1

L

dIR = 3 Black region
Entire region

dIR < 3 Black region
Entire region

A. Alexandru, I. Horvath, Phys. Rev.Lett. 127(2021),052303



Measure-based dimension
of the eigenvectors

• 


• .


• When  becomes larger:


1.  if  keeps finite;


2.  if  approaches zero.

f* ≡ ⟨N*⟩/V = ∑
x∈V

min[ |ψλ(x) |2 ,1/V]

f*(L)L→∞ ∝ LdIR−3

L

dIR = 3 f*

dIR < 3 f*

A. Alexandru, I. Horvath, Phys. Rev.Lett. 127(2021),052303



A. Alexandru, I. Horvath, Phys. Rev.Lett. 127(2021),052303

Measure-based dimension
in the quenched case

• .


• When  becomes larger:


1.   is around 0.5 for 850 MeV;


2.   approaches zero for non-zero 800 
MeV; 

3.  saturates to a small finite value for the 
exact zero modes .

Nf = 0, T = 331 MeV

L

f* λ ∼

f* λ <

f*
λ = 0



• .


•  for the eigenvector with  
and .


•  for the non-zero mode cases 
with .


•  for the cases with 
.

Nf = 0, T = 331 MeV

dIR = 3 λ = 0
λ ≥ 840 MeV

dIR → 2
λ → 0

dIR = 1
λ ∈ [100,400] MeV

Measure-based dimension
in the quenched case

A. Alexandru, I. Horvath, Phys. Rev.Lett. 127(2021),052303



• .


• Overlap valence fermion and Clover 
fermion sea


•  for the eigenvector with  and 
.


•  for the non-zero mode cases with 
.


•  for the cases with 
.

Nf = 2 + 1, T = 234 MeV

dIR = 3 λ = 0
λ ≥ 300 MeV

dIR → 2
λ → 0

dIR = 1
λ ∈ [10,200] MeV

Measure-based dimension
in the 2+1 flavor case

X. Meng, et.al, QCD &CLQCD, in preparationχ



Measure-based dimension
in the 2+1 flavor case

Nf = 2 + 1, T = 234 MeV Nf = 0, T = 331 MeV

A. Alexandru, I. Horvath, Phys. Rev.Lett. 127(2021),052303X. Meng, et.al, QCD &CLQCD, in preparationχ
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a
0.10 fm0.05 fm0

300 MeV

150 MeV

mπ

• Tadpole improved Clover fermion with 
stout smearing; 

• Tadpole improved Symanzik gauge.  

• FLAG green-star criteria can be satisfied 
with the present ensembles.  

• Major contributors：P. Sun, L. 
Liu, YBY, W. Sun,…

Clover ensembles
with multiple lattice spacings and pion masses

CLQCD, in preparation



X. Meng, et.al, QCD &CLQCD, in preparationχ

Distribution
at different spacial size

• Locating the position 
 

where  takes the 
maximum;  


• Fix  and  and draw 
the distribution in the x-y 
plane.


• Black region corresponds to 
where 


•  is smaller when the 
color is colder.

w = w0 ≡ {x0, y0, z0, t0}
|ψ(ω) |2

z = z0 t = t0

|ψ(ω) |2 ≥ 1/V;

|ψ(ω) |2

T = 234 MeV



X. Meng, et.al, QCD &CLQCD, in preparationχ

Distribution
at different spacial sizeT = 234 MeV



X. Meng, et.al, QCD &CLQCD, in preparationχ

• we find that the following 
functional form 

 
describe the data fairly well 
for all the  with 3.0 fm.


• The fit is still fine when 
3.0 fm if 10 MeV or so;


• But does not work for the 
zero modes and near-zero 
modes.

f* = c0(λ)LdIR(λ)−3e−c1(λ)/L

λ L >

L <
λ >

of the eigenvectors
f*

T = 234 MeV



X. Meng, et.al, QCD &CLQCD, in preparationχ

• Based on the functional form 
, 

we can define the dimension 
 at effective spacial 

sizes: 


with .


• It provides a straightforward 
illustration on how  
approaches to its infinite 
volume limit.

f* = c0(λ)LdIR(λ)−3e−c1(λ)/L

dIR(L̄; λ)

log[N*(L; λ)/N*(L/s; λ)]
log[s]

= dIR(λ) −
c1(λ)

L̄
L̄ ≡ Llog(s)/(s − 1)

dIR(L̄; λ)

 and 
of the eigenvectors

f* dIR
T = 234 MeV



Measure-based dimension
at different eigenvalue regions

X. Meng, et.al, QCD &CLQCD, in preparationχ

•  converges to a convex curve at , which is significantly different from the concave 
behavior of the exact zero mode with .
f*(λ) λ → 0

λ = 0

• The  is larger than  until 
20 fm, and approaches zero when .

f*(λ → 0) f*(λ = 0) L >
L → ∞

T = 234 MeV



X. Meng, et.al, QCD &CLQCD, in preparationχ

•  changes smoothly in the range of .f*(λ) 20 MeV ≤ λ ≤ 200 MeV

• And results in the similar effective dimension 
.dIR = 1

Measure-based dimension
at different eigenvalue regionsT = 234 MeV



X. Meng, et.al, QCD &CLQCD, in preparationχ

•  changes also smoothly in the range of .f*(λ) 280 MeV ≤ λ ≤ 330 MeV

• And makes the  approaches 3 without any 
visible discontinuity.

dIR

Measure-based dimension
at different eigenvalue regionsT = 234 MeV



X. Meng, et.al, QCD &CLQCD, in preparationχ

Distribution
at different temperatures

T = 234 MeVT = 0



X. Meng, et.al, QCD &CLQCD, in preparationχ

Measure-based dimension
at different temperatures

T = 0 T = 234 MeV



Summary

• We show that the important pattern of low 
dimensions seen in pure-glue QCD is also present 
in ``real-world QCD", namely in  
ensembles with physical light and strange quark 
masses at =0.105 fm: 


1.  for the exact zero modes with .


2.  for the non-zero mode cases with .


3.  for the cases with .


4.  smoothly at  , which is lower than 
where .

Nf = 2 + 1

a

dIR = 3 λ = 0

dIR → 2 λ → 0

dIR = 1 λ ∈ [10,200] MeV

dIR → 3 λ ∼ 300 MeV
ρ(λ; T = 234 MeV) ∼ ρ(λ; T = 0)


